Math 401 - Exam 1 Solutions

1. Suppose ((t) = (1 + 3cost,2+ 5sint,3 + 4cost) for t € R.

(a) Compute the following functions of ¢: Velocity, speed, acceleration, tangent,
normal, binormal, curvature, torsion.

velocity: 3'(t) = (—3sint,5cost, —4sint)

speed: 2 = |B/(t)| = V9sint + 25cos? ¢ + 16sin’ t = /25 = 5

acceleration: ”(t) = (—3cost, —5sint, —4 cost)

tangent: T'(t) = |gjg?| %(—3 sint, 5 cost, —4sint)

With s(t) = 5¢, t(s) =

s
5
d

1 s .S s
k(s)N(s) = ET(t(s)) = 2—5(—3 cos ., —5sin 5 —4 cos 5)

so that the normal: N(s) = 3(—3cos5s, —5sin5s, —4 cos 5s)
curvature: r(s) = &

binormal: B =T AN = (5(—20,0,15) = 1(—4,0,3)

torsion: 7(s) = 0 because 7(s)N(s) = L B(s) =0

(b) Find an arc-length reparameterization of .

B(s) = (1+3cos(£),2+5sin(£),3 4+ 4cos(£)).

(c) Describe the geometric shape of the image of f3.

This is a planar circle because the torsion is identically zero and the curvature
is constant.

2. Suppose «(s) is a regular curve parameterized by arc-length. Find a formula for

a’"(s) in terms of k (curvature), ', 7 (torsion), N (principal normal), T' (tangent),
and B (binormal).

The acceleration is o(s) = T'(s) = k(s)N(s) so

() = K'(s)N(s) + k(s)N'(s) = £'(s)N(s) + r(s) ( — £(s)T(s) = 7(s)B(s))

by the Frenet formulas.

3. (a) Find a curve in R?® with curvature = 1 everywhere and torsion = 0
everywhere.
Any planar circle of radius 1. e.g. «a(t) = (cost,sint,0) for t € R.

(b) Find a curve in R? with constant curvature and constant torsion.

A planar circle has torsion identically 0. A helix has constant curvature and
nonzero constant torsion, e.g. 5(t) = (cost,sint,t) for t € R.
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(c) Does there exist a curve in R3 with curvature = 1 everywhere and torsion
not being constant? Why or why not?
Yes, the Fundamental Theorem of Curves allows one to prescribe smooth

curvature and torsion functions arbitrarily.

4. Suppose a : [0,/] — R3 is a smooth curve parameterized by arc-length, and

a(0) = a(é) = «(¢). What is the maximum possible total area of all the bounded

regions determined by «?

,g] is a closed curve. It may enclose, by the
isoperimetric inequality, an area at most ﬁ(%)Q and only if it is a circle. The
J_1a? < (32)_,a;)? for j > 2 and positive a; shows that, to

The curve « restricted to [0

strict inequality

enclose the most area, this first curve will not cross itself before % and make more

regions. Similar reasoning shows that the restriction of o to [%, 1] will also be a
120

(3

a single such curve a consisting of 2 touching circles with circumferences § and %,

simple closed curve and it encloses an area of at most )2. Since there exists

the maximum possible area of all the bounded regions is

1,1 4 50°
—P(Z+=) = —.
4 (9 * 9) 367
5. Suppose g : R> — R and a = (a;,a2,a3) : R — R? are smooth and the
maximum value of g on the image of «a occurs at p = a(0). Show that
(a) (grad g)(p) - @’(0) = 0 (where gradg = (52, 5%, 52)).
Since g o a(t) has a maximum at ¢t = 0,

0 = Zlolgoaln) = (madg)(a(0)) -a'(0)

by the chain rule.

(b) Y22, 528 (p)a}(0)a;(0) < —(grad g)(p) - " (0).
In fact the 2nd derivative test shows that

0 > %h—o(goa(t)) = %h_o[((gradg)oa(t))-o/(t)}
3 2
= Y 2T 4)al(0)af(0) + (aradg)(p) - o (0)
i,j=1 v

6. Suppose g : R® — R is smooth, ¥ = (21,22, 73) : R?> — R? defines a regular
surface S, and the maximum value of g on S occurs at p = #(0,0). Show that
(a) (grad g)(p) is parallel to the normal to S at p.
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Since go Z(t,0) and g o Z(0,t) have maxima at t = 0, the chain rule shows that

0 = Slimol907(,0)) = (gradg)(p) - £4(0,0)

and similarly that (gradg)(p) - Z,(0,0) = 0. Thus (gradg)(p) is normal to the
tangent space of S at p and so parallel to the normal to S at p.

(b) LlgeDtuto) () < 0 for all (u,v) € R2.
This also follows from the 2nd derivative test because each function (g o

Z)(tu, tv) has a maximum at ¢t = 0.

7. True-False (no proofs necessary but draw pictures)
(a) There exists a smooth simple closed curve with 5 vertices.
True. Add one vertex as an inflection point for curvature between a curvature

maximum and minimum in an ellipse.

(b) Suppose p is a point in the interior region of a simple closed curve a. The
most distant point from p on the image of « is a vertex of «.
False. Consider a “French curve”.

As a very explicit example (following Florin’s solution), the ellipse E defined
by % + (y — 1)2 = 1 has exactly 4 vertices, (0,0), (0,2), (v/3,1), (—v/3,1). The
distance from (0,0) to each of the other 3 vertices is 2. But since the tangent line
to F is vertical at the side vertices (j:\/g, 1), there are points in E outside the circle
2?2 +y? = 4 and so (0,0) (and (0,¢) for € small) has points in E farther than the

vertices.

8. (a) Show that the length (a - v) < length (a) for any smooth curve a in R? and
unit vector v in R?.

Since |(a-v)' ()| = [(/]&/(t) - v] < |&/(t)] - 1, integration over the domain of «
gives the desired length inequality.

(b) Find length (3) where 5(0) = (0,0,0), 3(t) = (t*cos(t2), t*sin(t~2), t?)
for 0 <t < /7.



Using part (a) we project the curve 3 onto the X-axis. For ¢?sin(t™2), the
local maximum and minima occur when ¢t—2 = nr and the values there are :I:nl—w.

oo 1

Thus the length of the curve 3 is at least ", —— which equals infinity.
9. Suppose Z(u,v) = ((3+sinv)sinu, (3+sinv) cosu, cosv) for -7 <u < m, —7 <
v < 2w, and S is the image of 7.

(a) Find a formula for the outward pointing unit normal N (u,v) of S at Z(u, v).

Zy(u,v) = ((3 + sinv) cosu, —(3 + sinv) sin u, 0)

Zy(u,v) = ((cosv) sinw, (cosv) cosu, — sinv)

Zy(u,v) A Zy(u,v) = (= (3 4 sinv)sinusinv, —(3 + sinv) cosusinwv, (3 +
sinv) cos v)

N(u,v) = (Sinusin v, COS U Sin v, cos v)

Checking at @, (u,v)(5, %) = (4,0,0) that N(5, %) = (1,0,0), we see that N
is outward pointing.

(b) Find the area of S. Arguing as on page 99 or page 101 (Ex.11) we see that
the area equals [*_[7 (3 + sinv) dudv = 1272,

(c) What are the all the values of the normal curvatures of S at (4,0,0) and
at (2,0,0)? (Hint: look at the picture.)

At both points one uses the intersections with the X —Y and the Y — Z planes.

At (4,0,0) the resulting circles have radii 4 and 1 and the normal curvatures
vary vary between % and 1.

At (2,0,0) the resulting circles have radii 2 and 1 and the normal curvatures
vary vary between —% and 1.

(d) What are all the possible values for |x(p)| where p € S and & is the curvature
of a curve lying on S7

The smallest is 1, and there is no upper bound on the size of curvature of a

4 )
curve in S.

10. Suppose f is a smooth real-valued function on the unit interval [0,1] and
G={(z,y) eR? :0<z <1, y= f(x)}.

(a) Find a formula for the length of G.

With a(t) = (¢, f(t)), the length equals fol o(t)dt where

o(t) = [d/(t)] = 1+ [f(t)*.

(b) Find a formula for the curvature s of G at each point (z, f(x)) with
0<z <l



Using p.25, Ex.12(b)(d), we let x(t) denote the curvature of G at the point
(t, f(t)). Then (t) = |k(t)| where k(t) is the signed curvature

k(t) = o2 f"=0-f) = a2 ()f"(1) .
(c) For a fixed small positive number ¢, find a formula for the length of the set
G.={peR? : dist (p,G) =€} .

(Recall that dist (p, A) = min{|p —a| : a € A} for any closed set A.)

Here we proceed as in Ex.6,p.47 except that the curve is no longer necessarily
convex. With n(t) = ¢~'(—f’,1) being the upward unit normal to G at (¢, f(t)),
we see that the two parallel curves in G, and the images of o = a £ en. Then,
with s being the arc-length parameter for «,

, _ dnds
ds dt

/
= <_k2)o’ 3
g

o1 = || = |o £ekd| = (1+ek)o =1 +eo3f")o .

Including the two end semi-circles, we find that the total length of G, is

1 1
2(me) + / (c(t) + e () f"(t)) dt + / (o(t) —ea2(t)f" (1)) dt .
0 0
(d) Find, wherever possible, a formula for the curvature of G..

For 0 < t < 1, the normal to G, at a4(t) is simply ny(t) = n(t) because
n/(t) - (ax)'(t) = 0. Thus, with sy being the arc-length parameter for a., the
curvature there is given by

dng o, odt o, 1 Ko i

On the two open semicircles of G the curvature is % The curvature is not defined
at the 4 points joining the semi-circles to the top and bottom curves because the

normal is not differentiable at these points.



