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Prefacio

A geometria simpléctica é a geometria de variedades equipadas com uma forma
simpléctica, ou seja, com uma forma de grau 2 fechada e ndo-degenerada. A geo-
metria hamiltoniana é a geometria de variedades (simplécticas) equipadas com
uma aplicacdo momento, ou seja, com uma colec¢ao de quantidades conservadas
por simetrias.

H4 cerca de dois séculos, a geometria simpléctica fornecia a linguagem para
a mecénica classica; pelo seu rdpido crescimento recente, conquistou um rico
territorio, estabelecendo-se como um ramo central da geometria e da topologia
diferenciais. Além da sua actividade como disciplina independente, a geometria
simpléctica é significativamente estimulada por interacgoes importantes com sis-
temas dinamicos, andlise global, fisica-matemética, topologia em baixas dimensoes,
teoria de representagoes, andlise microlocal, equagbes diferenciais parciais, geo-
metria algébrica, geometria riemanniana, andlise combinatdrica geométrica, co-
homologia equivariante, etc.

Este texto cobre fundamentos da geometria simpléctica numa linguagem
moderna. Comega-se por descrever as variedades simplécticas e as suas trans-
formacoes, e por explicar ligacoes a topologia e outras geometrias. Seguidamente
estudam-se campos hamiltonianos, ac¢des hamiltonianas e algumas das suas aplica-
¢Oes praticas no ambito da mecénica e dos sistemas dindmicos. Ao longo do
texto fornecem-se exemplos simples e exercicios relevantes. Pressupdem-se conheci-
mentos prévios de geometria de variedades diferencidveis, se bem que os principais
factos requeridos estejam coleccionados em apéndices.

Estas notas reproduzem aproximadamente o curso curto de geometria sim-
pléctica, constituido por cinco licdes dirigidas a estudantes de pds-graduacio e
investigadores, integrado no programa de Verdo do Instituto de Matematica Pura
e Aplicada, no Rio de Janeiro, em Fevereiro de 2002. Alguns trechos deste texto
sdo rearranjos do Lectures on Symplectic Geometry (Springer LNM 1764).

Fico grata ao IMPA pelo acolhimento muito proveitoso, e em especial ao
Marcelo Viana por me ter gentilmente proporcionado a honra e o prazer desta
visita, e & Suely Torres de Melo pela sua inestimdvel ajuda perita com os prepa-
rativos locais.

Ana Cannas da Silva

Lisboa, Janeiro de 2002, e
Rio de Janeiro, Fevereiro de 2002



Foreword

Symplectic geometry is the geometry of manifolds equipped with a symplectic
form, that is, with a closed nondegenerate 2-form. Hamiltonian geometry is the
geometry of (symplectic) manifolds equipped with a moment map, that is, with a
collection of quantities conserved by symmetries.

About two centuries ago, symplectic geometry provided a language for clas-
sical mechanics; through its recent fast development, it conquered a rich territory,
asserting itself as a central branch of differential geometry and topology. Besides its
activity as an independent subject, symplectic geometry is significantly stimulated
by important interactions with dynamical systems, global analysis, mathemati-
cal physics, low-dimensional topology, representation theory, microlocal analysis,
partial differential equations, algebraic geometry, riemannian geometry, geometric
combinatorics, equivariant cohomology, etc.

This text covers foundations of symplectic geometry in a modern language.
We start by describing symplectic manifolds and their transformations, and by ex-
plaining connections to topology and other geometries. Next we study hamiltonian
fields, hamiltonian actions and some of their practical applications in the context
of mechanics and dynamical systems. Throughout the text we provide simple ex-
amples and relevant exercises. We assume previous knowledge of the geometry of
smooth manifolds, though the main required facts are collected in appendices.

These notes approximately transcribe the short course on symplectic geome-
try, delivered in five lectures mostly for graduate students and researchers, held at
the summer program of Instituto de Matematica Pura e Aplicada, Rio de Janeiro,
in February of 2002. Some chunks of this text are rearrangements from Lectures
on Symplectic Geometry (Springer LNM 1764).

I am grateful to IMPA for the very rewarding hospitality, and specially to
Marcelo Viana for kindly providing me the honour and the pleasure of this visit,
and to Suely Torres de Melo for her invaluable expert help with local arrangements.

Ana Cannas da Silva

Lisbon, January 2002, and
Rio de Janeiro, February 2002
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Lecture 1

Symplectic Forms

A symplectic form is a 2-form satisfying an algebraic condition — nondegeneracy
— and an analytical condition — closedness. In this lecture we define symplectic
forms, describe some of their basic properties, and introduce the first examples.
We conclude by exhibiting a major technique in the symplectic trade, namely the
so-called Moser trick, which takes advantage of the main features of a symplectic
form in order to show the equivalence of symplectic structures.

1.1 Skew-Symmetric Bilinear Maps

Let V be an m-dimensional vector space over R, and let 2 : V. xV — R be
a bilinear map. The map  is skew-symmetric if Q(u,v) = —Q(v,u), for all
u,v € V.

Theorem 1.1 (Standard Form for Skew-symmetric Bilinear Maps) Let

be a skew-symmetric bilinear map on V. Then there is a basis
ULy neyUky€ly-nvsCny f1s--nys fn Of V such that

Qu;,v) =0, for alli and allv €V,
Q(e’iﬂej) =0= Q(fi:fj) ; fO’f' all i)j; and
Q(ei,f]‘) = 5,']' s fO'I“ all Z,]

Remarks.

1. The basis in Theorem 1.1 is not unique, though it is traditionally also called
a “canonical” basis.

2. In matrix notation with respect to such basis, we have

0 0 o0 |
Qu,v)=[—u—] | 0 0 Id v
0 -Id 0 |
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Proof. This induction proof is a skew-symmetric version of the Gram-Schmidt
process.

Let U :={u eV | Qu,v) =0 for all v € V'}. Choose a basis uy,...,us of U,
and choose a complementary space W to U in V,

V=UoW.

Take any nonzero e; € W. Then there is f; € W such that Q(eq, f1) # 0. Assume
that Q(el,fl) =1. Let

W1 = span of e, f1
W = {weW|Quw,v)=0foralveW}.

Claim. W; N W = {0}.
Suppose that v = ae; + bf; € Wi N W2,

0=0Q(v,e1) = —b

0=90(v, f1) a} = v=0.

Claim. W = W; @ W§.
Suppose that v € W has Q(v,e;) = ¢ and Q(v, f1) = d. Then

v=(—cfi+de)+(w+cfi —de) .

~ vl ~ v

EWL ewf

Go on: let es € Wi, es # 0. There is fo € Wi such that Q(es, f2) # 0.
Assume that Q(eq, fo) = 1. Let Wy = span of eq, fo. Etc.
This process eventually stops because dim V' < oo. We hence obtain

V=UeW i eoW,e...0W,

where all summands are orthogonal with respect to 2, and where W; has basis
ei,fi with Q(ez,fl) =1. O

The dimension of the subspace U = {u € V' | Q(u,v) =0, for all v € V'} does
not depend on the choice of basis. Hence, k := dim U is an invariant of (V, ).

Since k + 2n = m = dimV, we have that n is an invariant of (V,Q); 2n is
called the rank of .

1.2 Symplectic Vector Spaces

Let V be an m-dimensional vector space over R, and let Q : V. XV — R be a
bilinear map.
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Definition 1.2 The map Q : V. — V* is the linear map defined by Q(v)(u) =
Qv,u).

The kernel of Q is the subspace U in the previous section.

Definition 1.3 A skew-symmetric bilinear map Q is symplectic (or nonde-
generate) if Q is bijective, i.e., U = {0}. The map Q is then called a linear
symplectic structure on V, and (V,Q) is called a symplectic vector space.

The following are immediate properties of a symplectic map 2:
e Duality: the map Q:V3V*isa bijection.
e By Theorem 1.1, we must have that k¥ = dimU =0, so dim V' = 2n is even.

e Also by Theorem 1.1, a symplectic vector space (V, ) has a basis
€1,..-,en, f1,-.., fn satisfying

Qei, f3) =05 and  Qei,e) =0=Q(f, f5) -
Such a basis is called a symplectic basis of (V,). With respect to a

symplectic basis, we have

o) = [—u—1| Gy | :

The prototype of a symplectic vector space is (R*", ) with Qg such
that the basis

A~
er = (1,0,...,0), ., en=1(0,...,0,71,0,...,0),
f].:(o"")OJ\1,705"'50)7 R fn:(OJ"'JOJ]‘)J

n+1

is a symplectic basis. The map g on other vectors is determined by its values on
a basis and bilinearity.

Definition 1.4 A symplectomorphism ¢ between symplectic vector spaces (V, Q)
and (V',Q') is a linear isomorphism ¢ : V.5 V' such that 0*Q' = Q. (By defi-

nition, (p*Q")(u,v) = Q' (e(u),p(v)).) If a symplectomorphism ezxists, (V,Q) and

(V' Q') are said to be symplectomorphic.

The relation of being symplectomorphic is clearly an equivalence relation
in the set of all even-dimensional vector spaces. Furthermore, by Theorem 1.1,
every 2n-dimensional symplectic vector space (V, () is symplectomorphic to the
prototype (R?™,Q0); a choice of a symplectic basis for (V,) yields a symplecto-
morphism to (R2", Q). Hence, positive even integers classify equivalence classes
for the relation of being symplectomorphic.
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1.3 Special Subspaces
Given a linear subspace Y of a symplectic vector space (V, (), its symplectic
orthogonal Y is the linear subspace defined by

Y. ={veV|Quu)=0forallucY}.
By considering the kernel and image of the map

V — Y*=Hom(Y,R)
v — Qv )|y

we obtain that
dimY +dimY® =dimV .

By nondegeneracy of Q, we have that (Y2)? = Y. It is also easily checked that, if
Y and W are subspaces, then

VCW < W2Cvy®.
Not all subspaces W of a symplectic vector space (V,2) look the same:

e A subspace Y is called symplectic if Q|y«y is nondegenerate. This is the
same as saying that ¥ N'Y* = {0}, or, by counting dimensions, that V =
Y oYL

e A subspace Y is called isotropic if Qlyxy = 0. If Y is isotropic, then
dimY < % dim V. Every one-dimensional subspace is isotropic.

e A subspace is called coisotropic if its symplectic orthogonal is isotropic. If
Y is coisotropic, then dimY > %dim V. Every codimension 1 subspace is
coisotropic.

For instance, if ey, ...,€n, f1,..., fn is a symplectic basis of (V, ), then:
e the span of e, f1 is symplectic,
e the span of e, es is isotropic, and
e the span of eq,...,en, f1, f2 is coisotropic.

An isotropic subspace Y of (V, Q) is called lagrangian when dimY = % dim V.
We have that

Y is lagrangian <= Y is isotropic and coisotropic <= Y =YY%,
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Exercise 1
Show that, if Y is a lagrangian subspace of (V, ), then any basis e1,..., e, of
Y can be extended to a symplectic basis e1,...,€n, fi,..-, fn of (V,Q).

Hint: Choose fi in W, where W is the linear span of {e2,...,es}.

If Y is a lagrangian subspace, then (V, ) is symplectomorphic to the space
Y ®Y* Q), where Qg is determined by the formula

Qo(u @ a,vdfP) = Bu) —a(v) .

Moreover, for any vector space E, the direct sum V = E @ E* has a canonical
symplectic structure determined by the formula above. If ey, ..., e, is a basis of
E, and fi1,..., f, is the dual basis, then e; $0,...,e, ®0,0D f1,...,0® f, is a
symplectic basis for V.

1.4 Symplectic Manifolds

Let w be a de Rham 2-form on a manifold M, that is, for each p € M, the map
wp : TpM x T, M — R is skew-symmetric bilinear on the tangent space to M at p,
and wp varies smoothly in p. We say that w is closed if it satisfies the differential
equation dw = 0, where d is the de Rham differential (i.e., exterior derivative).

Definition 1.5 The 2-form w is symplectic if w is closed and w, is symplectic
for allpe M.

If w is symplectic, then dim T, M = dim M must be even.

Definition 1.6 A symplectic manifold is a pair (M,w) where M is a manifold
and w is a symplectic form.

Examples.
1. Let M = R?" with linear coordinates 1, ..., Tn,y1,---,Yn. The form
n
wo = Z dz; A dyi
=1

is symplectic as can be easily checked; the set

is a symplectic basis of T}, M.
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2. Let M = C™ with linear coordinates z1,..., 2z,. The form
i _
wo = §Zdzk A dzy
k=1
is symplectic. In fact, this form equals that of the previous example under

the identification C* ~ R2", 2, = 1, + iys.

3. Let M = S? regarded as the set of unit vectors in R?. Tangent vectors to
S2 at p may then be identified with vectors orthogonal to p. The standard
symplectic form on S? is induced by the inner and exterior products:

wp(u,v) := (p,u X v), for u,v € T,S* = {p}+ .

This form is closed because it is of top degree; it is nondegenerate because
(p,u x v) # 0 when u # 0 and we take, for instance, v = u X p.

¢
Exercise 2
Consider cylindrical polar coordinates (8, k) on S? away from its poles, where
0 <6 <27 and —1 < h < 1. Show that, in these coordinates, the form of the
previous example is
w=4d0 Adh .
1.5 Symplectic Volume
Given a vector space V, the exterior algebra of its dual space is
dimV
NV = D AV,
k=0
k
——
where AF(V*) is the set of maps @ : V x --- x V — R which are linear in each
entry, and for any permutation 7, @(Vxy,...,0r,) = (signm) - a(v1,...,vr). The

elements of A¥(V*) are known as skew-symmetric k-linear maps or k-forms
onV.

Exercise 3

Show that any Q € A2(V*) is of the form Q = e} A ff + ...+ e} A f, where
U, up, €5, seh, f1y ..., f is a basis of V* dual to the standard basis
(k+2n = dim V).
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In this language, a symplectic map Q2 : V x V — R is just a nondegenerate
2-form Q € A%2(V*), called a symplectic form on V. By the previous exercise, if
is any symplectic form on a vector space V of dimension 2n, then the nth exterior
power Q" = QA ... AQ does not vanish. Conversely, given a 2-form ) € A2(V*),

—_————

if Q™ # 0, then Q is symplectic.

We conclude that the nth exterior power w™ of any symplectic form w on a
2n-dimensional manifold M is a volume form.! Hence, any symplectic manifold
(M,w) is canonically oriented by the symplectic structure, and any nonorientable
manifold cannot be symplectic. The form “T’L—T is called the symplectic volume of
(M,w).

Let (M, w) be a 2n-dimensional symplectic manifold, and let w™ be the volume
form obtained by wedging w with itself n times. By Stokes’ theorem., if M is
compact, the de Rham cohomology class [w"] € H?"(M;R) is non-zero. Hence,
[w] itself is non-zero (in other words, w is not exact). This reveals a necessary
topological condition for a compact 2n-dimensional manifold to be symplectic:
there must exist a degree 2 cohomology class whose nth power is a volume form.
In particular, for n > 1 there are no symplectic structures on the sphere S2".

1.6 Equivalence for Symplectic Structures

Let M be a 2n-dimensional manifold with two symplectic forms wg and wy, so that
(M,wo) and (M,w;) are two symplectic manifolds.

Definition 1.7 A symplectomorphism between (M;,w1) and (Mo, w2) is a dif-
feomorphism ¢ : My — Ms such that p*ws = wy.2

We would like to classify symplectic manifolds up to symplectomorphism. The
Darboux theorem (stated and proved in Section 1.9) takes care of this classification
locally: the dimension is the only local invariant of symplectic manifolds up to
symplectomorphisms. Just as any n-dimensional manifold looks locally like R™,
any 2n-dimensional symplectic manifold looks locally like (R?™, wg). More precisely,
any symplectic manifold (M?",w) is locally symplectomorphic to (R?™,wyp).

Definition 1.8 We say that

e (M,wo) and (M,w1) are symplectomorphic if there is a diffeomorphism
@: M — M with *w1 = wo;

e (M,wo) and (M,w:) are strongly isotopic if there is an isotopy p : M —
M such that piwi; = wop;

LA volume form is a nonvanishing form of top degree.
2Recall that, by definition of pullback, at tangent vectors uw,v € TpMi, we have

(‘p*"’J?)P(u: 7}) = (w2):p(p) (d‘pP (U’)a d‘pp (U))
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o (M,w) and (M,w) are deformation-equivalent if there is a smooth fam-
ily wy of symplectic forms joining wg to wi;

e (M,wo) and (M,w1) are isotopic if they are deformation-equivalent with
[we] independent of t.

Clearly, we have
strongly isotopic =—- symplectomorphic , and

isotopic = deformation-equivalent .

We also have
strongly isotopic = isotopic

because, if p, : M — M is an isotopy such that pfw; = wo, then the set w; := pfw;
is a smooth family of symplectic forms joining w; to wp and [w¢] = [w1], V¢, by
the homotopy invariance of de Rham cohomology. As we will see below, the Moser
theorem states that, on a compact manifold,

isotopic = strongly isotopic .

The remainder of this lecture concerns the following problem:

Problem. Given a 2n-dimensional manifold M, a k-dimensional submanifold X,
neighborhoods Uy, U of X, and symplectic forms wy,w; on Uy, U;, does there exist
a symplectomorphism preserving X ? More precisely, does there exist a diffeomor-
phism ¢ : Uy — Uy with p*w; = wy and p(X) = X?

At the two extremes, we have:
Case X = point: Darboux theorem — see Section 1.9.
Case X = M: Moser theorem — see Section 1.7.

Inspired by the elementary normal form in symplectic linear algebra (Theo-
rem 1.1), we will go on to describe normal neighborhoods of a point (the Darboux
theorem) and of a lagrangian submanifold (the Weinstein theorems), inside a sym-
plectic manifold. The main tool is the Moser trick, explained below, which leads
to the crucial Moser theorems and which is at the heart of many arguments in
symplectic geometry. We need some (non-symplectic) ingredients discussed in Ap-
pendix A; for more on these topics, see, for instance, [12, 25, 41].

1.7 Moser Trick

Let M be a compact manifold with symplectic forms wy and w;. Moser asked
whether we can find a symplectomorphism ¢ : M — M which is homotopic to
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idar. A necessary condition is [wo] = [w1] € H2(M;R) because: if ¢ ~ idas, then,
by the homotopy formula, there exists a homotopy operator () such that

idj w1 — p*w1 = dQw1 + Q dwr
~—
0

= w1 = ¢*wi + d(Quwn)
= [wi] = [p*wr] = [wo] -
Suppose now that [we] = [wi]. Moser [37] proved that the answer to the

question above is yes, with a further hypothesis as in Theorem 1.9. McDuff showed
that, in general, the answer is no; for a counterexample, see Example 7.23 in [35].

Theorem 1.9 (Moser Theorem — Version I) Suppose that [wo] = [w1] and
that the 2-form wy = (1 — t)wg + twy is symplectic for each t € [0,1]. Then there
exists an isotopy p: M x R — M such that pfw, = wo for all t € [0,1].

In particular, ¢ = p; : M —» M, satisfies p*w; = wo. The following argu-
ment, due to Moser, is extremely useful; it is known as the Moser trick.

Proof. Suppose that there exists an isotopy p : M x R — M such that pfw; = wo,
0<t<1 Let
_dpe

v = v op, ", teR.
Then p p
* * w
0= E(ptwt) = Zt (ﬁvtwt + d_tt)
= Cvtwt%—% =0. (%)

Suppose conversely that we can find a smooth time-dependent vector field
v, t € R, such that (%) holds for 0 <t < 1. Since M is compact, we can integrate
v to an isotopy p: M x R - M with

d * * *
E(tht)zo =  PiWt = P = Wo -

So everything boils down to solving (x) for v;.
First, from w; = (1 — ¢)wg + tw1, we conclude that

dwy
dt

Second, since [wo] = [wi], there exists a 1-form p such that

= W1 — W -

w; —wo =du .
Third, by the Cartan magic formula, we have

Loy, wt = diy,wt + 1y, dwy .
~—~
0
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Putting everything together, we must find v; such that
diy,wr +dp =0
It is sufficient to solve ,,w; + ¢ = 0. By the nondegeneracy of w;, we can solve

this pointwise, to obtain a unique (smooth) ;. O

Theorem 1.10 (Moser Theorem — Version II) Let M be a compact manifold
with symplectic forms wg and wy. Suppose that wy, 0 < t < 1, is a smooth family
of closed 2-forms joining wo to w1 and satisfying:

(1) cohomology assumption: [w;] is independent of t, i.e., %[w;] = [£w] =0,
(2) nondegeneracy assumption: w; is nondegenerate for 0 <t < 1.

Then there exists an isotopy p: M x R — M such that pjw; = wg, 0 <t < 1.

Proof. (Moser trick) We have the following implications from the hypotheses:

(1) = There is a family of 1-forms y; such that

dwt
— =4 0<t<L1.
dt Ut > b
We can indeed find a smooth family of 1-forms y, such that %t = dy,.

The argument involves the Poincaré lemma for compactly-supported forms,
together with the Mayer-Vietoris sequence in order to use induction on the
number of charts in a good cover of M. For a sketch of the argument, see
page 95 in [35].

(2) = There is a unique family of vector fields v; such that

by, wt + e =0 (Moser equation) .

Extend v; to all t € R. Let p be the isotopy generated by v; (p exists by
compactness of M). Then we indeed have

d. . . dw .
E(tht) = pi (Lo,wr + d_tt) = p; (dvy,w +dps) =0 .

O

The compactness of M was used to be able to integrate v, for all t € R. If M
is mot compact, we need to check the existence of a solution p; for the differential
equation % =y opfor 0 <t <1.

Picture. Fix ¢ € H?(M). Define S, = {symplectic forms w in M with [w] = c}.
The Moser theorem implies that, on a compact manifold, all symplectic forms on
the same path-connected component of S, are symplectomorphic.
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Exercises 4
Any oriented 2-dimensional manifold with an area form is a symplectic mani-

fold.
(a)

Show that convex combinations of two area forms wg and w; that induce
the same orientation are symplectic.

This is wrong in dimension 4: find two symplectic forms on the vector
space R? that induce the same orientation, yet some convex combination
of which is degenerate. Find a path of symplectic forms that connect
them.

Suppose that we have two area forms wp,w; on a compact 2-dimensional
manifold M representing the same de Rham cohomology class, i.e.,
[wo] = [UJl] € ngRham(M)'

Prove that there is a 1-parameter family of diffeomorphisms ¢¢ : M —
M such that pjwo = w1, o = id, and ¢} wp is symplectic for all ¢ €
[0,1].

Such a l-parameter family ¢; is a strong isotopy between wo and wj.
In this language, this exercise shows that, up to strong isotopy, there is
a unique symplectic representative in each non-zero 2-cohomology class
of M.

1.8 Moser Local Theorem

11

Theorem 1.11 (Moser Theorem — Local Version) Let M be a manifold, X
a submanifold of M, i : X < M the inclusion map, wg and wy symplectic forms

in M.

Proof.

Hypothesis: wolp =w1]p, Vpe X .
Conclusion: There exist neighborhoods Uy,U; of X in M

and o diffeomorphism ¢ : Uy — Uy such that
Uo L4 - Uy

commutes

and *wy = wp -

1. Pick a tubular neighborhood Uy of X. The 2-form w; — wyq is closed on Uy,
and (w; —wp)p = 0 at all p € X. By the homotopy formula on the tubular
neighborhood, there exists a 1-form p on Uy such that w; — wy = dp and
up=0atallpe X.

. Consider the family w; = (1 —t)wo + tw1 = wo + tdu of closed 2-forms on Up.
Shrinking Uy if necessary, we can assume that w; is symplectic for 0 < ¢ < 1.
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3. Solve the Moser equation: #,,w; = —u. Notice that vy =0 on X.

4. Integrate v;. Shrinking Uy again if necessary, there exists an isotopy p :
Uy x [0,1] = M with pfw; = wp, for all ¢ € [0,1]. Since v¢|x = 0, we have
pt|x =idx. Set ¢ = p1, Uy = p1(Uo)-

O

1.9 Darboux Theorem

We will apply the local version of the Moser theorem to X = {p} in order to prove:

Theorem 1.12 (Darboux) Let (M,w) be a 2n-dimensional symplectic mani-
fold, and let p be any point in M. Then there is a coordinate chart (U,x1,...,%n,
Y1,---,Yn) centered at p such that on U

w:idxi/\dyi .

i=1

As a consequence of Theorem 1.12, if we show for (R?™, " dz; A dy;) a local
assertion which is invariant under symplectomorphisms, then that assertion holds
for any symplectic manifold.

Proof. Use any symplectic basis for T,M to construct coordinates (zi,...,z,,

yi,---yl) centered at p and valid on some neighborhood ', so that

wp = dei A dy;

P

There are two symplectic forms on U’: the given wy = w and w; =Y dzi Ady}. By
the Moser theorem (Theorem 1.11) applied to X = {p}, there are neighborhoods
Uy and U; of p, and a diffeomorphism ¢ : Uy — Uy such that

pp)=p and ¢*(D deiAdy) =w.

Since * (3" dzi Ady}) = > d(zhop) Ad(yiop), we only need to set new coordinates
x; =ziopand y; =yl op. O

A chart (U,x1,...,Zn,Y1,---,Yn) as in Theorem 1.12 is called a Darboux
chart.

By Theorem 1.12, the prototype of a local piece of a 2n-dimensional
symplectic manifold is M = R?", with linear coordinates (Z1,...,Tn,Y1,---,Yn)s
and with symplectic form

wo zzn:da:i/\dy,- .

i=1
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Exercise 5

Prove the Darboux theorem in the 2-dimensional case, using the fact that every
nonvanishing 1-form on a surface can be written locally as fdg for suitable
functions f,g.

Hint: w = df A dg is nondegenerate <= (f,g) is a local diffeomorphism.

Exercise 6

Let H be the vector space of n X n complex hermitian matrices. The unitary
group U(n) acts on H by conjugation: A-£ = A(A~1, for A€ U(n),£ € H.
For each A = (A1,...,An) € R™, let H, be the set of all nxn complex hermitian
matrices whose spectrum is A.

(a) Show that the orbits of the U(n)-action are the manifolds ).
For a fixed A € R™, what is the stabilizer of a point in H)7?

Hint: If A\q,..., A, are all distinct, the stabilizer of the diagonal matrix
is the torus T™ of all diagonal unitary matrices.

(b) Show that the symmetric bilinear form on H, (X,Y) — trace (XY),
is nondegenerate.
For £ € H, define a skew-symmetric bilinear form w, on u(n) =
T1U(n) = iH (space of skew-hermitian matrices) by

we(X,Y) = itrace ([X,Y)E), XY €iH.

Check that w, (X,Y) = itrace (X(Y{ —¢£Y)) and YE - €Y € H.
Show that the kernel of w, is K, :={Y € u(n)|[Y,§] = 0}.

(c) Show that K, is the Lie algebra of the stabilizer of ¢.

Hint: Differentiate the relation A¢A™1 = ¢.

Show that the w,’s induce nondegenerate 2-forms on the orbits # .
Show that these 2-forms are closed.
Conclude that all the orbits H ) are compact symplectic manifolds.

(d) Describe the manifolds Hy.

When all eigenvalues are equal, there is only one point in the orbit.
Suppose that A1 # A2 = ... = A,. Then the eigenspace associated
with A; is a line, and the one associated with A2 is the orthogonal
hyperplane. Show that there is a diffeomorphism #y ~ CP™~!. We
have thus exhibited a lot of symplectic forms on CP™~1, on for each
pair of distinct real numbers.

‘What about the other cases?

Hint: When the eigenvalues A1 < ... < A, are all distinct, any element
in H, defines a family of pairwise orthogonal lines in C": its eigenspaces.

(e) Show that, for any skew-hermitian matrix X € u(n), the vector field
on H generated by X € u(n) for the U(n)-action by conjugation is
X# =[x,¢.






Lecture 2

Cotangent Bundles

We will now construct a major class of examples of symplectic forms. The canonical
forms on cotangent bundles are relevant for several branches, including analysis of
differential operators, dynamical systems and classical mechanics.

2.1 Tautological and Canonical Forms

Let (U, x1,...,2n) be a coordinate chart for X, with associated cotangent coordi-
nates! (T*U,z1,...,%n,E1,...,&n). Define a 2-form w on T*U by

w= idm, ANdE; .
i=1

Let X be any n-dimensional manifold and M = T*X its cotangent bundle. If the manifold

structure on X is described by coordinate charts (U, z1,...,Zn) With z; : Y — R, then at
any z € U, the differentials (dz1)z,...(dzn)s form a basis of T X. Namely, if £ € T} X, then
& =371, &(dz;)s for some real coefficients £1,...,&,. This induces a map

™u — R
(I,f) i (zla"-ax’ﬂagla-"ﬂgn)-

The chart (T*U,z1,...,Zn,&1,...,€n) is a coordinate chart for 7T*X; the coordinates
T1y...3Zn,&1,...,&n are the cotangent coordinates associated to the coordinates x1,...,Zn
on U. The transition functions on the overlaps are smooth: given two charts (U, z1,...,25),

U',zy,...,z,),and c e UNU’, if £ € TF X, then

= ox;
E=) &i(dr)a=) & ( >

/
J

) (dzf)e = D & (daf)a

j=1

where & = 3, & (%) is smooth. Hence, T* X is a 2n-dimensional manifold.

15
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In order to check that this definition is coordinate-independent, consider the 1-form

on T*U
o= Zfz d.’L‘i .
i=1

Clearly, w = —da.

Claim. The form « is intrinsically defined (and hence the form w is also intrinsi-
cally defined) .

Proof. Let (U, z1,...,Zn,&1,.-.,&) and (U, 2, ..., 20, &1, ..., &) be two cotan-

gent coordinate charts. On U N UY’, the two sets of coordinates are related by
823—

&=,& (ggg) Since dz); = 3, (87) dz;, we have

a= Z&dxi = Zf;dzg =a .
i J

O

The 1-form « is the tautological form and 2-form w is the canonical
symplectic form. Next we provide an alternative proof of the intrinsic character
of these forms. Let

M=T'X  p=(26  (€TX
im d
X T

be the natural projection. The tautological 1-form a may be defined pointwise
by
ap = (dmp)*¢ €T, M,

where (dm,)* is the transpose of dmp, that is, (dm,)*€ = £ o dmp:

p=(z,8 T,M M
I 1 dm, 1 (dmp)*
z T, X T*X

Equivalently,
ap(v) = §((d7rp)v) , forveT,M.

Exercise 7
Let (U,z1,...,Zn) be a chart on X with associated cotangent coordinates

n
TlyeveyTny€ly.ey&n. Show that on T*U, a = > & dz;.
i=1
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The canonical symplectic 2-form w on T*X is defined as
w=—da.

Locally, w = Ez’nzl dz; N dE;.

Exercise 8
Show that the tautological 1-form « is uniquely characterized by the property
that, for every 1-form p: X — T*X, p*a = p. (See Section 2.4.)

2.2 Naturality of the Canonical Forms

Let X; and X5 be n-dimensional manifolds with cotangent bundles M; = T* X,
and M, = T* X5, and tautological 1-forms a; and as. Suppose that f : X; — X5
is a diffeomorphism. Then there is a natural diffeomorphism

fﬁ:Ml—)Mz

which lifts f; namely, if p; = (21,£1) € M for 2, € X, and & € T; X, then we

define X and
fip1) =p2 = (2,&) , with { ?f;(%g*z 72 "

where (df,)* : Ty, Xo 5 T;, X1, so fy|r; is the inverse map of (dfz,)".

Exercise 9
Check that fy is a diffeomorphism. Here are some hints:

£
M A M
1. m 1 me commutes;
x; Lox

2. fg : M1 — M3> is bijective;

3. fy and fu_l are smooth.

Proposition 2.1 The lift fy of a diffeomorphism f : X1 — Xy pulls the tautolog-
ical form on T* X5 back to the tautological form on T* X3, i.e.,

(fﬂ)*az =a .
Proof. At p; = (x1,&) € My, this identity says that
(dfy),,, (@2)ps = (1), (%)

where p2 = fy(p1).
Using the following facts,
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o definition of fj:
p2 = fi(p1) < p2 = (22,&) where 22 = f(z1) and (df.,)*& = &1,
e definition of tautological 1-form:
(1)p, = (dm1)5, & and  (@2)p, = (dma);, &2,
Mo L M
o the diagram m J 72 commutes,

x, L x

the proof of (%) is:

(dfe)y, (a2)p, = (dfy);, (dm2);, & = (d(mzo fy)), &
= (d(fom)), & = (dm)s (df)s &
= (dm);.& = (o1)p, -

O

Corollary 2.2 The lift f; of a diffeomorphism f : X1 — X3 is a symplectomor-
phism, i.e.,

(fﬁ)*WQ =w1,
where w1, wa are the canonical symplectic forms.

In summary, a diffeomorphism of manifolds induces a canonical symplecto-
morphism of cotangent bundles:

fo: T*Xy — T*X,
T
f: X1 — X2

Example. Let X; = Xy = S'. Then T*S! is an infinite cylinder S' x R. The
canonical 2-form w is the area form w = df A d€. If f : S* — 8! is any dif-
feomorphism, then f; : S* x R — S* x R is a symplectomorphism, i.e., is an
area-preserving diffeomorphism of the cylinder. O

If f: X; - X, and g : X, = X3 are diffeomorphisms, then (go f)y = g4 o f;.
In terms of the group Diff (X) of diffeomorphisms of X and the group Sympl(M,w)
of symplectomorphisms of (M,w), we say that the map

Diff(X) — Sympl(M,w)
= h

is a group homomorphism. This map is clearly injective. Is it surjective? Do all
symplectomorphisms 7*X — T*X come from diffeomorphisms X — X7 No: for
instance, translation along cotangent fibers is not induced by a diffeomorphism
of the base manifold. A criterion for which symplectomorphisms arise as lifts of
diffeomorphisms is discussed in the next section.
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2.3 Symplectomorphisms of 7% X

Let (M,w) be a symplectic manifold, and let a be a 1-form such that
w=—da.

There exists a unique vector field v such that its interior product with w is a, i.e.,
LW = —a.

Proposition 2.3 If g is a symplectomorphism which preserves a (that is, g*a =
a), then g commutes with the one-parameter group of diffeomorphisms generated
by v, i.e.,

(exptv) og =go (exptv) .

Proof. Recall that, for p € M, (exptv)(p) is the unique curve in M solving the
ordinary differential equation

{ & (exp tv(p)) = v(exp tv(p))
(exptv)(p)lt=0 = p

for ¢ in some neighborhood of 0. From this is follows that go (exp tv)og~! must be

the one-parameter group of diffeomorphisms generated by g.v. (The push-forward
of v by g is defined by (g.v)4p) = dgp(vy).) Finally we have that g.v = v, i.e.,
that g preserves v. O

Let X be an arbitrary n-dimensional manifold, and let M = T*X. Let
(U,z1,...,2,) be a coordinate system on X, and let z1,...,2,,&1,...,& be
the corresponding coordinates on T*U. When « is the tautological 1-form on M
(which, in these coordinates, is Y &; dx;), the vector field v above is just the vector
field Y ¢&; B%i‘ Let exptv, —o0 < t < 00, be the one-parameter group of diffeomor-
phisms generated by v.

Exercise 10
Show that, for every point p = (z,¢) in M,

(exptv)(p) =p; where p:=(x,e'€).

If g is a symplectomorphism of M = T*X which preserves a, then we must
have that

9,6 =wn) = g X) = (y,An)
for all (z,£) € M and X\ € R. In fact, if g(p) = ¢ where p = (z,&) and ¢ = (y,7),
this assertion follows from a combination of the identity

(dgp)*aq = ap
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with the identity
dmq o dgp = dfy o dmp, .

(The first identity expresses the fact that g*a = «, and the second identity is
obtained by differentiating both sides of the equation mog = for at p.) We conclude
that g has to preserve the cotangent fibration, i.e., there exists a diffeomorphism
f: X — X such that mrog = fomx, where 7 : M — X is the projection map
7(z,§) = x. Moreover, g = fx, the map fx being the symplectomorphism of M
lifting f. Hence, the symplectomorphisms of 7* X of the form fx are those which
preserve the tautological 1-form a.

Here is a different class of symplectomorphisms of M = T*X. Let h be a
smooth function on X. Define 75, : M — M by setting

Th(xag) = (x7§+dhz) .

Then
Tha =a+ 7*dh

where 7 is the projection map

M (z,€)
I \J
X z
Therefore,
Thw =W ,

so all such 73, are symplectomorphisms.

2.4 Lagrangian Submanifolds of 7" X

Let (M,w) be a 2n-dimensional symplectic manifold.

Definition 2.4 A submanifold Y of M is a lagrangian submanifold if, at each
p € Y, T,Y is a lagrangian subspace of T,M, i.e., wy|t,y = 0 and dimT,Y =
%dim T,M . Equivalently, if i : Y — M is the inclusion map, thenY islagrangian
if and only if i*w =0 and dimY = 1 dim M.

Let X be an n-dimensional manifold, with M = T*X its cotangent bundle.
If 1,...,2, are coordinates on U C X, with associated cotangent coordinates
Tiy--eyTn,&1,...,& on T*U, then the tautological 1-form on T*X is

o= Z &idx;

and the canonical 2-form on T*X is

w=—da=) dr; Nd; .



2.4. LAGRANGIAN SUBMANIFOLDS OF T*X 21

The zero section of T* X,
Xo:={(z,) e T"X | £E=0in T} X},

is an n-dimensional submanifold of 7% X whose intersection with T*U is given by
the equations & = ... = &, = 0. Clearly a = ) &d=z; vanishes on Xo N T*U.
In particular, if 49 : Xo — T*X is the inclusion map, we have ifa = 0. Hence,
iow = igda = 0, and X, is lagrangian.

What are all the lagrangian submanifolds of T*X which are “C'-close to
X7

Let X, be (the image of) another section, that is, an n-dimensional subman-
ifold of T* X of the form

Xp=A{(,pa) |2 € X, po € T; X} (%)

where the covector u, depends smoothly on z, and p: X — T*X is a de Rham
1-form. Relative to the inclusion i : X, < T*X and the cotangent projection
m:T*X — X, X, is of the form (xx) if and only if 704 : X, = X is a
diffeomorphism.

When is such a X, lagrangian?

Proposition 2.5 Let X, be of the form (xx), and let pi be the associated de Rham
1-form. Denote by s, : X — T*X,  — (x, ), be the 1-form p regarded exclu-
sively as a map. Notice that the image of s, is X,,. Let o be the tautological 1-form
onT*X. Then

S, = .

Proof. By definition of the tautological form a, a, = (drp)*¢ at p = (z,€) € M.
For p = su(z) = (z, pz), we have a, = (dnp)* s Then

(s;a)w = (dsu)iop
= (dsu)z(dmp)* tha
= (d(mosu))ite = pa -
——
idx
O

Suppose that X,, is an n-dimensional submanifold of T*X of the form (%),
with associated de Rham 1-form p. Then s, : X — T X is an embedding with
image X,,, and there is a diffeomorphism 7 : X — X,,, 7(z) := (z, ), such that
the following diagram commutes.

X Su . T*X
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We want to express the condition of X, being lagrangian in terms of the form u:

*da =0
T**da =0
(io7)*da=0
s,da=10
ds,a=0
du=20

p is closed .

X, is lagrangian

frooees

Therefore, there is a one-to-one correspondence between the set of lagrangian
submanifolds of 7% X of the form (xx) and the set of closed 1-forms on X.

When X is simply connected, H} g;...(X) = 0, so every closed 1-form p is
equal to df for some f € C(X). Any such primitive f is then called a generat-
ing function for the lagrangian submanifold X,, associated to u. (Two functions
generate the same lagrangian submanifold if and only if they differ by a locally
constant function.) On arbitrary manifolds X, functions f € C°°(X) originate
lagrangian submanifolds as images of df.

Exercise 11
Check that, if X is compact (and not just one point) and f € C*°(X), then
#{Xar N Xo} > 2.

2.5 Conormal Bundles

There are lots of lagrangian submanifolds of 7*X not covered by the description
in terms of closed 1-forms from the previous section, starting with the cotangent
fibers.

Let S be any k-dimensional submanifold of an n-dimensional manifold X.

Definition 2.6 The conormal space at x € S is
N;S={e€T; X |&v)=0, forallveT,S} .
The conormal bundle of S is
N*S={(z,§) eT*X |z €S, (€ N;S}.

By using coordinates on X adapted? to S, one sees that the conormal bundle
N*S is an n-dimensional submanifold of T*X.

2A coordinate chart (U, z1,...,%-) on X is adapted to a k-dimensional submanifold S if SN/
is described by 41 =... =z, = 0.
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Proposition 2.7 Leti: N*S < T*X be the inclusion, and let a be the tautolog-
ical 1-form on T*X. Then

ifa=0.
Proof. Let (U,x1,...,2,) be a coordinate system on X centered at z € S
and adapted to S, so that & NS is described by g1 = ... = x, = 0. Let
(T*U,x1y -, ZTn, &1, - -, &) be the associated cotangent coordinate system. The

submanifold N*S N T*U is then described by
Tpp1 =...=2p, =0 and EL=...=£,=0.

Since a = Y &;dz; on T*U, we conclude that, at p € N*S,

(I )p = ap|T,(N+5) = Z&dwi =0.

i>k span{% , i<k}
i

O

Corollary 2.8 For any submanifold S C X, the conormal bundle N*S is a la-
grangian submanifold of T*X .

Taking S = {z} to be one point, the conormal bundle L = N*S =T X is a
cotangent fiber. Taking S = X, the conormal bundle L = Xy is the zero section
of T*X.

2.6 Lagrangian Complements

Normal neighborhoods of lagrangian submanifolds are described by the theorems
in the following two sections. It was proved by Weinstein [44] that the conclusion
of the Moser local theorem (Theorem 1.11) still holds if we assume instead

Hypothesis: X is an n-dimensional submanifold with
*wg = 1*w; = 0 where i : X — M is inclusion, i.e.,
X is a submanifold lagrangian for wy and w; .

We need some algebra for the Weinstein theorem.

Suppose that U and W are n-dimensional vector spaces, and €2 : UxW — Ris
a bilinear pairing; the map 2 gives rise to a linear map  : U — W*, Q(u) = Q(u, ).
Then 2 is nondegenerate if and only if Q is bijective.

Proposition 2.9 Suppose that V is a 2n-dimensional vector space and Q : V x
V — R is a nondegenerate skew-symmetric bilinear pairing. Let U be a lagrangian
subspace of (V,Q) (i.e., Quxv =0 and U is n-dimensional). Let W be any vector
space complement to U, not necessarily lagrangian.

Then from W we can canonically build a lagrangian complement to U.
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Proof. The pairing (2 gives a nondegenerate pairing U x W QI) R. Therefore,
Q' : U — W* is bijective. We look for a lagrangian complement to U of the form

W' ={w+Aw |we W},
A:W — U being a linear map. For W' to be lagrangian we need
Vw,ws €W, Qi+ Awi,ws + Awz) =0

— Q(U)l,WQ) + Q(’U)l,A’U)Q) + Q(A’U)l,wg) + Q(Awl,AUJg) =0
—

eUu
—_————
0

— Q(wl,wg) = Q(Awg,wl)—Q(Awl,wg)
Q' (Aws ) (wy) — Q' (Aws ) (ws) -

Let A’ = o A: W — W*, and look for A’ such that
A w1, W € w R Q(’LUl,'U)Q) = Al(w2)(w1) — A'(wl)(wz) .

The canonical choice is A'(w) = —2Q(w, ). Then set A = (Q)To A O

Proposition 2.10 Let V be a 2n-dimensional vector space, let Qo and q be
symplectic forms in V, let U be a subspace of V lagrangian for Q¢ and Qy, and
let W be any complement to U in V. Then from W we can canonically construct
o linear isomorphism L :V 3V such that Ly =Idy and L*Q; = Q.

Proof. From W we canonically obtain complements Wy and Wj to U in V such
that Wy is lagrangian for Q¢ and Wj is lagrangian for ;. The nondegenerate
bilinear pairings

WoxU-2R . . , Qo : Wy = U*
o give isomorphisms ~ o
WIXU—)R levh—>U .

Consider the diagram
Wo =% U
Bl Lid
w2 U
where the linear map B satisfies () o B = (o, i.e., Qo (wo,u) = Q1 (Bwg, u), Ywy €
Wo, Vu € U. Extend B to the rest of V' by setting it to be the identity on U:

L:=IdgoB:UeWy,—UdW; .
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Finally, we check that L*Q; = Qo:

(L*) (u @ wo, u' & wyp) Q4 (u ® Bwo,u' ® Bwy)
Ql(u,Bw{)) + Ql(B(/JO,UI)

= Qo(u,wp) + Qo(wo, u’)
Qo(u © wo,u' S wy) .

I

2.7 Lagrangian Neighborhood Theorem

Theorem 2.11 (Weinstein Lagrangian Neighborhood Theorem [44]) Let
M be a 2n-dimensional manifold, X ann-dimensional submanifold, i : X — M the
inclusion map, and wg and wy symplectic forms on M such that i*wy = i*w1 =0,
i.e., X 1is a lagrangian submanifold of both (M,wo) and (M,w1). Then there exist
neighborhoods Uy and Uy of X in M and a diffeomorphism ¢ : Uy — Uy such that

¥

Z/{() - Uy

commutes and w1 =wp -

X

Proof. The proof of the Weinstein theorem uses the Whitney extension theorem
(see Appendix A).

Put a riemannian metric g on M; at each p € M, g,(-,-) is a positive-definite
inner product. Fix p € X, and let V = T,M, U = T,X and W = U+ = ortho-
complement of U in V relative to g,(-,-).

Since i*wo = i*wi = 0, U is a lagrangian subspace of both (V,wy|,) and
(V,w1]p). By symplectic linear algebra, we canonically get from UL a linear iso-
morphism L, : TyM — T, M, such that L,|r,x = Id7,x and Lywi|p, = wolp- Lyp
varies smoothly with respect to p since our recipe is canonical.

By the Whitney theorem (Theorem A.11), there are a neighborhood N of X
and an embedding h : N < M with h|x = idx and dh, = L, for p € X. Hence,
at any p € X,

(W*w1)p = (dhp)*wip = Lpwi|p = wolp -

Applying the Moser local theorem (Theorem 1.11) to wp and h*w;, we find a
neighborhood Uy of X and an embedding f : Uy — N such that f|x = idx and
f*(h*w1) = wo on U,. Set ¢ = ho f. O

Theorem 2.11 has the following generalization; see, for instance, either of [22,
27, 46].
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Theorem 2.12 (Coisotropic Embedding Theorem) Let M be a manifold
of dimension 2n, X a submanifold of dimension k > n, i : X < M the inclusion
map, and wo and wi symplectic forms on M, such that i*wy = i*wy and X is
coisotropic for both (M,wy) and (M,w1). Then there exist neighborhoods Uy and
Uy of X in M and a diffeomorphism ¢ : Uy — Uy such that

Z/{O L4 - Uy
\ / commutes and Yrwr =wp -
(3 ?
X

2.8 Weinstein Tubular Neighborhood Theorem

Let (V,Q) be a symplectic linear space, and let U be a lagrangian subspace.

Claim. There is a canonical nondegenerate bilinear pairing ' : V/U x U = R.

Proof. Define '([v],u) = Q(v,u) where [v] is the equivalence class of v in V/U.
O

Consequently, we get that Q' : V/U — U* defined by Q'([v]) = Q'([v],-) is
an isomorphism, so that V/U ~ U* are canonically identified.

In particular, if (M,w) is a symplectic manifold, and X is a lagrangian sub-
manifold, then T, X is a lagrangian subspace of (T, M,w,) for each x € X. The
space N X := T, M /T, X is called the normal space of X at z. Since we have a
canonical identification N, X ~ T X, we get:

Proposition 2.13 The vector bundles NX and T*X are canonically identified.

Putting this observation together with the lagrangian neighborhood theorem,
we arrive at:

Theorem 2.14 (Weinstein Tubular Neighborhood Theorem) Let (M,w)
be a symplectic manifold, X a lagrangian submanifold, wy canonical symplectic
form on T*X, ig : X — T*X the lagrangian embedding as the zero section, and
1: X = M lagrangian embedding given by inclusion. Then there are neighborhoods
Uy of X inT*X, U of X in M, and a diffeomorphism ¢ : Uy — U such that

¥

Uo - U

commutes and @ w = wg .
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Proof. This proof relies on (1) the standard tubular neighborhood theorem (see
Appendix A), and (2) the Weinstein lagrangian neighborhood theorem.

1. Since NX ~ T*X, we can find a neighborhood Ay of X in T*X, a neigh-
borhood N of X in M, and a diffeomorphism 1 : Ny — N such that

N v Y
\ / commutes .
20 ?
X

wp = canonical form on T*X
w; = Y*w

Let symplectic forms on Nj.

X is lagrangian for both wy and w;.

2. There exist neighborhoods Uy and U; of X in Ny and a diffeomorphism
6 : Uy — U, such that

0
UO - Uy

commutes and 60%*w; = wq .

Take ¢ = ¢ 00 and U = p(Up). Check that p*w = 8*9*w = wo.
~

w1

O

Remark. Theorem 2.14 classifies lagrangian embeddings: up to symplectomor-
phism, the set of lagrangian embeddings is the set of embeddings of manifolds into
their cotangent bundles as zero sections.

The classification of isotropic embeddings was also carried out by Weinstein
in [45, 46]. An isotropic embedding of a manifold X into a symplectic man-
ifold (M,w) is a closed embedding ¢ : X — M such that i*w = 0. Weinstein
showed that neighbourhood equivalence of isotropic embeddings is in one-to-one
correspondence with isomorphism classes of symplectic vector bundles.

The classification of coisotropic embeddings is due to Gotay [22]. A coisotro-
pic embedding of a manifold X carrying a closed 2-form « of constant rank into
a symplectic manifold (M,w) is an embedding ¢ : X < M such that i*w = «
and ¢(X) is coisotropic has a submanifold of M. Let E be the characteristic
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distribution of a closed form a of constant rank on X, i.e., E, is the kernel
of a, at p € X. Gotay showed that then E* carries a symplectic structure in a
neighbourhood of the zero section, such that X embeds coisotropically onto this
zero section, and, moreover every coisotropic embedding is equivalent to this in
some neighbourhood of the zero section. O

2.9 Symplectomorphisms as Lagrangians

Lagarangian submanifolds are important to study symplectomorphisms, as will be
explored in the next lecture.

Let (M1, w1) and (M2, w2) be two 2n-dimensional symplectic manifolds. Given
a diffeomorphism ¢ : My — M,, when is it a symplectomorphism? (I.e., when is
p*ws = w1 ?) Consider the diagram of projection maps

(p1,p2) My x Ms (p1,p2)

N
M1 M2

Then w = (pry)*w1 + (pry)*ws is a 2-form on M; x M, which is closed,

D1 D2

dw = (pry)*dw; + (pry)*dws =0,
0 0

and symplectic,

W = ( 2n ) ((prl)*wl)n A ((prz)*wz)n #0.

n

More generally, if A1, Ao € R\{0}, then A (pr;)*w1+Aa2(pry)*ws is also a symplectic
form on M; x M,. Take A\; = 1, As = —1 to obtain the twisted product form
on Ml X MQZ
w = (pry)*wi — (pry)*wz .
The graph of a diffeomorphism ¢ : M; = Ms is the 2n-dimensional sub-
manifold of My x My:

I, := Graphy = {(p,¢(p)) | p € M1} .

The submanifold I', is an embedded image of M; in M; x M>, the embedding

being the map
vy: My — M x M,

p — (o) -
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Proposition 2.15 A diffeomorphism ¢ is a symplectomorphism if and only if I'y,
is a lagrangian submanifold of (M; x My, ®).

Proof. The graph T, is lagrangian if and only if v*w = 0.

YW Y* pry w1 — " pry ws

= (pryo7)*wi — (pry 0 ¥)*wa .

But pry o is the identity map on M; and pry o v = ¢. Therefore,

*

Yo=0 <= Prur=w.






Lecture 3

Generating Functions

Generating functions provide a method for producing symplectomorphisms via la-
grangian submanifolds. We will illustrate their use in riemannian geometry and
dynamics. We conclude with an application to the study of the group of sym-
plectomorphisms and to the problem of the existence of fixed points, whose first
instance is the Poincaré-Birkhoff theorem.

3.1 Constructing Symplectomorphisms

Let X3,Xs be n-dimensional manifolds, with cotangent bundles M; = T*Xy,
M, = T* X5, tautological 1-forms a1, as, and canonical 2-forms wy,ws.
Under the natural identification

M1 X M2 = T*Xl X T*XQ ~ T*(Xl X XQ) y
the tautological 1-form on T*(X; x X») is
a = (pry)*on + (pry)*as ,

where pr; : My x Ma — M;, ¢ = 1,2 are the two projections. The canonical 2-form
on T*(X; x X5) is

w = —da = —dprja; — dpryas = priw, + pryws .

In order to describe the twisted form @w = prjw; — prijws, we define an involution
of M2 = T*X2 by
g3 My, — M,
(22,&2) +— (22,-&2)

which yields 050 = —ag. Let 0 =idp, X 02 : M1 X Ma — My X Mjy. Then

0" = priwi + prows = w .

31
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If Y is a lagrangian submanifold of (M; X Ms,w), then its “twist” Y := o(Y) is
a lagrangian submanifold of (M; x M, ).

Recipe for producing symplectomorphisms M; =T*X; - My =T*X5,:
1. Start with a lagrangian submanifold Y of (M; x M, w).
2. Twist it to obtain a lagrangian submanifold Y7 of (M; x My, d).

3. Check whether Y7 is the graph of some diffeomorphism ¢ : M; — Ms.

S

. If it is, then ¢ is a symplectomorphism by Section 2.9.

Let i: Y? < M; x M, be the inclusion map

Y'O'
pr% \yo i
?
M, L

- M,

Step 3 amounts to checking whether pr; o4 and pr, o are diffeomorphisms. If yes,
then ¢ := (pry 04) o (pr; 0 i)~ is a diffeomorphism.

In order to obtain lagrangian submanifolds of M; x My ~ T*(X; x X5), we
can use the method of generating functions.

3.2 Method of Generating Functions

For any f € C°(X; x X»), df is a closed 1-form on X; x X,. The lagrangian
submanifold generated by f is

Yf = {((xay)7(df)(:c,y)) | ("L.’y) € Xl X XQ} .
We adopt the notation

dof = (df)(s,y) Projected to Ty X, x {0},
dyf = (df)(a,) projected to {0} x Ty X5,

which enables us to write
Vi = {(z,y,d=f,dyf) | (z,y) € X1 x X}

and
Yfa = {(m7yadwf7 _dyf) | (ﬂf,y) € Xl X Xz} .
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When Y7 is in fact the graph of a diffeomorphism ¢ : My — M,, we call ¢ the
symplectomorphism generated by f, and call f the generating function,
of @ M1 — MQ.

So when is Y7 the graph of a diffeomorphism ¢ : My — M>?

Let (Ui, x1,...,%n), (Us2,Y1,--.,Yn) be coordinate charts for X; and Xo,
with associated charts (T*U1, %1,y Zn,E1y---3€n)y (T UsY1s- oy YnsMiye -+ M)
for M; and Ms. The set

on' = {($7y7dz‘f7 _dyf) | (33,:!/) S X1 X XZ}

is the graph of ¢ : M; — M, if and only if, for any (z,€) € My and (y,7n) € Mo,
we have

o(x,8) = (y,n) <= £=d.fandn=—d,f .

Therefore, given a point (x,£) € M, to find its image (y,n) = ¢(x,&) we must
solve the “Hamilton” equations

& = i@ ®
no= () (4)

If there is a solution y = ¢1(x, &) of (x), we may feed it to (%x) thus obtaining
n = @a(z, £), so that p(x,&) = (p1(x,&), p2(x,&)). Now by the implicit function
theorem, in order to solve (%) locally for y in terms of z and &, we need the

condition
8 (Of\1"
o oz, 7

1,5=1

This is a necessary local condition for f to generate a symplectomorphism .
Locally this is also sufficient, but globally there is the usual bijectivity issue.

2
Example. Let X; =U; ~R", X5 = Uy ~ R", and f(z,y) = —|m_2y| , the square
of euclidean distance up to a constant.
The “Hamilton” equations are

0

& = fo_ Yi — T yi = T;+&
Z -

B i o= &

The symplectomorphism generated by f is

p(x,8) = (z +&,8) -
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If we use the euclidean inner product to identify T*R™ with TR™, and hence
regard ¢ as @ : TR® — TR™ and interpret £ as the velocity vector, then the
symplectomorphism ¢ corresponds to free translational motion in euclidean space.

x+€

3.3 Riemannian Distance

Let V be an n-dimensional vector space. A positive inner product G on V is a
bilinear map G : V x V' — R which is

symmetric : G(v,w) = G(w,v) , and
positive-definite : G(v,v) >0 when v#0.

Definition 3.1 A riemannian metric on a manifold X is a function g which
assigns to each point x € X a positive inner product g, on T, X.

A riemannian metric g is smooth if for every smooth vector field v : X —
TX the real-valued function x +— g,(vz,vs) is a smooth function on X.

Definition 3.2 A riemannian manifold (X, g) is a manifold X equipped with
a smooth riemannian metric g.

Let (X, g) be a riemannian manifold. The arc-length of a piecewise smooth
curve v : [a,b] = X is

b
arc-length of v := /

a

dry dy| dy dy
Jt ‘dt , where ‘ gt ‘ = 4Gy (dt, )

By changing variables in the integral, we see that the arc-length of «y is independent
of the parametrization of =, i.e., if we reparametrize v by 7 : [a/,b'] — [a,b], the
new curve 7' = yo 7 :[a',b'] = X has the same arc-length.
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z = v(a)

~

A curve v is called a curve of constant velocity when Cfi—t is indepen-

dent of t. Given any curve v : [a,b] = X (with i—z never vanishing), there is a
reparametrization 7 : [a,b] = [a,b] such that yo 7 : [a,b] = X is of constant

velocity. The action of a piecewise smooth curve 7 : [a,b] = X is

b
A = [
Exercise 12

Show that, among all curves joining two given points, v minimizes the action
if and only if v is of constant velocity and «y minimizes arc-length.

Hint:

2

D gt

dt

(a) Let 7 : [a,b] — [a,b] be a smooth monotone map taking the endpoints
of [a, b] to the endpoints of [a,b]. Then

b d 2
/ (i) a>b—a,
. \at

. . . . oo dr
with equality holding if and only if &7 = 1.

(b) Suppose that « is of constant velocity, and let 7 : [a,b] — [a,b] be a
reparametrization. Show that A(yo7) > A(), with equality only when
7 = identity.

Definition 3.3 The riemannian distance between two points x and y of a con-
nected riemannian manifold (X, g) is the infimum d(z,y) of the set of all arc-
lengths for piecewise smooth curves joining x to y.

A smooth curve joining x to y is a minimizing geodesic
is the riemannian distance d(z,y).

A riemannian manifold (X, g) is geodesically convex if every point  is
joined to every other point y by a unique (up to reparametrization) minimizing
geodesic.

L if its arc-length

'In riemannian geometry, a geodesic is a curve which locally minimizes distance and whose
velocity is constant.
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Example. On X = R with TX ~ R" x R?, let g,(v,w) = {(v,w), g.(v,v) =

|v|?, where (-,-) is the euclidean inner product, and | - | is the euclidean norm.
Then (R™, (-, -)) is a geodesically convex riemannian manifold, and the riemannian
distance is the usual euclidean distance d(z,y) = |z — y|. &

3.4 Geodesic Flow

Suppose that (X, g) is a geodesically convex riemannian manifold. Assume also
that (X, g) is geodesically complete, that is, every minimizing geodesic can be
extended indefinitely. Given (z,v) € TX, let exp(z,v) : R = X be the unique
minimizing geodesic of constant velocity with initial conditions exp(z,v)(0) = =

and de%ff’”)(O) =.
Consider the function

1
f:XXX—)Ra f(a:,y):—§d(ar,y)2
What is the symplectomorphism ¢ : T*X — T*X generated by f?

Proposition 3.4 Under the identification of TX with T*X by g, the symplecto-
morphism generated by ¢ coincides with the map TX — TX, (z,v) — exp(z,v)(1).

Proof. Let d, f and dy f be the components of df(, ,) with respect to T(*;’y) (X x

X)=TrX x Ty X. The metric g, : T, X x T, X — R induces an identification

G : T, X = T*X
v o ge(v,-)

Use g to translate ¢ into amap ¢ : TX - TX.
Recall that, if

F; :{(xayada:fa_dyf) | (ﬂf,y) GX XX}

is the graph of a diffeomorphism ¢ : T*X — T*X, then ¢ is the symplectomor-
phism generated by f. In this case, ¢(z,£) = (y,n) if and only if £ = d,f and
n = —d, f. We need to show that, given (z,v) € TX, the unique solution of

{@c(v) = & = dx f(z,y)
gy(w) = mi = —dyf(z,y)

for (y,n) in terms of (z,&) in order to find ¢, or, equivalently, for (y,w) in terms
(z,v) in order to find @.
Let v be the geodesic with initial conditions v(0) = x and ‘fi—'Z(O) =.
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By the Gauss lemma (look up [15], for instance), geodesics are orthogonal to
the level sets of the distance function.
To solve the first equation of the system for y, we evaluate both sides at
v = de%gz’”)(O), to conclude that
y = exp(z,v)(1) .

Check that d,, f (v") = 0 for vectors v’ € T, X orthogonal to v (that is, g, (v,v") = 0);
this is a consequence of f(zx,y) being the square of the arc-length of a minimizing
geodesic, and it suffices to check locally.

The vector w is obtained from the second equation of the system. Com-

pute —dy f (de%gz’”)(l)). Then evaluate —d, f at vectors w' € T, X orthogonal to

de%gz’”)(l); this pairing is again 0 because f(z,y) is the /square of the) arc-length
of a minimizing geodesic. Conclude, using the nondegeneracy of g, that

d
w = exp(z,v)

1).
V)
For both steps above, recall that, given a function f: X — R and a tangent
d
vector v € T, X, we have d, f(v) = T [f (exp(z,v)(u))] ,—0- O

In summary, the symplectomorphism ¢ corresponds to the map

: TX — TX
(z,0) — (y(1), 21),

which is called the geodesic flow on X.

3.5 Periodic Points

Let X be an n-dimensional manifold. Let M = T*X be its cotangent bundle with
canonical symplectic form w.
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Suppose that we are given a smooth function f : X x X — R which gener-
ates a symplectomorphism ¢ : M — M, ¢(z,d.f) = (y,—dyf), by the recipe of
Section sec:method.

What are the fixed points of ¢?

Define ¢ : X — R by ¢(z) = f(z, z).

Proposition 3.5 There is a one-to-one correspondence between the fixed points
of @ and the critical points of 1.
Proof. At zg € X, dyyt) = (dof + dyf)|(ziy):(z0,z0). Let & = dzf|(z7y):(z0’zo).

Ty is a critical point of ¢ <= dp ¥ =0 = dyfl(z,y)=(20,00) = € -
Hence, the point in I'} corresponding to (z,y) = (zo,2¢) is (2o, Z0,&;§)- But T'

is the graph of ¢, so p(xg, &) = (x9,&) is a fixed point. This argument also works
backwards. 0

Consider the iterates of ¢,

(’O(N):(’OOSOO...OCPZM—)M, N:1,2,---,
- 7
N

each of which is a symplectomorphism of M. According to the previous proposition,
if o) : M — M is generated by f™), then there is a one-to-one correspondence

. (V) critical points of
{ﬁxed points of ¢ } — { Y™ X SR M (2) = [M(g,2)

Knowing that ¢ is generated by f, does ¢(? have a generating function? The
answer is a partial yes:

Fix z,y € X. Define a map

X — R
z — f(z,2)+ f(2,9) .

Suppose that this map has a unique critical point zg, and that zg is nondegenerate.
Let

f(2)($5y) = f(Z',Z()) + f(307y) .

Proposition 3.6 The function f?) : X x X — R is smooth and is a generating
function for ),
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Proof. The point zp is given implicitly by dy f(z, 20) + d. f(20,y) = 0. The non-
degeneracy condition is

det [(‘fzi (S—Jj(x,z) + %(z,y))] £0.

By the implicit function theorem, zg = zo(z,y) is smooth.
As for the second assertion, f(®)(z,y) is a generating function for () if and
only if
o (@,do fP) = (y,~dy f*)

(assuming that, for each ¢ € T* X, there is a unique y € X for which d, f® = ¢).
Since ¢ is generated by f, and z is critical, we obtain,

@(2) (.Z',dzf(Q)(.fL',y)) = @(‘p(a::d-’tf@) (-’L',y)) = QD(Z(), —dyf(.fL',ZO))
~———————

:dmf(maz(])
= (p(zoadzf(zoay))

(y7 _dyf(z07y)) .
————

:7dyf(2) (w,y)

Exercise 13
What is a generating function for p(3)?

Hint: Suppose that the function

XxX — R
(z,u) +—  f(z,2) + f(2,u) + f(u,y)

has a unique critical point (20, u0), and that it is a nondegenerate critical point.
Let d}(S) (a:,y) = f(J:: ZO) + f(ZOaUO) + f(u07y)‘

3.6 Billiards

Let x : R — R? be a smooth plane curve which is 1-periodic, i.e., x(s +1) = x(s),

and parametrized by arc-length, i.e.,

‘2—’5‘| = 1. Assume that the region Y enclosed

by x is convez, i.e., for any s € R, the tangent line {x(s) + t‘fi—’s‘ | t € R} intersects
X :=0Y (= the image of x) at only the point x(s).
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b x(s)

Suppose that we throw a ball into Y rolling with constant velocity and bounc-
ing off the boundary with the usual law of reflection. This determines a map

¢: R/Zx(-1,1) — R/Z x (=1,1)
(z,0) — (y,w)

by the rule

when the ball bounces off x with angle 8 = arccosw, it will next collide with y and
bounce off with angle v = arccosw.

Let f : R/Z x R/Z — R be defined by f(z,y) = —|z —y|; f is smooth off the
diagonal. Use x to identify R/Z with the image curve X.
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Suppose that ¢(z,v) = (y,w), i.e., (z,v) and (y, w) are successive points on
the orbit described by the ball. Then

d —
4 = 7Y projected onto T, X = v
dx |z — yl
d —
4 i projected onto Ty X = -—w
dy |z -yl
or, equivalently,
d y—z dx
_ = —_— o 0 —
e = T v
d _ z—y dx _ _
dsf('Z':X(s)) - |m—y| ds - cosv = w .

We conclude that f is a generating function for ¢. Similar approaches work
for higher dimensional billiards problems.

Periodic points are obtained by finding critical points of

Xx...xX — R, N>1
[ —

N
(Z1,..yzn) —  f(x1,22) + f(x2,x3) + ...+ fen_1,2N) + f(ZN, 21)
=|z1 — 22|+ ...+ |zN_1 —zN|+ |ZN — 21| ,

that is, by finding the N-sided (generalized) polygons inscribed in X of critical
perimeter.
Notice that

R/Z x (—1,1) ~ {(z,v) |z € X,v e T, X,|v| <1}~ A

is the open unit tangent ball bundle of a circle X, that is, an open annulus A. The
map ¢ : A — A is area-preserving.

3.7 Poincaré Recurrence

Theorem 3.7 (Poincaré Recurrence) Suppose that ¢ : A — A is an area-
preserving diffeomorphism of a finite-area manifold A. Let p € A, and let U be
a neighborhood of p. Then there is ¢ € U and a positive integer N such that
eM(g) eU.

Proof. Let Uy = U, Uy = o(U),Us = P (U), .. .. If all of these sets were disjoint,
then, since Area (U;) = Area (U) > 0 for all i, we would have

Area A > Area U Ul Ul U .. .) :Z Area (U;) =00 .
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To avoid this contradiction we must have o®) (1) N o® (U) # 0 for some k > I,
which implies ¢ *—0 @) NU # 0. O

Hence, eternal return applies to billiards...

Remark. Theorem 3.7 clearly generalizes to volume-preserving diffeomorphisms
in higher dimensions. O

Theorem 3.8 (Poincaré’s Last Geometric Theorem) Suppose ¢ : A — A
is an area-preserving diffeomorphism of the closed annulus A = R/Z x [-1,1]
which preserves the two components of the boundary, and twists them in opposite
directions. Then ¢ has at least two fized points.

This theorem was proved in 1925 by Birkhoff, and hence is also called the
Poincaré-Birkhoff theorem. It has important applications to dynamical sys-
tems and celestial mechanics. The Arnold conjecture (1966) on the existence of
fixed points for symplectomorphisms of compact manifolds (see Section 3.9) may
be regarded as a generalization of the Poincaré-Birkhoff theorem. This conjecture
has motivated a significant amount of recent research involving a more general
notion of generating function; see, for instance, [18, 20].

3.8 Group of Symplectomorphisms

The symplectomorphisms of a symplectic manifold (M,w) form the group

Sympl(M,w) = {f: M = M | ffw=uw}.

— What is Tiq(Sympl(M, w))?
(What is the “Lie algebra” of the group of symplectomorphisms?)
— What does a neighborhood of id in Sympl(M,w) look like?

We will use notions from the C'-topology. Let X and Y be manifolds.

Definition 3.9 A sequence of maps f; : X — Y converges in the C°-topology
to f: X =Y if and only if f; converges uniformly on compact sets.

Definition 3.10 A sequence of C* maps f; : X — Y converges in the C-
topology to f : X — Y if and only if it and the sequence of derivatives df; :
TX —» TY converge uniformly on compact sets.

Let (M,w) be a compact symplectic manifold and f € Sympl(M,w). Then
both Graph f and the diagonal A = Graph id are lagrangian subspaces of (M X
M, priw — priw), where pr; : M x M — M, i = 1,2, are the projections to each
factor.
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By the Weinstein tubular neighborhood theorem, there exists a neighbor-
hood U of A (~ M) in (M x M,priw — priw) which is symplectomorphic to a
neighborhood Uy of M in (T*M,wq). Let ¢ : U = Ug be the symplectomorphism.

Suppose that f is sufficiently C'-close to id, i.e., f is in some sufficiently
small neighborhood of id in the C*-topology. Then:

1. We can assume that Graph f C U.
Let j:M — U be the embedding as Graph f ,
i:M —U be the embedding as Graph id = A .
2. The map j is sufficiently C'-close to 1.

3. By the Weinstein theorem, U ~ Uy C T*M, so the above j and 7 induce

jo: M — Uy embedding, where jo =¢oj,
i0: M — Uy embedding as 0-section .

Hence, we have

U L . Uo U 1 . Uo
) / and \ /
7 10 J Jo
M M
where i(p) = (p,p), io(p) = (p,0), j(p) = (p, f(p)) and jo(p) = ¢(p, f(p)) for
pe M.

4. The map jo is sufficiently C'-close to ig. Therefore, the image set jo(M)
intersects each T,y M at one point u;, depending smoothly on p.

5. The image of jo is the image of a smooth section y : M — T*M, that is, a

1-form p = jo o (m 0 jo)~".

We conclude that Graph f ~ {(p,,) | p € M, p, € Ty M}.

Exercise 14
Vice-versa: show that, if y is a 1-form sufficiently C'-close to the zero 1-form,
then there is a diffeomorphism f : M — M such that

{(p,pp) | P €M, pp € T, M} ~ Graph f .

By Section 2.4, we have

Graph f is lagrangian <= p is closed .
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Conclusion. A small C'-neighborhood of id in Sympl(M,w) is homeomorphic to
a C'-neighborhood of zero in the vector space of closed 1-forms on M. So:

Tia(Sympl(M,w)) =~ {p € Q' (M) | du =0} .
In particular, Tiq(Sympl(M,w)) contains the space of exact 1-forms

{p=dh | heC®(M)} ~ C(M)/ locally constant functions .

3.9 Fixed Points of Symplectomorphisms

Theorem 3.11 Let (M,w) be a compact symplectic manifold with H} gy om(M) =
0. Then any symplectomorphism of M which is sufficiently C'-close to the identity
has at least two fized points.

Proof. Suppose that f € Sympl(M,w) is sufficiently C'-close to id. Then the
graph of f corresponds to a closed 1-form g on M.

du=20

— 1 = dh for some h € C=(M) .
HéeRham(M) = 0 } o ( )

If M is compact, then h has at least 2 critical points.

Fixed points of f =  critical points of h

I I
Graph fNA = {p:pp,=dh, =0}.

O

Lagrangian intersection problem:
A submanifold Y of M is C'-close to X when there is a diffeomorphism
X — Y which is, as a map into M, C'-close to the inclusion X < M.

Theorem 3.12 Let (M,w) be a symplectic manifold. Suppose that X is a com-
pact lagrangian submanifold of M with H} g, . (X) = 0. Then every lagrangian
submanifold of M which is C'-close to X intersects X in at least two points.

Proof. Exercise. O
Arnold conjecture:

Let (M,w) be a compact symplectic manifold, and f : M — M a symplectomor-
phism which is “exactly homotopic to the identity” (see below). Then

#{fixed points of f} > minimal # of critical points
a smooth function of M can have .
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Together with Morse theory,? we obtain®

vV

minimal # of critical points
a Morse function of M can have

#{nondegenerate fixed points of f}
2n )
> Y dim H'(M) .
i=0

The Arnold conjecture was proved by Conley-Zehnder, Floer, Hofer-Salamon,
Ono, Futaya-Ono, Lin-Tian using Floer homology (which is an oco-dimensional
analogue of Morse theory). There are open conjectures for sharper bounds on the
number of fixed points.

Meaning of “f is exactly homotopic to the identity:”

Suppose that h; : M — R is a smooth family of functions which is 1-periodic,
i.e., hy = hyy1. Let p: M xR — M be the isotopy generated by the time-dependent
vector field v; defined by w(vy, ) = dh:. Then “f being exactly homotopic to the
identity” means f = p; for some such h;.

In other words, f is exactly homotopic to the identity when f is the
time-1 map of an isotopy generated by some smooth time-dependent 1-periodic
hamiltonian function.

There is a one-to-one correspondence

{ fixed points of f} +— { period-1 orbitsof p: M xR — M}

because f(p) = p if and only if {p(t,p) , t € [0,1]} is a closed orbit.

Proof of the Arnold conjecture in the case when h : M — R is independent of ¢:

p is a critical point of h dhp, =0
vp =0
p(t,p) =p, VteR

p is a fixed point of p; .

IR

Exercise 15
Compute these estimates for the number of fixed points on some compact
symplectic manifolds (for instance, S2, S x S and T2 = S! x S1).

2A Morse function on M is a function h : M — R whose critical points (i.e., points p
where the differential vanishes: dhp, = 0) are all nondegenerate (i.e., the hessian at those points

is nonsingular: det (%) #0).
) i/p
3A fixed point p of f: M — M is nondegenerate if df, : T,M — T, M is nonsingular.






Lecture 4

Hamiltonian Fields

To any real function on a symplectic manifold, a symplectic geometer associates a
vector field whose flow preserves the symplectic form and the given function. The
vector field is called the hamiltonian vector field of that (hamiltonian) function.

The concept of a moment map is a generalization of that of a hamiltonian
function, and was introduced by Souriau [40] under the french name application
moment (besides the more standard english translation to moment map, the alter-
native momentum map is also used). The notion of a moment map associated to
a group action on a symplectic manifold formalizes the Noether principle, which
states that to every symmetry (such as a group action) in a mechanical system,
there corresponds a conserved quantity.

4.1 Hamiltonian and Symplectic Vector Fields

Let (M,w) be a symplectic manifold and let H : M — R be a smooth function. Its
differential dH is a 1-form. By nondegeneracy, there is a unique vector field X,
on M such that 1x,w = dH. Integrate X,,. Supposing that M is compact, or at
least that X,, is complete, let p, : M — M, t € R, be the one-parameter family of
diffeomorphisms generated by X, :

po = idy
dpt o
@ o =X
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Claim. Each diffeomorphism p; preserves w, i.e., pjw = w, Vt.

Proof. We have %pz‘w = p;‘EXHw = pf(leHw+ZXH dw ) =0. u
v 0
dH

Therefore, every function on (M, w) gives a family of symplectomorphisms.
Notice how the proof involved both the nondegeneracy and the closedness of w.

Definition 4.1 A vector field X, as above is called the hamiltonian vector
field with hamiltonian function H.

Example. The height function H(6,h) = h on the sphere (M,w) = (S2,df A dh)
has

0
ixg(ddANdh)=dh <= X, = 5 -
Thus, p:(0,h) = (0 + t,h), which is rotation about the vertical axis; the height
function H is preserved by this motion. &

Exercise 16

Let X be a vector field on an abstract manifold W. There is a unique vector
field Xy on the cotangent bundle T*W, whose flow is the lift of the flow of X.
Let a be the tautological 1-form on T*W and let w = —da be the canonical
symplectic form on T*W. Show that Xy is a hamiltonian vector field with
hamiltonian function H := Ix, Q.

Remark. If X, is hamiltonian, then

EXHH = lXHdH =lXylxygW = 0.

Therefore, hamiltonian vector fields preserve their hamiltonian functions, and each
integral curve {p;(z) | t € R} of X, must be contained in a level set of H:

H(z) = (ps H)(x) = H(pe(x)) , Vit .
%

Definition 4.2 A vector field X on M preserving w (i.e., such that Lxw = 0) is
called o symplectic vector field.

X is symplectic < 1xw is closed ,
X is hamiltonian <= 1xw is exact .

Locally, on every contractible open set, every symplectic vector field is hamil-
tonian. If H} py...(M) = 0, then globally every symplectic vector field is hamil-
tonian. In general, H} gy. (M) measures the obstruction for symplectic vector
fields to be hamiltonian.
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Example. On the 2-torus (M,w) = (T%,d6; A df), the vector fields X1 = 8%1

and X, = 6%2 are symplectic but not hamiltonian. O

To summarize, vector fields on a symplectic manifold (M, w) which preserve
w are called symplectic. The following are equivalent:

e X is a symplectic vector field;
o the flow p; of X preserves w, i.e., pjw = w, for all #;
o Lxw=0;
e 1xw is closed.

A hamiltonian vector field is a vector field X for which
® 1xw is exact,

ie., 1xw = dH for some H € C*(M). A primitive H of 1xw is then called a
hamiltonian function of X.

4.2 Hamilton Equations

Consider euclidean space R*" with coordinates (qi,...,qn,P1,---,Pn) and wy =
>~ dg; A dp;. The curve p; = (¢(t),p(t)) is an integral curve for X, exactly if

dq,- OH

) =

dt ( ) 3pi

(Hamilton equations)

dp; ,,,  OH

dt (t) - (9(],'
Tndeed, let X, = 3 (%2 — S.2). Then,

1::1 £ £ T £
WaW = 300 (dgy Adp) = 3 [(1x,dgj) A dp; — dgj A (1xie dp;)]
i= i=

dH .

Il

I
-

oH oH
; (@dpj + 8¢, 4

Remark. The gradient vector field of H relative to the euclidean metric is

“/0H & OH 9
vH '_Z(aqi ¢ | Opi 8pi> '

i=1
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If J is the standard (almost) complex structure! so that J (8%1_) = 3‘;’;_ and
J(a‘zi)z—%,wehaveJXH=VH. o

The case where n = 3 has a simple physical illustration. Newton’s second
law states that a particle of mass m moving in configuration space R® with
coordinates ¢ = (g1, ¢2,¢3) under a potential V' (¢g) moves along a curve ¢(t) such
that

d*q
e

Introduce the momenta p; = mdd‘i" for i = 1,2,3, and energy function H(p,q) =

5 |p|>*+V (g). Let RS = T*R?® be the corresponding phase space, with coordinates
(q1,42,93,P1,P2,p3). Newton’s second law in R® is equivalent to the Hamilton
equations in RS:

=-VV(q) -

dei _ 1 ~_0H
a  mP T Op;
dp; d?q; ov oOH

at = "d2 T T 0g | oqi
The energy H is conserved by the physical motion.

4.3 Brackets

Vector fields are differential operators on functions: if X is a vector field and
f € C>=(X), df being the corresponding 1-form, then

X-fi=df(X)=L,f.
Given two vector fields X, Y, there is a unique vector field W such that

Lwf=Lx(Lyf)—Ly(Lx]) -

The vector field W is called the Lie bracket of the vector fields X and Y and
denoted W = [X,Y], since Lw = [Lx, Ly] is the commutator.

Exercise 17
Check that, for any form a,

Z[X’y]a = ﬁxlya - Zyﬁxa = [ﬁx,Zy}a .

Since each side is an anti-derivation with respect to the wedge product, it
suffices to check this formula on local generators of the exterior algebra of
forms, namely functions and exact 1-forms.

1 An almost complex structure on a manifold M is a vector bundle morphism J : TM —
TM such that J2 = —Id.
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Proposition 4.3 If X andY are symplectic vector fields on a symplectic manifold
(M,w), then [X,Y] is hamiltonian with hamiltonian function w(Y, X).

Proof.

,Cx'lyw — Zyﬁxw

= dixiyw +ix diyw —ty dixw —tytx dw
~—— —— ~~~

Ux,y|w

0 0 0

dw(Y, X)) .
g

A (real) Lie algebra is a (real) vector space g together with a Lie bracket
[,], i.e., a bilinear map [-,-] : g X g — g satisfying:

(a‘) [x,y] = _[y,-'L'] ) VCL', yeg, (antisymmetry)
(b) [=, [y, 2]] + [y: [z, 2]] + [2:[x,9]] =0, Vz,y,z€9. (Jacobi identity)
Let
x(M) = { vector fields on M }
xYmPY(M) = { symplectic vector fields on M }
X' (M) = { hamiltonian vector fields on M } .

The inclusions (xP2™(M),[,-]) C (x*¥™PY(M),[-,-]) C (x(M),[-,*]) are inclusions
of Lie algebras.

Definition 4.4 The Poisson bracket of two functions f,g € C°(M;R) is
{fag} = w(Xfan) .
We have Xy 3 = —[Xy, X,] because X, (x, x,) = [X,, X5]-
Theorem 4.5 The bracket {-,-} satisfies the Jacobi identity, i.e.,

{fa{gah}}+{ga{haf}}+{ha{f;g}} =0.

Proof. Exercise. O

Definition 4.6 A Poisson algebra (P, {-,-}) is a commutative associative alge-
bra P with a Lie bracket {-,-} satisfying the Leibniz rule:

{f,gh} ={f,gth+g{f,h} .

Exercise 18
Check that the Poisson bracket {-,-} defined above satisfies the Leibniz rule.
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We conclude that, if (M,w) is a symplectic manifold, then (C*(M),{-,-}) is
a Poisson algebra. Furthermore, we have a Lie algebra anti-homomorphism
— x(M)
— X,
PVSY

_[.7.] i

(M)

{'7'}

Exercise 19
Let G be a Lie group, g its Lie algebra and g* the dual vector space of g.

(a) Let 8X# be the vector field generated by X € g for the adjoint repre-
sentation of G on g. Show that

IX# =[X,Y] VYeg.

(b) Let X# be the vector field generated by X € g for the coadjoint repre-
sentation of G on g*. Show that

(XE,Y) = (6,1, X)) VYeg.

(c) For any & € g*, define a skew-symmetric bilinear form on g by
we (X,Y) 1= (& [X,Y]) .

Show that the kernel of w, is the Lie algebra g, of the stabilizer of £ for
the coadjoint representation.

(d) Show that w, defines a nondegenerate 2-form on the tangent space at §
to the coadjoint orbit through &.

(e) Show that w, defines a closed 2-form on the orbit of £ in g*.
Hint: The tangent space to the orbit being generated by the vector fields
X#_ this is a consequence of the Jacobi identity in g.

This canonical symplectic form on the coadjoint orbits is also known
as the Lie-Poisson or Kostant-Kirillov symplectic structure.

(f) The Lie algebra structure of g defines a canonical Poisson structure on

g%
{f,9}(&) == (& [dfg ’ dgg})
for f,g € C>°(g*) and § € g*. Notice that df, : T,g" ~ g* = R is
identified with an element of g ~ g**.
Check that {-,-} satisfies the Leibniz rule:

{fﬂgh} :g{f7h}+h{fag} .

Example. For the prototype (R*",wq), where wo = 3" dz; A dy;, we have

0 0

Xy = —— d X, =-—
i 6:’/1 an Yi axz

so that

P U B S A .
{mi,a?j}—{yz,y]}—O a‘nd {xlayj}_{ 0 le;é] VZJJ‘
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For arbitrary functions f,g € C°°(M) we have hamiltonian vector fields

N (0f D f 0
Xf_z<ayz'3wi 5331'3211')7

i=1

and the classical Poisson bracket

_~N~(0f 89 Of 9

4.4 Integrable Systems

Definition 4.7 A hamiltonian system is a triple (M,w, H), where (M,w) is
a symplectic manifold and H € C*°(M;R) is a function, called the hamiltonian
function.

Theorem 4.8 We have {f,H} = 0 if and only if f is constant along integral
curves of X, .

Proof. Let p; be the flow of X,,. Then

%(fopt) = p:‘CXHf:p:lXde:p:zXHZXfw
piw(Xy, X)) =pi{f,H} =0.

O

A function f as in Theorem 4.8 is called an integral of motion (or a first
integral or a constant of motion). In general, hamiltonian systems do not admit
integrals of motion which are independent of the hamiltonian function. Functions
fi,--., fn on M are said to be independent if their differentials (df1)p, - .., (dfa)p
are linearly independent at all points p in some open dense subset of M. Loosely
speaking, a hamiltonian system is (completely) integrable if it has as many commut-
ing integrals of motion as possible. Commutativity is with respect to the Poisson
bracket. Notice that, if fi,..., f, are commuting integrals of motion for a hamil-
tonian system (M,w, H), then, at each p € M, their hamiltonian vector fields
generate an isotropic subspace of T, M:

w(anij) = {fuf]} =0.

If f1,..., fn are independent at p, then, by symplectic linear algebra, n can be at
most half the dimension of M.
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Definition 4.9 A hamiltonian system (M,w,H) is (completely) integrable
if it possesses n = %dimM independent integrals of motion, f1 = H, fa,..., fn,
which are pairwise in involution with respect to the Poisson bracket, i.e., {fi, f;} =
0, for alli,j.

Examples.

1. The simple pendulum (discussed in the next section) and the harmonic oscil-
lator are trivially integrable systems — any 2-dimensional hamiltonian system
(where the set of non-fixed points is dense) is integrable.

2. A hamiltonian system (M,w,H) where M is 4-dimensional is integrable if
there is an integral of motion independent of H (the commutativity condi-
tion is automatically satisfied). The next section shows that the spherical
pendulum is integrable.

¢

For sophisticated examples of integrable systems, see [9, 28].

Let (M,w,H) be an integrable system of dimension 2n with integrals of
motion fi = H, fa,..., fn. Let ¢ € R™ be a regular value of f := (f1,..., fn)-
The corresponding level set, f~!(c), is a lagrangian submanifold, because it is
n-dimensional and its tangent bundle is isotropic.

Proposition 4.10 If the hamiltonian vector fields Xy, ,..., Xy, are complete on
the level f=1(c), then the connected components of f~1(c) are homogeneous spaces
for R™, i.e., are of the form R"* x T* for some k, 0 < k < n, where T* is a
k-dimensional torus.

Proof. Exercise (just follow the flows). O

Any compact component of f~!(c) must hence be a torus. These components,
when they exist, are called Liouville tori. (The easiest way to ensure that compact
components exist is to have one of the f;’s proper.)

Theorem 4.11 (Arnold-Liouville [3]) Let (M,w,H) be an integrable system
of dimension 2n with integrals of motion fi1 = H, fs,...,fn. Let ¢ € R® be a
regular value of f := (f1,...,fn). The corresponding level f~1(c) is a lagrangian
submanifold of M.

(a) If the flows of X¢,,..., Xy, starting at a point p € f~'(c) are complete, then
the connected component of f _l(c) containing p is a homogeneous space for
R™. With respect to this affine structure, that component has coordinates
©1,---,%n, known as angle coordinates, in which the flows of the vector
fields Xy, ,...,X¢, are linear.

n
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(b) There are coordinates 1n,...,%n,, known as action coordinates, comple-
mentary to the angle coordinates such that the 1;’s are integrals of motion
and p1,...,0n,P1,...,Yn form a Darbouz chart.

Therefore, the dynamics of an integrable system is extremely simple and the
system has an explicit solution in action-angle coordinates. The proof of part (a)
— the easy part — of the Arnold-Liouville theorem is sketched above. For the proof
of part (b), see [3, 17].

Geometrically, part (a) of the Arnold-Liouville theorem says that, in a neigh-
borhood of the value ¢, the map f : M — R™ collecting the given integrals of
motion is a lagrangian fibration, i.e., it is locally trivial and its fibers are la-
grangian submanifolds. The coordinates along the fibers are the angle coordinates.?
Part (b) of the theorem guarantees the existence of coordinates on R™, the action
coordinates, which satisfy {¢;,1;} = d;; with respect to the angle coordinates. No-
tice that, in general, the action coordinates are not the given integrals of motion
because ¢1,...,%n, f1,--., fn do not form a Darboux chart.

4.5 Pendulums

The simple pendulum is a mechanical system consisting of a massless rigid rod
of length £, fixed at one end, whereas the other end has a plumb bob of mass m,
which may oscillate in the vertical plane. We assume that the force of gravity is
constant pointing vertically downwards, and that this is the only external force
acting on this one-particle system.

Let 6 be the oriented angle between the rod (regarded as a point mass) and
the vertical direction. Let £ be the coordinate along the fibers of 7*S! induced by
the standard angle coordinate on S!. Then the function H : T*S! — R given by

2
H(,¢) = an—p +mé(1 —cos®) ,
pe v

is an appropriate hamiltonian function to describe the spherical pendulum. More

precisely, gravity corresponds to the potential energy V() = mé(1 — cos8) (we

omit universal constants), and the kinetic energy is given by K (6,¢) = 27,1[2 £.
For simplicity, we assume that m = £ = 1.

Exercise 20

Show that there exists a number ¢ such that for 0 < h < ¢ the level curve
H = h in the (0, ) plane is a disjoint union of closed curves. Show that the
projection of each of these curves onto the f-axis is an interval of length less
than .

Show that neither of these assertions is true if h > c.

What types of motion are described by these two types of curves?

What about the case H = ¢?

2The name “angle coordinates” is used even if the fibers are not tori.
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Modulo 27 in 6, the function H has exactly two critical points: a critical
point s where H vanishes, and a critical point u where H equals c¢. These points
are called the stable and unstable points of H, respectively. This terminology is
justified by the fact that a trajectory of the hamiltonian vector field of H whose
initial point is close to s stays close to s forever, whereas this is not the case for
u. (What is happening physically?)

The spherical pendulum is a mechanical system consisting of a massless
rigid rod of length ¢, fixed at one end, whereas the other end has a plumb bob
of mass m, which may oscillate freely in all directions. We assume that the force
of gravity is constant pointing vertically downwards, and that this is the only
external force acting on this one-particle system.

Let 9,0 (0 < ¢ <7, 0 < 8 < 27) be spherical coordinates for the bob. For
simplicity we take m = £ = 1.

Let 1, £ be the coordinates along the fibers of T*S? induced by the spheri-
cal coordinates ¢, on S2. An appropriate hamiltonian function to describe the
spherical pendulum is H : T*S? — R given by

£2

1
H(<p767777§) = 5 (772 + (sincp)Q) +COSQO .

On S?, the function H has exactly two critical points: s (where H has a
minimum) and u. These points are called the stable and unstable points of H,
respectively. A trajectory whose initial point is close to s stays close to s forever,
whereas this is not the case for u.

The group of rotations about the vertical axis is a group of symmetries of the
spherical pendulum. In the coordinates above, the integral of motion associated
with these symmetries is the function

J(p,0,m,6) =€ .

Exercise 21
Give a more coordinate-independent description of J, one that makes sense
also on the cotangent fibers above the North and South poles.

We will locate all points p € T*S? where dH,, and d.J, are linearly dependent:

e (learly, the two critical points s and u belong to this set. These are the only
two points where dH,, = d.J, = 0.

e If z € S? is in the southern hemisphere (z3 < 0), then there exist exactly
two points, p1 = (x,7,£) and p_ = (z, —n, —&), in the cotangent fiber above
x where dH, and dJ, are linearly dependent.

e Since dH, and dJ, are linearly dependent along the trajectory of the hamil-
tonian vector field of H through p., this trajectory is also a trajectory of the
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hamiltonian vector field of J, and, hence, that its projection onto S? is a lat-
itudinal circle (of the form x3 = constant). The projection of the trajectory
through p_ is the same latitudinal circle traced in the opposite direction.

One can check that any nonzero value j is a regular value of J, and that S!
acts freely on the level set J = j.

Exercise 22
What happens on the cotangent fibers above the North and South poles?

The integral curves of the original system on the level set J = j can be
obtained from those of the reduced system by “quadrature”, in other words, by a
simple integration.

The reduced system for j # 0 has exactly one equilibrium point. The corre-
sponding relative equilibrium for the original system is one of the horizontal curves
from above.

The energy-momentum mabp is the map (H,J) : T*S? — R2. If j # 0, the
level set (H,J) = (h, j) of the energy-momentum map is either a circle (in which
case it is one of the horizontal curves above), or a two-torus. The projection onto
the configuration space of the two-torus is an annular region on S2.

4.6 Symplectic and Hamiltonian Actions

Let (M,w) be a symplectic manifold, and G a Lie group. Let ¢ : G — Diff (M)
be a (smooth) action.

Definition 4.12 The action v is a symplectic action if
¥ : G — Sympl(M,w) C Diff(M) ,
i.e., G acts by symplectomorphisms.

In particular, symplectic actions of R on (M,w) are in one-to-one correspon-
dence with complete symplectic vector fields on M.

Examples.

1. On R?" with w = Y dz; A dy;, let X = _Biyl' The orbits of the action
generated by X are lines parallel to the y;-axis,

{(wl;yl _t;m'?;y?r"amnayﬂ) | te R} .

Since X = X, is hamiltonian (with hamiltonian function H = z;), this is
actually an example of a hamiltonian action of R.
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2. On the symplectic 2-torus (T2,d6; A df), the one-parameter groups of dif-
feomorphisms given by rotation around each circle, ¢ +(61,62) = (61 + ¢, 02)
(t € R) and 1o, similarly defined, are symplectic actions of S*.

3. On the symplectic 2-sphere (S?,df A dh) in cylindrical coordinates, the one-
parameter group of diffeomorphisms given by rotation around the verti-
cal axis, ¥:(6,h) = (68 + ¢t,h) (t € R) is a symplectic action of the group
St ~ R/(2r), as it preserves the area form df A dh. Since the vector field
corresponding to ¢ is hamiltonian (with hamiltonian function H = h), this
is an example of a hamiltonian action of S*.

¢

Definition 4.13 A symplectic action 1) of S* or R on (M,w) is hamiltonian if
the vector field generated by v is hamiltonian. Equivalently, an action ¢ of S' or
R on (M,w) is hamiltonian if there is H : M — R with dH = 1xw, where X is
the vector field generated by 1.

What is a “hamiltonian action” of an arbitrary Lie group?

For the case where G = T™ = S' x ... x S! is an n-torus, an action ¥ : G —
Sympl(M,w) should be called hamiltonian when each restriction

¢i = w'ith S1 factor * Sl — Sympl(M7 Cd)

is hamiltonian in the previous sense with hamiltonian function preserved by the
action of the rest of G.

When G is not a product of S'’s or R’s, the solution is to use an upgraded
hamiltonian function, known as a moment map. Up to an additive constant, a
moment map p is determined by coordinate functions p; satisfying du; = 1x,w for
a basis X; of the Lie algebra of G. There are various ways to fix that constant,
and we can always choose u equivariant, i.e., intertwining the action of G on M
with the coadjoint action of G on the dual of the Lie algebra (see Appendix B),
as defined in the next section.

4.7 Moment Maps

Let

(M,w) be a symplectic manifold,
G a Lie group, and
1 : G — Sympl(M,w) a symplectic action, i.e., a group homomorphism such
that the evaluation map evy(g,p) := ¢, (p) is smooth.
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Case G =R:

We have the following bijective correspondence:

{symplectic actions of R on M} +— {complete symplectic vector fields on M}

l

e
" X, = ¢d§P)

P =exptX +— X
“flow of X” “vector field generated by v”

The action ¢ is hamiltonian if there exists a function H : M — R such that
dH = 1xw where X is the vector field on M generated by 1.

Case G = S1:

An action of S! is an action of R which is 27-periodic: 12, = 1. The S!-
action is called hamiltonian if the underlying R-action is hamiltonian.

General case:

Let

(M,w) be a symplectic manifold,
G a Lie group,

g the Lie algebra of G,

g* the dual vector space of g, and

1 : G — Sympl(M,w) a symplectic action.
Definition 4.14 The action v is ¢ hamiltonian action if there exists a map
w:M—g*
satisfying:
1. For each X € g, let

o X : M =R, pX(p):= (u(p), X), be the component of p along X,

o X# be the vector field on M generated by the one-parameter subgroup
{exptX |t e R} CG.

Then
dpX = 1xsw

i.e., uX is a hamiltonian function for the vector field X#.
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2. u is equivariant with respect to the given action ¢ of G on M and the coad-
joint action Ad* of G on g*:

pothg =Adjopu, foralgeG .

The vector (M,w,G, ) is then called a hamiltonian G-space and y is ¢ mo-
ment map.

This definition matches the previous ones for the cases G = R, S, torus,
where equivariance becomes invariance since the coadjoint action is trivial.

Case G = S! (or R):
Here g ~ R, g* ~ R A moment map pu: M — R satisfies:

1. For the generator X = 1 of g, we have u* (p) = u(p) - 1, i.e., u = p, and
X# is the standard vector field on M generated by S'. Then dy = 1 x#w.

2. pis invariant: Lx#p = 1x#dp = 0.

Case G = T"™ = n-torus:

Here g ~ R*, g* ~ R*. A moment map p: M — R™ satisfies:

1. For each basis vector X; of R*, uX is a hamiltonian function for X7.

2. pis invariant.

Atiyah, Guillemin and Sternberg [6, 26] showed that the image of the moment
map for a hamiltonian torus action on a compact connected symplectic manifold
is always a polytope®

Theorem 4.15 (Atiyah [6], Guillemin-Sternberg [26]) Let (M,w) be a
compact connected symplectic manifold, and let T™ be an m-torus. Suppose that
¥ : T™ — Sympl(M,w) is a hamiltonian action with moment map p: M — R™.
Then:

(a) the levels of p are connected;
(b) the image of p is conver;

(c) the image of p is the convex hull of the images of the fixed points of the
action.

3A polytope in R” is the convex hull of a finite number of points in R”. A convex polyhe-
dron is a subset of R™ which is the intersection of a finite number of affine half-spaces. Hence,
polytopes coincide with bounded convex polyhedra.
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The image p(M) of the moment map is called the moment polytope. A
proof of Theorem 4.15 can be found in [35].

An action of a group G on a manifold M is called effective if each group
element g # e moves at least one p € M, that is, Npemr G, = {e}, where G, =
{9 € G| g-p=p} is the stabilizer of p.

Exercise 23
Suppose that T™ acts linearly on (C*,wp). Let A1) ... X(®) ¢ Z™ be the
weights appearing in the corresponding weight space decomposition, that is,

C* ~ @ VA(’“) )
k=1
where, for A(*) = (,\gk), ceey /\,(Jf)), T™ acts on the complex line V, ) by

, . : (k)
(€1, ety v =¢237 Yy, VeeViw , Vhk=1,...,n.
(a) Show that, if the action is effective, then m < n and the weights
A (™) are part of a Z-basis of Z™.

(b) Show that, if the action is symplectic (hence, hamiltonian), then the
weight spaces V() are symplectic subspaces.

(c) Show that, if the action is hamiltonian, then a moment map is given by
n(w) = =% 3 A®|jv |2 ( + constant ) ,
k=1

where || - || is the standard norm® and v = vy(1) + ... + vy(n) is the
weight space decomposition. Cf. Example 1.

(d) Conclude that, if T™ acts on C" in a linear, effective and hamiltonian
way, then any moment map p is a submersion, i.e., each differential
dpy : C* = R™ (v € C*) is surjective.

“Notice that the standard inner product satisfies (v,w) = wo(v, Jv) where
J% = ia% and J% = —i%. In particular, the standard norm is invariant for
a symplectic complex-linear action.

The following two results use the crucial fact that any effective action T™ —
Diff (M) has orbits of dimension m; a proof may be found in [11].

Corollary 4.16 Under the conditions of the convexity theorem, if the T™-action
is effective, then there must be at least m + 1 fized points.

Proof. At a point p of an m-dimensional orbit the moment map is a submersion,
ie., (dp)p,- .., (dpm), are linearly independent. Hence, u(p) is an interior point
of u(M), and (M) is a nondegenerate polytope. Any nondegenerate polytope in
R™ must have at least m + 1 vertices. The vertices of u(M) are images of fixed
points. O
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Proposition 4.17 Let (M,w,T™, u) be a hamiltonian T™-space. If the T™-action
is effective, then dim M > 2m.

Proof. Since the moment map is constant on an orbit O, for p € O the exterior
derivative
duy : T,M — g*
maps T, 0 to 0. Thus
T,0 C kerdp, = (T,0)* ,

where (T,0)“ is the symplectic orthogonal of T,0. This shows that orbits O of
a hamiltonian torus action are always isotropic submanifolds of M. In particular,
by symplectic linear algebra we have that dim O < %dim M. Now consider an
m-dimensional orbit. O

Examples.

1. Let T = {(t1,...,tn) € C* : |t;| =1, for all j } be a torus acting on C™ by

(t1yeeortn) - (215 es2n) = (21,0 . 80 2,)

where k1, ..., k, € Z are fixed. This action is hamiltonian with moment map
p:C* = (#)* ~ R™ given by

w21, 20) = —2(k1]21)?, ... knl2a|?) ( + constant ) .

2. Suppose that a Lie group G acts in a hamiltonian way on two symplectic
manifolds (M;,w;), 7 = 1,2, with moment maps p : M; — g*. Then the
diagonal action of G on M; x M> is hamiltonian with moment map u :
My x My — g* given by

w(p1,p2) = pa(p1) + pa(pe) , for p; € Mj .

3. The vector field X# generated by X € g for the coadjoint representation of
a Lie group G on g* satisfies (Xf,Y) = (&, [Y, X)), for any Y € g. Equip
the coadjoint orbits with the canonical symplectic forms (Section 4.3). Then,
for each £ € g*, the coadjoint action on the orbit G - ¢ is hamiltonian with
moment map the inclusion map:

w:G-E—g°.
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Exercises 24

(a)

Consider the natural action of U(n) on (C™,wp). Show that this action
is hamiltonian with moment map p : C* — u(n) given by

u(z) = %zz* ,
where we identify the Lie algebra u(n) with its dual via the inner product
(A, B) = trace(A*B).

Hint: Denote the elements of U(n) in terms of real and imaginary
parts g = h + ik. Then g acts on R?” by the linear symplectomorphism
( Z ;lk ) The Lie algebra u(n) is the set of skew-hermitian matrices
X =V +iW where V = -Vt € R**X™ and W = Wt € R**",
Show that the infinitesimal action is generated by the hamiltonian
functions

pX(2) = =5z, Wa) + (y, Vo) - 5(y, Wy)
where z =z + iy, z,y € R” and (-,-) is the standard inner product.
Show that

pX(2) = %iz*Xz = %itrace(zz*X) .

Check that u is equivariant.

Consider the natural action of U(k) on the space (C**™,wg) of complex
(k x n)-matrices. Identify the Lie algebra u(k) with its dual via the inner
product (A, B) = trace(A* B). Prove that a moment map for this action
is given by ]

p(A) = tAA* + 1 for Ae CFxm |

(The constant 12—21 is just a choice.)

Hint: Example 2 and Exercise (a).

Consider the U(n)-action by conjugation on the space ((C”2 ,wo) of com-
plex (n X n)-matrices. Show that a moment map for this action is given
by

u(A) = 4[4, 4.

Hint: Previous exercise and its “transpose” version.

4.8 Language for Mechanics

Example.

Let G = SO(3) = {4 € GL(3;R) | A'A = Id and detA = 1}. Then g =
{A € gI(3;R) | A+ A" = 0} is the space of 3 x 3 skew-symmetric matrices and
can be identified with R?. The Lie bracket on g can be identified with the exterior
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product via

0 —as as
A= as 0 —a — @ = (a1,a2,a3)
—as9 ai 0

[A,B]=AB-BA +— @x0b.

Exercise 25
Under the identifications g,g* ~ R3, the adjoint and coadjoint actions are the
usual SO(3)-action on R3 by rotations.

Therefore, the coadjoint orbits are the spheres in R3 centered at the origin.
Section 4.3 shows how general coadjoint orbits are symplectic. O

The name “moment map” comes from being the generalization of linear and
angular momenta in classical mechanics.

Translation: Consider R® with coordinates zi, 2, 3,%1,¥2,y3 and symplectic
form w = 3" dz; A dy;. Let R® act on R® by translations:

@ eR — 1 € Sympl(RS,w)

"/’ﬁ(?a?) = (? + ?a?) .

Then X# :ala%1 +a28%2 -I—aga%s for X =@, and

p:R — R, wWz,7)=7

is a moment map, with

b (2, 7) = (W7, 7)) =77 .

Classically, 7/ is called the momentum vector corresponding to the position
vector 7, and the map p is called the linear momentum.

Rotation: The SO(3)-action on R® by rotations lifts to a symplectic action ¢ on
the cotangent bundle RS. The infinitesimal version of this action is

@ER — dy(@) € xY™PY(RS)

dp(a@) (@, )= (@ xT, @ XT).

Then
pR —R, w7, 7)=7x7

is a moment map, with

p%(2,7) = W@, 7). 2) = (Z x 7)- 2.

The map p is called the angular momentum.
Let (M,w,G, ) be a hamiltonian G-space.
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Theorem 4.18 (Noether) If f: M — R is a G-invariant function, then p is
constant on the trajectories of the hamiltonian vector field of f.

Proof. Let v; be the hamiltonian vector field of f. Let X € g and pX = {u, X) :
M — R. We have

X _ X _
Loy, p = 1y, dp” =y 1x#W
= —ix#ly,w = —tx#df
= —Lx#f=0
because f is G-invariant. O

Definition 4.19 A G-invariant function f : M — R is called an integral of
motion of (M,w,G, ). If u is constant on the trajectories of a hamiltonian vector
field vy, then the corresponding one-parameter group of diffeomorphisms {exp tvy |
t € R} is called a symmetry of (M,w,G, ).

The Noether principle asserts that there is a one-to-one correspondence
between symmetries and integrals of motion.

4.9 Existence and Uniqueness of Moment Maps

Let g be a Lie algebra, and

C* := Akg* = k-cochains on g
= alternating k-linear maps g x ... xg— R.
—_——

k

Define a linear operator § : C*¥ — C*+1 by

JC(X07 B an) = Z(_l)i+jc([Xi7Xj]7X0a s JX'L'J EER 7Xj7 s JX’C) .
i<j

Exercise 26
Check that 62 = 0.

The Lie algebra cohomology groups (or Chevalley cohomology groups)
of g are the cohomology groups of the complex 0 Seobord

ker§ : CF — Ck+1
k(.. -
@B = 5ot 5o

Theorem 4.20 If g is the Lie algebra of a compact connected Lie group G, then

Hk (97 ]R) = HélceRham(G) .
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Proof. Exercise. Hint: by averaging show that the de Rham cohomology can be
computed from the subcomplex of G-invariant forms. O

Meaning of H!(g;R) and H?(g;R):

e Anelement of C! = g* is a linear functional on g. If ¢ € g*, then dc(Xo, X1) =
—¢([Xo, X1]). The commutator ideal of g is

[9, 9] := {linear combinations of [X,Y] for any X,Y € g} .
Since dc = 0 if and only if ¢ vanishes on [g, g], we conclude that
H'(g;R) = [g,9)°
where [g,g]° C g* is the annihilator of [g, g].
e An element of C? is an alternating bilinear map c¢: g x g — R.
de(Xo, X1, X2) = —¢([Xo, X1], X2) + ¢([Xo, X2], X1) — e([X1, X2], Xo) -
If ¢ = 6b for some b € C!, then

c(Xo, X1) = (6b)(Xo, X1) = =b([Xo, X1] ).

Theorem 4.21 If H'(g;R) = H?(g,R) = 0, then any symplectic G-action is
hamiltonian.

Proof. Let ¢ : G — Sympl(M,w) be a symplectic action of G on a symplectic
manifold (M,w). Since

HY(g;R) =0 <= [g,0] = ¢
and since commutators of symplectic vector fields are hamiltonian, we have
& : g = [g, 9] — X"(M).

The action 1 is hamiltonian if and only if there is a Lie algebra homomorphism
p* : g — C°°(M) such that the following diagram commutes.

R

C=(M) - X" (M)

? d

g

We first take an arbitrary vector space lift 7 : g = C°°(M) making the diagram
commute, i.e., for each basis vector X € g, we choose

7(X)=7¥€C™(M)  suchthat  vix) =dp(X).
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The map X — 7% may not be a Lie algebra homomorphism. By construction,
7[X%Y] is a hamiltonian function for [X,Y]#, and (as computed in Section 4.3)
{rX,7Y} is a hamiltonian function for —[X#, Y#]. Since [X,Y]# = —[X#,Y#],
the corresponding hamiltonian functions must differ by a constant:
XY {TX,TY} =c¢X,Y)eR.
By the Jacobi identity, c = 0. Since H?(g;R) = 0, there is b € g* satisfying
c=10db, ¢(X,Y) = =b([X,Y]). We define
pu g — C®°(M)
X — pr(X)=7%+b(X)=p*.

Now p* is a Lie algebra homomorphism:

pHIXY]) = O (X V) = (75,7 ) = e

So when is H'(g;R) = H?(g; R) = 0?
A compact Lie group G is semisimple if g = [g, g].

Examples. The unitary group U(n) is not semisimple because the multiples of
the identity, S* - Id, form a nontrivial center; at the level of the Lie algebra, this
corresponds to the 1-dimensional subspace R - Id of constant matrices which are
not commutators since they are not traceless.

Any direct product of the other compact classical groups SU(n), SO(n) and
Sp(n) is semisimple (n > 1). Any commutative Lie group is not semisimple. {
Theorem 4.22 (Whitehead Lemmas) Let G be a compact Lie group.

G is semisimple <~ HY(g;R) = H*(g;R) =0.

A proof can be found in [30, pages 93-95].

Corollary 4.23 If G is semisimple, then any symplectic G-action is hamiltonian.

As for the question of uniqueness, let G be a compact Lie group.

Theorem 4.24 If H'(g;R) = 0, then moment maps for hamiltonian G-actions
are unique.

Proof. Suppose that p7 and u3 are two comoment maps for an action ¢:

= (M) - X" (M)

ni dyp
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For each X € g, pi and pg are both hamiltonian functions for X#, thus uf —
px = ¢(X) is locally constant. This defines ¢ € g*, X ~ ¢(X).

Since pf, p3 are Lie algebra homomorphisms, we have ¢([X,Y]) =0,VX,Y €
g, i.e., ¢ € [g,9]° = {0}. Hence, u} = ps. O

Corollary of this proof. In general, if p : M — g* is a moment map, then
given any c € [g,9]°, 1 = p + ¢ is another moment map.

In other words, moment maps are unique up to elements of the dual of the
Lie algebra which annihilate the commutator ideal.

The two extreme cases are:

G semisimple: any symplectic action is hamiltonian ,
moment maps are unique .

G commutative: symplectic actions may not be hamiltonian ,
moment maps are unique up to any constant ¢ € g* .

Example. The circle action on (T2,w = df; Adf2) by rotations in the 6; direction
has vector field X# = 8371; this is a symplectic action but is not hamiltonian. <



Lecture 5

Symplectic Reduction

The phase space of a system of n particles is the space parametrizing the position
and momenta of the particles. The mathematical model for the phase space is a
symplectic manifold. Classical physicists realized that, whenever there is a sym-
metry group of dimension k acting on a mechanical system, then the number of
degrees of freedom for the position and momenta of the particles may be reduced
by 2k. Symplectic reduction formulates this feature mathematically.

5.1 Marsden-Weinstein-Meyer Theorem

Let w = Y dz; Adz; =) dx; Ady; =Y ridr; A d6; be the standard symplectic
form on C". Consider the following S!-action on (C*,w):

t € S' — ¢, = multiplication by et .
The action v is hamiltonian with moment map

p: C — R

Z > —% + constant
since
dp = —3d(Xr})
0 0 0
X#* = — 4+ — 4. .4+ —
56, a6, T T ve,
Ixrw = —Zridri=—%2:drf.

If we choose the constant to be 1, then p~'(0) = $®*~! is the unit sphere. The

orbit space of the zero level of the moment map is

M_I(O)/Sl — SZn—l/sl — CIPm—l ,

69
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which is thus called a reduced space. This is a particular observation of the
major theorem Marsden-Weinstein-Meyer which shows that reduced spaces are
symplectic manifolds.

Theorem 5.1 (Marsden-Weinstein-Meyer [34, 36]) Let (M,w,G,u) be a
hamiltonian G-space for a compact Lie group G. Let i : p=1(0) — M be the
inclusion map. Assume that G acts freely on p=1(0). Then

e the orbit space Meqa = p~1(0)/G is a manifold,
o 7:pu 1(0) = M;ea is a principal G-bundle, and
o there is a symplectic form wreq 0N Myeq Satisfying 1*w = T* Wred-

Definition 5.2 The pair (M;ed,wred) s the reduction of (M,w) with respect to
G, i, or the reduced space, or the symplectic quotient, or the Marsden-
Weinstein-Meyer quotient, etc.

Low-brow proof for the case G = S* and dim M = 4.

In this case the moment map is u : M — R. Let p € u1(0). Choose local
coordinates:

e ¢ along the orbit through p,
e 4 given by the moment map, and
e 11,7 pullback of coordinates on p~1(0)/S*.
Then the symplectic form can be written
w=AdoANdu+ B; dd Ndn; + C; duAdn; + D dny Adns .
Since dp = 1 (Z) w, we must have A =1, B; = 0. Hence,
w=ddANdp+Cj duNdn; +D dp Adns .

Since w is symplectic, we must have D # 0. Therefore, i*w = D dmpy A dns is the
pullback of a symplectic form on M, .q. O

Examples.

1. For the natural action of U(k) on C**™ with moment map computed in
Section 4.7, we have p~1(0) = {4 € C**" | AA* = Id}. Then the quotient
manifold

510 /U(k) = Glk, )

is the grassmannian of k-planes in C™.
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2. Consider the S!-action on (R2"*2 wg) which, under the usual identification
of R2"*2 with C"*!, corresponds to multiplication by e®. This action is
hamiltonian with a moment map p : C**t! — R given by

p(z) = =312 + 5 .

Then the reduction p~=1(0)/S* is CP™ with the Fubini-Study symplectic form
W,., = wgs- To prove this assertion, let pr : C"*1 \ {0} — CP" denote the
standard projection, and check that

Prwyg = £08log(|2?) -

This form has the same restriction to S?"*! as w,_,.

Exercise 27
The natural actions of T"*! and U(n + 1) on (CP™,wy) are hamiltonian, and
find formulas for their moment maps.

Hint: Previous example and Section 4.7.

5.2 Ingredients

The actual proof of the Marsden-Weinstein-Meyer theorem requires the following
ingredients.

1. Let g, be the Lie algebra of the stabilizer of p € M. Then du, : T,M — g*

has
ker du, = (T,0,)r
0

imdyp, = g,

where O, is the G-orbit through p, and g3 = {£ € g* | (£, X) =0, VX € g,}
is the annihilator of g,.

Proof. Stare at the expression wy(X7#,v) = (du,(v), X), for all v € T,M
and all X € g, and count dimensions. d

Consequences:

e The action is locally free at p
= g = {0}
<= dp, is surjective
<= pis a regular point of .
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e G acts freely on p1(0)
—> 0 is a regular value of
— p 1(0) is a closed submanifold of M
of codimension equal to dim G.
e G acts freely on u1(0)
= T,u 1(0) = kerdp, (for p € p=1(0))
= T,pu ' (0) and T, 0, are symplectic orthocomplements in T, M.

In particular, the tangent space to the orbit through p € p=1(0) is an
isotropic subspace of T, M. Hence, orbits in x~1(0) are isotropic.

Since any tangent vector to the orbit is the value of a vector field generated
by the group, we can confirm that orbits are isotropic directly by computing,
for any X,Y € g and any p € u1(0),

wp (Xf, Y;)#) = hamiltonian function for [Y#, X#] at p
= hamiltonian function for [Y, X]# at p
= w¥X(p)=0.

. Lemma 5.3 Let (V,w) be a symplectic vector space. Suppose that I is an

isotropic subspace, that is, w|r = 0. Then w induces a canonical symplectic
form Q on I¥/I.

Proof. Let u,v € I¥, and [u], [v] € I*/I. Define Q([u], [v]) = w(u,v).
o () is well-defined:

wu+i,v+7) =wu,v) +wu,j)+wli,v)+w(,j), Vi,jel.
N—— N> N>
0 0 0
e () is nondegenerate:
Suppose that v € I* has w(u,v) =0, for all v € I*.
Then u € (I¥)¥ =1, i.e., [u] =0.

O

. Proposition 5.4 If a compact Lie group G acts freely on a manifold M,

then M/G is a manifold and the map m# : M — M/G is a principal G-
bundle.

Proof. We will first show that, for any p € M, the G-orbit through p is a
compact embedded submanifold of M diffeomorphic to G.

Since the action is smooth, the evaluation map ev: G x M — M, ev(g,p) =
g- D, is smooth. Let ev, : G = M be defined by ev,(g) = g-p. The map ev,
provides the embedding we seek:
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The image of ev,, is the G-orbit through p. Injectivity of ev, follows from the
action of G being free. The map ev, is proper because, if A is a compact,
hence closed, subset of M, then its inverse image (ev,) ' (A), being a closed
subset of the compact Lie group G, is also compact. It remains to show that
ev, is an immersion. For X € g ~ T.G, we have

dlevy)e(X) =0 <= XF =0« X=0,

as the action is free. We conclude that d(ev,). is injective. At any other point
g €@, for X € T,G, we have

d(evp)y(X) =0 <= d(evpo Ry)e o (dRy-1)4(X) =0,

where Ry : G — G is right multiplication by g. But ev, o Ry = ev,., has an
injective differential at e, and (dR,-1), is an isomorphism. It follows that
d(ev,), is always injective.

Exercise 28

Show that, even if the action is not free, the G-orbit through p is a compact
embedded submanifold of M. In that case, the orbit is diffeomorphic to the
quotient of G by the isotropy of p: Op ~ G/G)p.

Let S be a transverse section to O, at p; this is called a slice. Choose a

coordinate system z1,...,2, centered at p such that
Op~G : x = ... = 2, = 0
S D Zppr = ... = xp = 0.

Let S; = SN B:(0,R™) where B.(0,R") is the ball of radius € centered at 0
in R*. Let p: G xS — M, n(g,s) = g-s. Apply the following equivariant
tubular neighborhood theorem.

Theorem 5.5 (Slice Theorem) Let G be a compact Lie group acting
on a manifold M such that G acts freely at p € M. For sufficiently small
e, n:Gx8S — M maps G x S: diffeomorphically onto a G-invariant
neighborhood U of the G-orbit through p.

The proof of this slice theorem is sketched further below.

Corollary 5.6 If the action of G is free at p, then the action is free on U.
Corollary 5.7 The set of points where G acts freely is open.

Corollary 5.8 The set G x S ~ U is G-invariant. Hence, the quotient
U/G ~ S. is smooth.
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Conclusion of the proof that M /G is a manifold and 7 : M — M/G is a
smooth fiber map.

For p € M, let ¢ = w(p) € M/G. Choose a G-invariant neighborhood U of
p as in the slice theorem: & ~ G x S (where S = S; for an appropriate ¢).
Then n(U) =U/G =:V is an open neighborhood of ¢ in M/G. By the slice
theorem, S 5 V is a homeomorphism. We will use such neighborhoods V
as charts on M/G. To show that the transition functions associated with
these charts are smooth, consider two G-invariant open sets Us,Us in M and
corresponding slices S, Sy of the G-action. Then Sio = S1NUz2, S21 = SNl
are both slices for the G-action on U; N Uz. To compute the transition map
S12 — So1, consider the diagram

512 i) idXSlz — GX512

\2
S

U NUs .

521 — idX521 — GXSQl
Then the composition
512 ‘—>Z/{1 ﬂZ/{Q i) G x 521 ﬂ) 5’21

is smooth.
Finally, we need to show that 7 : M — M/G is a smooth fiber map. For
p € M, q = w(p), choose a G-invariant neighborhood U of the G-orbit

through p of the form 5 : GxS = U. Then V = U /G ~ § is the corresponding
neighborhood of ¢ in M/G:

MD> U 2 GxS ~ GxV
s 4
M/GD V = V

Since the projection on the right is smooth, 7 is smooth.

Exercise 29
Check that the transition functions for the bundle defined by 7 are smooth.

O

Sketch for the proof of the slice theorem. We need to show that, for
¢ sufficiently small, n : G x S — U is a diffeomorphism where &/ C M is a
G-invariant neighborhood of the G-orbit through p. Show that:

(a) dnga,p) is bijective.
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(b) Let G act on G x S by the product of its left action on G and trivial
action on S. Then n: G x S — M is G-equivariant.

(c) dn is bijective at all points of G x {p}. This follows from (a) and (b).

(d) The set G x {p} is compact, and n : G x S — M is injective on G x {p}
with dn bijective at all these points. By the implicit function theorem,
there is a neighborhood Uy of G x {p} in G x S such that n maps Uy
diffeomorphically onto a neighborhood U/ of the G-orbit through p.

(e) The sets G x S., varying €, form a neighborhood base for G x {p} in
G x S. So in (d) we may take Uy = G X S-.

O

5.3 Proof of the Reduction Theorem

Since

G acts freely on p='(0) = dp, is surjective for all p € p=*(0)
—> 0 is a regular value
= p~1(0) is a submanifold of codimension = dim G

for the first two parts of the Marsden-Weinstein-Meyer theorem it is enough to
apply the third ingredient from Section 5.2 to the free action of G on pu~1(0).

At p € p1(0) the tangent space to the orbit 7,0, is an isotropic subspace
of the symplectic vector space (TpM,wp), i.e., T,O0p C (T,0,)%.

(T, 0,)* = kerdpu, = Top~"(0) .

The lemma (second ingredient) gives a canonical symplectic structure on the
quotient Tpu=1(0)/T,Op. The point [p] € Mrea = p~'(0)/G has tangent space
Tip}Mrea ~ Tpp="(0)/T,Op. Thus the lemma defines a nondegenerate 2-form wreq
on M,eq. This is well-defined because w is G-invariant.

By construction i*w = 7m*wyeq Where

pN0) S M
s
Mred

Hence, n*dwreq = dn*wreq = di*w = 1*dw = 0. The closedness of wyeq follows from
the injectivity of 7*. O

Remark. Suppose that another Lie group H acts on (M, w) in a hamiltonian way
with moment map ¢ : M — h*. If the H-action commutes with the G-action, and
if ¢ is G-invariant, then M,q inherits a hamiltonian action of H, with moment
map Preq : Mreqa — h* satisfying @req o m = @ o i. O
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5.4 Elementary Theory of Reduction

Finding a symmetry for a 2n-dimensional mechanical problem may reduce it to
a (2n — 2)-dimensional problem as follows: an integral of motion f for a 2n-
dimensional hamiltonian system (M,w,H) may enable us understand the tra-
jectories of this system in terms of the trajectories of a (2n — 2)-dimensional
hamiltonian system (Myed,Wred, Hred)- To make this precise, we will describe this
process locally. Suppose that I/ is an open set in M with Darboux coordinates
T1,--eyTn,&1,...,&, such that f = &, for this chart, and write H in these coordi-
nates: H = H(x1,...,Tn,&1,---,&). Then

the trajectories of vy lie on the
hyperplane &, = constant
{&n, Hy =0=-2"

== H:H(Z‘l,...,xn,l,él,...,fn) .

&, is an integral of motion —

If we set &, = ¢, the motion of the system on this hyperplane is described by
the following Hamilton equations:

( dxq oOH

E = 6_61 (fL’l;-..,mn—1;€17...,§niljc)
dm1‘171 _ 0H
dt - 6671—1 (1’1,-..,xnfl,fl,...,fnfl,c)
4
i OH
E = _6.'131 (1'1,...,xnfl,gl,...,fn,l,c)
dén_ oH
\ £dt1 = _6:1;”_1 (.'L'l;...,.’L’nfl;gl,...,é'nfl,c)
dt - En
d oM
dt B or,

The reduced phase space is

Ureqa = {(Z‘l,...,;L'n_l,fl,...,fn_l) S R2n—2 |
(15 Tn-1,0,&1,...,&€n—1,¢) € U for some a} .

The reduced hamiltonian is

Hred :Z/{red — R ’
Hred(:cl,...,xn_1,§1,...,§n_1) = H(:cl,...,xn_1,§1,...,§n_1,c) .
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In order to find the trajectories of the original system on the hypersurface
& = ¢, we look for the trajectories

1 (t), cee ,.Z'n_l(t), El (t), cee ,é'n_l(t)
of the reduced system on U,.q. We integrate the equation

dj—;(t) = 5_H(a:1(t),...,xn_l(t),gl(t),...,gn_l(t),c)

to obtain the original trajectories

Ta(t) = @a(0)+ fy SE(...)dt
&) = c.

5.5 Reduction for Product Groups

Let G1 and G2 be compact connected Lie groups and let G = G; X G3. Then
g=g1®g> and g =g Dg;.
Suppose that (M,w,G, 1) is a hamiltonian G-space with moment map
Y M—gi®g; .
Write ¢ = (1, 12) where ¢; : M — g} for i = 1,2. The fact that ¢ is equivariant

implies that 1, is invariant under G5 and s is invariant under G;. Now reduce
(M,w) with respect to the G;-action. Let

Zy =1 1(0) .

Assume that G acts freely on Z;. Let M; = Z; /G be the reduced space and let w;
be the corresponding reduced symplectic form. The action of G5 on Z; commutes
with the G;-action. Since G5 preserves w, it follows that G, acts symplectically
on (Mj,w). Since G preserves 1, G also preserves 1z o 11 : Z; — g5, where
t1 * Z1 — M is inclusion. Thus 1), o ¢ is constant on fibers of Z; 2y M. We
conclude that there exists a smooth map us : My — g5 such that ps o p =1 0.

Exercise 30
Show that:

(a) the map p» is a moment map for the action of G2 on (M1,w1), and
(b) if G acts freely on ¥~1(0,0), then G2 acts freely on uz_l(O), and there
is a natural symplectomorphism

3 1(0)/Ga ~ $71(0,0)/G .

This technique of performing reduction with respect to one factor of a product
group at a time is called reduction in stages. It may be extended to reduction
by a normal subgroup H C G and by the corresponding quotient group G/H.
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5.6 Reduction at Other Levels

Suppose that a compact Lie group G acts on a symplectic manifold (M,w) in a
hamiltonian way with moment map p: M — g*. Let £ € g*.

To reduce at the level ¢ of u, we need p~1(€) to be preserved by G, or else
take the G-orbit of u=1(£), or else take the quotient by the maximal subgroup of
G which preserves u~1(¢).

Since p is equivariant,

G preserves u~1(§) <= G preserves £
= Ad{=¢ VgeG .

Of course the level 0 is always preserved. Also, when G is a torus, any level
is preserved and reduction at £ for the moment map p, is equivalent to reduction
at 0 for a shifted moment map ¢ : M — g*, ¢(p) := u(p) — &.

Let O be a coadjoint orbit in g* equipped with the canonical symplectic
form (also know as the Kostant-Kirillov symplectic form or the Lie-Poisson
symplectic form) we defined in Section 4.3. Let O~ be the orbit O equipped with
—we. The natural product action of G on M x O~ is hamiltonian with moment
map po(p,€) = pu(p) — €. If the Marsden-Weinstein-Meyer hypothesis is satisfied
for M x O, then one obtains a reduced space with respect to the coadjoint
orbit O.

5.7 Orbifolds

Example. Let G = T" be an n-torus. For any ¢ € (t*)*, u~1(€) is preserved by
the T"-action. Suppose that & is a regular value of u. (By Sard’s theorem, the
singular values of u form a set of measure zero.) Then p~'(£) is a submanifold of
codimension n. Note that

& regular = dy,, is surjective at all p € p~1(€)
= g,=0 forallpe u1(¢)
= the stabilizers on p~'(£) are finite
= p~1(€)/G is an orbifold [38, 39] .

Let G, be the stabilizer of p. By the slice theorem (Theorem 5.5), u=(£)/G
is modeled by S/G,, where S is a Gp-invariant disk in p='(£) through p and
transverse to O,. Hence, locally p~1(€)/G looks indeed like R” divided by a finite
group action. ¢

Example. Consider the S'-action on C? given by €% - (21, 20) = (e*?21, €% 25) for
some fixed integer k£ > 2. This is hamiltonian with moment map
ITE ¢ — R
(21,22) ¥ —z(klaa]* +]2[?) .
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Any ¢ < 0 is a regular value and p~1(£) is a 3-dimensional ellipsoid. The stabilizer
of (21,22) € p=1(€) is {1} if 20 # 0, and is Zy, = {ei% [£=0,1,...,k— 1} if

23 = 0. The reduced space p~1(£)/S? is called a teardrop orbifold or conehead;
it has one cone (also known as a dunce cap) singularity of type k (with cone

angle 27). O
Example. Let S! act on C? by €% - (21,22) = (e?*%21,e*?2,) for some integers
k,¢ > 2. Suppose that k and ¢ are relatively prime. Then

(21,0) has stabilizer Z;  (for z; #0) ,
(0,22) has stabilizer Z, (for z» #0) ,
(#1,22) has stabilizer {1} (for 21,22 #0) .

The quotient p~1(£)/S" is called a football orbifold. It has two cone singularities,
one of type k and another of type £. O

Example. More generally, the reduced spaces of S' acting on C* by

20

e (z21,...,2n) = (eF?

k0)
7

ikn
21y---,€ Zn

are called weighted (or twisted) projective spaces. O

5.8 Symplectic Toric Manifolds

Definition 5.9 A symplectic toric manifold is a compact connected symplectic
manifold (M,w) equipped with an effective hamiltonian action of a torus T of
dimension equal to half the dimension of the manifold,

dimT = %dimM ,

and with a choice of a corresponding moment map p.

Exercise 31
Show that an effective hamiltonian action of a torus T™ on a 2n-dimensional
symplectic manifold gives rise to an integrable system.

Hint: The coordinates of the moment map are commuting integrals of motion.

Definition 5.10 Two symplectic toric manifolds, (M;,w;, Ti, i), i = 1,2, are
equivalent if there exists an isomorphism A : Ty — Ty and a A-equivariant
symplectomorphism ¢ : My — My such that puy = us o .
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Equivalent symplectic toric manifolds are often undistinguished.

Examples of symplectic toric manifolds.

1. The circle S* acts on the 2-sphere (52, Wstandara = d0 A dh) by rotations
e - (07}7’) = (0+V>h)

with moment map pu = h equal to the height function and moment polytope
[-1,1].

Equivalently, the circle S* acts on P! = C? — 0/ ~ with the Fubini-Study
form wps = %wsmndard, by €% - [z : 21] = [20 : €?21]. This is hamiltonian

2
with moment map pfzo : 21] = — 3 %, and moment polytope [—1,0].

2. Let (P?,wps) be 2-(complex-)dimensional complex projective space equipped
with the Fubini-Study form defined in Section 5.1. The T2-action on P2 by
(€91,€192) - [2g : 21 : 29] = [20 : €121 : €'%22,] has moment map

1 |21 2 22|
ulzo = 21 :ZQ]:_§ .

|20 + |21 + |22 [20]* + |21[? + |22
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Y

The fixed points get mapped as

[1:0:0] — (0,0)
[0:1:00 — (—3,0)
[0:0:1 — (0,—3) -

Notice that the stabilizer of a preimage of the edges is S*, while the action
is free at preimages of interior points of the moment polytope.

Exercise 32
Compute a moment polytope for the T3-action on P? as

(€91,6%92 93) . [20: 21 1 20 1 23] = [20 : €01 21 : 19225 : €3 23] .

Exercise 33
Compute a moment polytope for the T2-action on P! x P! as

6

(eio,ei") ([20 : 21], [wo : w1]) = ([20 : el z1], [wo : ei”wl]) .

By Proposition 4.17, symplectic toric manifolds are optimal hamiltonian
torus-spaces. By Theorem 4.15, they have an associated polytope. It turns out
that the moment polytope contains enough information to sort all symplectic toric
manifolds. We now define the class of polytopes which arise in the classification.

Definition 5.11 A Delzant polytope A in R™ is a polytope satisfying:
e simplicity, i.e., there are n edges meeting at each vertex;

e rationality, i.e., the edges meeting at the vertex p are rational in the sense
that each edge is of the form p + tu;, t > 0, where u; € Z™;
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e smoothness, i.e., for each vertex, the corresponding u1,...,u, can be cho-
sen to be a Z-basis of Z™.

Examples of Delzant polytopes in R?:

The dotted vertical line in the trapezoidal example is there just to stress that it is a
picture of a rectangle plus an isosceles triangle. For “taller” triangles, smoothness
would be violated. “Wider” triangles (with integral slope) may still be Delzant.
The family of the Delzant trapezoids of this type, starting with the rectangle,
correspond, under the Delzant construction, to the so-called Hirzebruch surfaces.

&

Examples of polytopes which are not Delzant:

The picture on the left fails the smoothness condition, since the triangle is not
isosceles, whereas the one on the right fails the simplicity condition. O

Delzant’s theorem classifies (equivalence classes of) symplectic toric manifolds
in terms of the combinatorial data encoded by a Delzant polytope.

Theorem 5.12 (Delzant [14]) Toric manifolds are classified by Delzant poly-
topes. More specifically, the bijective correspondence between these two sets is given
by the moment map:

{toric manifolds} <+— {Delzant polytopes}
(M2, T ) — (M) .

In Section 5.9 we describe the construction which proves the (easier) existence
part, or surjectivity, in Delzant’s theorem. In order to prepare that, we will next
give an algebraic description of Delzant polytopes.
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Let A be a Delzant polytope in (R")*! and with d facets.? Let v; € Z™,
i=1,...,d, be the primitive® outward-pointing normal vectors to the facets of A.
Then we can describe A as an intersection of halfspaces

A={zeR")"|{z,vi) <N, i=1,...,d} forsomel; eR.

Example. For the picture below, we have

A = {ze€(R)*|21>0, 22>0, 71 + 32 <1}
= {.Z' € (R2)* | <$:(_1a0)> <0 s <$a (07_1» <0 ) <£B,(1,1)> < 1} .

¢

(0,1)
' vs = (1,1
Vo = (—1,0
(0,0) (1,0)
v = (0,—1

5.9 Delzant’s Construction

Following [14, 24], we prove the existence part (or surjectivity) in Delzant’s the-
orem, by using symplectic reduction to associate to an n-dimensional Delzant
polytope A a symplectic toric manifold (Ma,wa, T™, ua)-

L Although we identify R”™ with its dual via the euclidean inner product, it may be more clear
to see A in (R™)* for Delzant’s construction.

2A face of a polytope A is a set of the foorm F = PN {z € R* | f(zx) = ¢} where c € R
and f € (R™)* satisfies f(z) > ¢, Vo € P. A facet of an n-dimensional polytope is an (n — 1)-
dimensional face.

3A lattice vector v € Z™ is primitive if it cannot be written as v = ku with v € 2™, k € Z
and |k| > 1; for instance, (1, 1), (4,3), (1,0) are primitive, but (2, 2), (4, 6) are not.
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Let A be a Delzant polytope with d facets. Let v; € Z™, i = 1,...,d, be the
primitive outward-pointing normal vectors to the facets. For some \; € R, we can
write

A={zeR")" | (z,v) <N, i=1,...,d}.
Let e; = (1,0,...,0),...,e4 = (0,...,0,1) be the standard basis of R?. Consider

r: R* — R»
e; > v;.

Lemma 5.13 The map 7 is onto and maps Z? onto Z".

Proof. The set {ey,...,e4} is a basis of Z<. The set {vy,...,vq} spans Z" for the
following reason. At a vertex p, the edge vectors uy,...,u, € (R*)*, form a basis
for (Z™)* which, by a change of basis if necessary, we may assume is the standard
basis. Then the corresponding primitive normal vectors to the facets meeting at
p are symmetric (in the sense of multiplication by —1) to the u;’s, hence form a
basis of Z™. O

Therefore, 7 induces a surjective map, still called m, between tori:
RY/(2nZ4) 5 R*/(2nZ")
I

I
T4 — " — 1.

The kernel N of 7 is a (d — n)-dimensional Lie subgroup of T¢ with inclusion
i: N — T Let n be the Lie algebra of N. The exact sequence of tori

1— N -5T Ty —1
induces an exact sequence of Lie algebras
0—n—5R R —0
with dual exact sequence
0— R)* 5 (RY)* Sar— 0.

Now consider C¢ with symplectic form wg = %Zdzk A dZy, and standard
hamiltonian action of T¢ given by

(e, ... €M) (21,...,2a) = (e z1,. .. e 2y) .

The moment map is ¢ : C¢ — (R?)* defined by

1 .
Hz1,...,24) = —§(|z1|2,...,|zd|2) + constant ,



5.9. DELZANT’S CONSTRUCTION 85

where we choose the constant to be (A1, ..., A4). The subtorus N acts on C?¢ in a
hamiltonian way with moment map

i*op:C! — n*.
Let Z = (i* o $)~1(0) be the zero-level set.
Claim 1. The set Z is compact and N acts freely on Z.

We postpone the proof of this claim until further down.

Since i* is surjective, 0 € n* is a regular value of i* o ¢. Hence, Z is a
compact submanifold of C? of (real) dimension 2d — (d — n) = d + n. The orbit
space Ma = Z/N is a compact manifold of (real) dimension dimZ — dim N =
(d+n) — (d —n) = 2n. The point-orbit map p : Z — M is a principal N-bundle
over Ma. Consider the diagram

J d
z <= C

rd
Ma

where j : Z < C? is inclusion. The Marsden-Weinstein-Meyer theorem guarantees
the existence of a symplectic form wa on Ma satisfying

* 3k
b waA =] wo -

Since Z is connected, the compact symplectic 2n-dimensional manifold (Ma,wa)
is also connected.

Proof of Claim 1. The set Z is clearly closed, hence in order to show that it is
compact it suffices (by the Heine-Borel theorem) to show that Z is bounded. Let
A’ be the image of A by 7*. We will show that ¢(Z) = A’.

Lemma 5.14 Let y € (R?)*. Then:
y €A <= vy isin the image of Z by ¢ .
Proof. The value y is in the image of Z by ¢ if and only if both of the following
conditions hold:
1. y is in the image of ¢;
2. i*y=0.

Using the expression for ¢ and the third exact sequence, we see that these
conditions are equivalent to:

1. (y,e;) < A fori=1,...,d;



86 LECTURE 5. SYMPLECTIC REDUCTION

2. y = 7*(z) for some z € (R")*.

Suppose that the second condition holds, so that y = 7*(z). Then

(y,e:) <A, Vi <= (7*(x),e;) < A\, Vi
= (z,7m(e:)) < A\, Vi
= (z,v;) < A\, Vi
<~ =zT€eA.
Thus, y € ¢(Z) < yen*(A) =A" O

Since we have that A’ is compact, that ¢ is a proper map and that ¢(Z) = A’,
we conclude that Z must be bounded, and hence compact.

It remains to show that N acts freely on Z.

Pick a vertex p of A, and let I = {i1,...,i,} be the set of indices for the n
facets meeting at p. Pick z € Z such that ¢(z) = 7*(p). Then p is characterized
by n equations {p,v;) = \; where i ranges in I:

(pyvi) = X; (p,m(e:)) =

(m*(p), i) = )\

(9(2),€i) = s

i-th coordinate of ¢(z) is equal to \;
—slzlP+ =N

Zi = 0.

IIIIIIIIIIII

Hence, those 2’s are points whose coordinates in the set I are zero, and whose
other coordinates are nonzero. Without loss of generality, we may assume that
I ={1,...,n}. The stabilizer of z is

(T, = {(t1,.-.,tn,1,...,1) € T} .

As the restriction 7 : (R?), — R™ maps the vectors eg,...,e, to a Z-basis
v1,...,v, of Z™ (respectively), at the level of groups, = : (T4), — T™ must be
bijective. Since N = ker(r : T — T"), we conclude that N N (T%), = {e}, i.e.,
N. = {e}. Hence all N-stabilizers at points mapping to vertices are trivial. But
this was the worst case, since other stabilizers N,» (2’ € Z) are contained in sta-
bilizers for points z which map to vertices. This concludes the proof of Claim 1.
O

Given a Delzant polytope A, we have constructed a symplectic manifold
(Ma,wa) where Ma = Z/N is a compact 2n-dimensional manifold and wa is the
reduced symplectic form.

Claim 2. The manifold (Ma,wa) is a hamiltonian T™-space with a moment map
i having image pa(Ma) = A.
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Proof of Claim 2. Let z be such that ¢(z) = 7*(p) where p is a vertex of A, as
in the proof of Claim 1. Let o : T® — (T¢), be the inverse for the earlier bijection
7 : (T4), — T™. Since we have found a section, i.e., a right inverse for , in the
exact sequence

1 — N 5 1 Iy T — 1,

o

(_

the exact sequence splits, i.e., becomes like a sequence for a product, as we obtain
an isomorphism
(i,0) : N x T" =5 T¢ .

The action of the T™ factor (or, more rigorously, o(T") C T¢) descends to the
quotient Ma = Z/N.

It remains to show that the T™-action on Ma is hamiltonian with appropriate
moment map.

Consider the diagram

7z &t L R =t @ (R s (R
pi
Ma

where the last horizontal map is simply projection onto the second factor. Since
the composition of the horizontal maps is constant along N-orbits, it descends to
a map

MA : MA — (R")*
which satisfies

paop=oc ogoj.
By Section 5.5 on reduction for product groups, this is a moment map for the
action of T™ on (Ma,wa). Finally, the image of pa is:

pa(Ma) = (pa op)(Z) = (0" 0 g0 j)(Z) = (6" om™)(A) = A,

because ¢(Z) = 7*(A) and o* o m* = (w0 0)* = id.
We conclude that (Ma,wa, T™, ua) is the required toric manifold correspond-
ing to A. O

Exercise 34

Let A be an n-dimensional Delzant polytope, and let (Ma,wa, T™, ua) be the
associated symplectic toric manifold. Show that ua maps the fixed points of
T™ bijectively onto the vertices of A.
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Exercise 35
Follow through the details of Delzant’s construction for the case of A = [0,a] C
R* (n = 1,d = 2). Let v(= 1) be the standard basis vector in R. Then A is
described by

(z,—v) <0 and (z,v) <a,

where v1 = —v, v2 = v, A1 =0 and A2 = a.

The projection
R2 -5 R
el > —v
(D) — v

has kernel equal to the span of (e1 + e2), so that N is the diagonal subgroup
of T2 = S1 x S1. The exact sequences become
1 — N 5 T I st — 1
t — (1)
(t1,t2) +—  t] 't

0 — n 4 R2 = R — 0
—  (z,7)
(x1,22) — z2—T1

0 — R T (w2 A e 5 0
z — (—z,z)
(z1,22) +— z1+z2.
The action of the diagonal subgroup N = {(e*t, e*) € S! x S'} on (2,
(€%, ¢i?) - (21, 22) = (€21, €'t 23) |
has moment map
(i* 0 ¢)(21,22) = —5(|21> + |22]*) + @ ,
with zero-level set
(i* 0 ¢)1(0) = {(21,22) € C* : |21)> + [ 22| = 24} .

Hence, the reduced space is a projective space:

(i* 0 )71 (0)/N = P

Example. Consider
(S%,w=do Adh,S',u=h),
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where S! acts on S? by rotation. The image of y is the line segment I = [—1,1].
The product S' x I is an open-ended cylinder. By collapsing each end of the
cylinder to a point, we recover the 2-sphere. O

Exercise 36
Build P2 from T2 x A where A is a right-angled isosceles triangle.

Exercise 37
Consider the standard (S!)3-action on P3:

(€%91,e%92 €93 . [20: 21 : 22 : 23] = [20 : €121 : €19225 1 €93 23] .

Exhibit explicitly the subsets of ?3 for which the stabilizer under this action
is {1}, S1, (S)? and (S!)3. Show that the images of these subsets under the
moment map are the interior, the facets, the edges and the vertices, respec-
tively.

Exercise 38
What would be the classification of symplectic toric manifolds if, instead of
the equivalence relation defined in Section 5.8, one considered to be equivalent
those (M;,w;, T;, u;), ¢ = 1,2, related by an isomorphism A : Ty — T2 and a
A-equivariant symplectomorphism ¢ : M; — M> such that:

(a) the maps p; and p2 o ¢ are equal up to a constant?

(b) we have u1 = £o us o ¢ for some £ € SL(n;Z)?
Exercise 39

(a) Classify all 2-dimensional Delzant polytopes with 3 vertices, i.e., trian-
gles, up to translation, change of scale and the action of SL(2;Z).

Hint: By a linear transformation in SL(2;7Z), we can make one of the angles in
the polytope into a square angle. How are the lengths of the two edges forming
that angle related?

(b) Classify all 2-dimensional Delzant polytopes with 4 vertices, up to trans-
lation and the action of SL(2;Z).

Hint: By a linear transformation in SL(2;Z), we can make one of the angles
in the polytope into a square angle. Check that automatically another angle
also becomes 90°.

(c) What are all the 4-dimensional symplectic toric manifolds that have four
fixed points?

Exercise 40

Let A be the m-simplex in R™ spanned by the origin and the standard basis
vectors (1,0,...,0),...,(0,...,0,1). Show that the corresponding symplectic
toric manifold is projective space, Ma = P™.

Exercise 41
Which 2n-dimensional toric manifolds have exactly n + 1 fixed points?






Appendix A

Prerequisites from
Differential Geometry

A.1 Isotopies and Vector Fields

Let M be a manifold, and p: M x R — M a map, where we set p:(p) := p(p,t).

Definition A.1 The map p is an isotopy if each py : M — M is a diffeomor-
phism, and pg = idys.

Given an isotopy p, we obtain a time-dependent vector field, that is, a
family of vector fields v, t € R, which at p € M satisfy

d _
vi(p) = 2-ps(9) where  q=p;'(p),
s=t
ie.,
d

Conversely, given a time-dependent vector field v, if M is compact or if the
v’s are compactly supported, there exists an isotopy p satisfying the previous
ordinary differential equation.

Suppose that M is compact. Then we have a one-to-one correspondence

{isotopies of M} <+— {time-dependent vector fields on M}
Pt teR +— Vt, teR

Definition A.2 When vy = v is independent of t, the associated isotopy is called
the exponential map or the flow of v and is denoted exptv; i.e., {exptv : M —
M | t € R} is the unique smooth family of diffeomorphisms satisfying

exptv|i—o =idy  and %(exp tv)(p) = v(exptv(p)) .

91
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Definition A.3 The Lie derivative is the operator
d
L, Q¥ (M) — QF (M) defined by Lyw = a(exp tv)*wli=o -

When a vector field v; is time-dependent, its flow, that is, the corresponding
isotopy p, still locally exists by Picard’s theorem. More precisely, in the neigh-
borhood of any point p and for sufficiently small time ¢, there is a one-parameter
family of local diffeomorphisms p; satisfying

dp:
dt

Hence, we say that the Lie derivative by v; is

=V O py and po=1id .

Lo, : Q¥ (M) — QF(M) defined by Lo,w = %(pt)*wh:o .

Exercise 42
Prove the Cartan magic formula,

Lyw = tpdw + diyw ,

and the formula

PEw = Pl w *)

where p is the (local) isotopy generated by v:. A good strategy for each formula
is to follow the steps:

(a) Check the formula for 0-forms w € QO(M) = C=(M).
(b) Check that both sides commute with d.

(c) Check that both sides are derivations of the algebra (Q2*(M),A). For
instance, check that

Lo(wAa)=(Lw)Aha+wA (Lya) .
(d) Notice that, if U is the domain of a coordinate system, then Q°(U) is
generated as an algebra by Q0(U) and dQO(U), i.e., every element in

Q°*(UY) is a linear combination of wedge products of elements in Q°(U/)
and elements in dQ°(f).

We will need the following improved version of formula ().

Proposition A.4 For a smooth family we, t € R, of d-forms, we have

d . N dw
Pt = P <£vtwt + d_tt) .

Proof. If f(z,y) is a real function of two variables, by the chain rule we have

d d
%f(tat) = %f(mat)

d

z=t y=t
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Therefore,
d
* * *
S PtWt = Pzt T Py

dt dx ot dy y=t
——— — ——

* » dw

Pz £'Um wt _ by (*) Pt Tyy
z= y=t

* dwt
Py (ﬁvi we + E)

A.2 Submanifolds

Let M and X be manifolds with dim X < dim M.

Definition A.5 A map i : X — M is an immersion if di, : T, X — Ty, M is
injective for any point p € X.
An embedding is an immersion which is a homeomorphism onto its image.!
A closed embedding is a proper? injective immersion.

Exercise 43
Show that a map ¢ : X — M is a closed embedding if and only if ¢ is an
embedding and its image i(X) is closed in M.

Hint:

e If 4 is injective and proper, then for any neighborhood U of p € X, there
is a neighborhood V of i(p) such that f~1(V) CU.

e On a Hausdorff space, any compact set is closed. On any topological
space, a closed subset of a compact set is compact.

e An embedding is proper if and only if its image is closed.

Definition A.6 A submanifold of M is a manifold X with a closed embedding
i X M3

Notation. Given a submanifold, we regard the embedding i : X — M as an
inclusion, in order to identify points and tangent vectors:

p=1i(p) and T, X =di,(T,X)CT,M.

!The image has the topology induced by the target manifold.
2A map is proper if the preimage of any compact set is compact.
3When X is an open subset of a manifold M, we refer to it as an open submanifold.
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A.3 Tubular Neighborhood Theorem

Let M be an n-dimensional manifold, and let X be a k-dimensional submanifold
where k < n and with inclusion map

i: X =M.

At each x € X, the tangent space to X is viewed as a subspace of the tangent
space to M via the linear inclusion di, : T, X < T, M, where we denote x = i(x).
The quotient N, X := T,M/T,X is an (n — k)-dimensional vector space, known
as the normal space to X at z. The normal bundle of X is

NX ={(z,v) |z€e X ,ve N, X}.

The set N X has the structure of a vector bundle over X of rank n — k under the
natural projection, hence as a manifold N X is n-dimensional.

Exercises 44
Let M be R™ and let X be a k-dimensional compact submanifold of R™.

(a) Show that in this case N X can be identified with the usual “normal
space” to X in R™, that is, the orthogonal complement in R™ of the
tangent space to X at x.

(b) Given £ > 0 let U, be the set of all points in R™ which are at a distance
less than e from X. Show that, for ¢ sufficiently small, every point p € U
has a unique nearest point n(p) € X.

(¢) Let # : U — X be the map defined in the previous exercise for e
sufficiently small. Show that, if p € U, then the line segment (1 — ¢) -
p+t-w(p), 0 <t <1, joining p to w(p) lies in Ue.

(d) Let NX. = {(z,v) € NX such that |v| < £}. Let exp : NX — R"™ be
the map (z,v) — = + v, and let v : NX. — X be the map (z,v) — z.
Show that, for ¢ sufficiently small, exp maps NX. diffeomorphically
onto Ue, and show also that the following diagram commutes:

NX. &P - U,

X

(e) Suppose now that the manifold X is not compact. Prove that the as-
sertion about exp is still true provided we replace € by a continuous
function

e: X - RT

which tends to zero fast enough as x tends to infinity. You have thus
proved the tubular neighborhood theorem in R™.

In general, the zero section of NX,

i0: X > NX, z — (z,0) ,
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embeds X as a closed submanifold of NX. A neighborhood Uy of the zero section
X in VX is called convex if the intersection Uy N N, X with each fiber is convex.

Theorem A.7 (Tubular Neighborhood Theorem) Let M be an n-dimensio-
nal manifold, X a k-dimensional submanifold, NX the normal bundle of X in M,
ig : X — NX the zero section, and i : X — M inclusion. Then there exist a
convez neighborhood Uy of X in NX, a neighborhood U of X in M, and a diffeo-
morphism ¢ : Uy = U such that

NX D Uy

1R

commautes.

Outline of the proof.

o Case of M = R", and X is a compact submanifold of R™.

Theorem A.8 (¢e-Neighborhood Theorem)

Let U = {p e R* : |p—q| < € for some ¢ € X} be the set of points at a
distance less than € from X. Then, for € sufficiently small, each p € U° has
a unique nearest point ¢ € X (i.e., a unique ¢ € X minimizing |q — z|).

Moreover, setting q = 7(p), the map U = X is a (smooth) submersion with
the property that, for all p € U®, the line segment (1 —t)p+1tq, 0 <t <1, is
m U°.

Here is a sketch. At any x € X, the normal space N X may be regarded as
an (n — k)-dimensional subspace of R”, namely the orthogonal complement
in R™ of the tangent space to X at x:

N X~{veR': vlw, forallweT,X}.
We define the following open neighborhood of X in NX:
NX® = {(z,v) e NX: jv|<e}.
Let

exp: NX — R
(z,v) — z+wv.

Restricted to the zero section, exp is the identity map on X.
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Prove that, for e sufficiently small, exp maps NX¢ diffeomorphically onto
U*, and show also that the diagram

exp

NX* - U°

commutes.
o ™

X

e Case where X is a compact submanifold of an arbitrary manifold M.
Put a riemannian metric g on M, and let d(p, q) be the riemannian distance
between p,q € M. The e-neighborhood of a compact submanifold X is
U ={pe M|d(p,q) < ¢ for some g € X} .
Prove the e-neighborhood theorem in this setting: for € small enough, the
following assertions hold.
— Any p € U° has a unique point ¢ € X with minimal d(p, q). Set ¢ = 7 (p).

— The map U¢ 5 X is a submersion and, for all p € /¢, there is a unique
geodesic curve v joining p to ¢ = w(p).
— The normal space to X at x € X is naturally identified with a subspace of
T,M:

N X ~{veT, M| g,(v,w) =0, forany w € T, X} .

Let NX® = {(z,v) € NX | \/¢.(v,v) < &}.
— Define exp : NX¢ — M by exp(z,v) = (1), where v : [0,1] — M is the
geodesic with v(0) = z and %(0) = v. Then exp maps NX¢ diffeomorphi-
cally to U°=.

o General case.

When X is not compact, adapt the previous argument by replacing € by an
appropriate continuous function € : X — Rt which tends to zero fast enough
as z tends to infinity.

O

Restricting to the subset &/° C NX from the tubular neighborhood theorem,

we obtain a submersion Uy — X with all fibers 7; ' () convex. We can carry this

fibration to U by setting 7 = mp 0 !:

Uo C NX isafibration — Uu C M is a fibration
mo | Tl
X X

This is called the tubular neighborhood fibration.
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A.4 Homotopy Formula

Let U be a tubular neighborhood of a submanifold X in M. The restriction i* :
H} pham ) = HS 5100 (X) by the inclusion map is surjective. As a corollary
of the tubular neighborhood fibration, ¢* is also injective: this follows from the
homotopy-invariance of de Rham cohomology.

Corollary A.9 For any degree £, HS py...(U) ~ Hi giam(X)-

At the level of forms, this means that, if w is a closed ¢-form on U and i*w is
exact on X, then w is exact. We will need the following related result.

Proposition A.10 If a closed £-form w on U has restriction i*w = 0, then w is
exact, i.e., w = du for some p € Q41 (U). Moreover, we can choose p such that
pr:=0atall xz € X.

Proof. Via ¢ : Uy = U , it is equivalent to work over Uy. Define for every 0 <t <1
a map
Pt : U — U
(z,v) — (z,tv) .

This is well-defined since Uy is convex. The map p; is the identity, po = ig o7p, and
each p; fixes X, that is, p; 049 = i9. We hence say that the family {p; | 0 <¢ < 1}
is a homotopy from iy o 7y to the identity fixing X. The map mg : Uy — X is
called a retraction because 7wy o ig is the identity. The submanifold X is then
called a deformation retract of /.

A (de Rham) homotopy operator between pg = ip o 19 and p; = id is a
linear map

Q : Q% (Uo) — QT (Uo)
satisfying the homotopy formula
Id—(’ioono)* =dQ+Qd

When dw = 0 and i§w = 0, the operator @) gives w = dQw, so that we can take
1= Quw. A concrete operator () is given by the formula:

1
Q= [ pituw) dt,
0

where v, at the point ¢ = p:(p), is the vector tangent to the curve ps(p) at s = t.
The proof that () satisfies the homotopy formula is below.

In our case, for z € X, pi(z) = x (all t) is the constant curve, so v; vanishes
at all z for all ¢, hence p, = 0. O
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To check that () above satisfies the homotopy formula, we compute

1 1
Qdw +dQu = / p: (1o, dw)dt + d / P2 (10y0) it
0 0

1
/ P; (1o, dw + dap,w)dt ,
0 S————

Ly,w

where £, denotes the Lie derivative along v (reviewed in the next section), and we
used the Cartan magic formula: £L,w = 1,dw + di,w. The result now follows from

W = Prlow

and from the fundamental theorem of calculus:

1
d
Qdw + dQw =/ apjw dt = piw — pjw .
0

A.5 Whitney Extension Theorem

Theorem A.11 (Whitney Extension Theorem) Let M be an n-dimensional
manifold and X a k-dimensional submanifold with k < n. Suppose that at each
p € X we are given a linear isomorphism Ly, : T,M = T,M such that Lylr,x =
Idr,x and L, depends smoothly on p. Then there exists an embedding h : N' — M
of some neighborhood N of X in M such that h|x = idx and dh, = L, for all
peX.

The linear maps L serve as “germs” for the embedding.
Sketch of proof for the Whitney theorem.

Case M = R": For a compact k-dimensional submanifold X, take a neigh-
borhood of the form

U ={pe M| distance (p,X) <e}.

For ¢ sufficiently small so that any p € U* has a unique nearest point in X, define a
projection 7 : ¢ — X, p — point on X closest to p. If 7(p) = ¢, then p = g+ for
some v € N, X where N,X = (T,X)"! is the normal space at g; see Appendix A.
Let
h: U* — R
p — q+ Ly,
where ¢ = w(p) and v = p—n(p) € N, X. Then hx =idx and dh, = L, forp € X.

If X is not compact, replace € by a continuous function € : X — Rt which tends
to zero fast enough as z tends to infinity.
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General case: Choose a riemannian metric on M. Replace distance by rieman-
nian distance, replace straight lines ¢ + tv by geodesics exp(g,v)(t) and replace
g+ Lqv by the value at t = 1 of the geodesic with initial value g and initial velocity
Lgv. O






Appendix B

Prerequisites from Lie
Group Actions

B.1 One-Parameter Groups of Diffeomorphisms

Let M be a manifold and X a complete vector field on M. Let pr : M — M, t € R,
be the family of diffeomorphisms generated by X. For each p € M, p:(p), t € R,
is by definition the unique integral curve of X passing through p at time 0, i.e.,
pi(p) satisfies

po(p) = p
dp;ip) = X(p:(p)) -

Claim. We have that p; 0 ps = pi4s-

Proof. Let ps(q) = p. We need to show that (p;: o ps)(q) = pi+s(q), for all t € R.
Reparametrize as f(q) := pi+s(q). Then

po(a) = ps(a)=p
dp(a) _ dpeys(a) _ _ wo(n
dat = dt = X(pe+s(q)) = X(pe(a)) ,
i.e., pt(q) is an integral curve of X through p. By uniqueness we must have p;(q) =
pe(p), that is, pris(q) = pe(ps(q))- a

Consequence. We have that p; ' = p_,.

In terms of the group (R, +) and the group (Diff (M), o) of all diffeomorphisms
of M, these results can be summarized as:

101
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Corollary B.1 The map R — Diff (M), t — p:, is a group homomorphism.

The family {p; | t € R} is then called a one-parameter group of diffeo-
morphisms of M and denoted

pr =exptX .

B.2 Lie Groups

Definition B.2 A Lie group is a manifold G equipped with a group structure
where the group operations

1

GxG — G and G
a

G
(a,b) — a-b a”

—
—

are smooth maps.

Examples.

e R (with addition).

S! regarded as unit complex numbers with multiplication, represents rota-
tions of the plane: S' = U(1) = SO(2).

U(n), unitary linear transformations of C".

e SU(n), unitary linear transformations of C* with det = 1.
e O(n), orthogonal linear transformations of R".

e SO(n), elements of O(n) with det = 1.

e GL(V), invertible linear transformations of a vector space V.

Definition B.3 A representation of a Lie group G on a vector space V is a
group homomorphism G — GL(V).

IThe operation will be omitted when it is clear from the context.
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B.3 Smooth Actions

Let M be a manifold.
Definition B.4 An action of a Lie group G on M is a group homomorphism

v: G — Diff(M)
g — Yy

(We will only consider left actions where 1 is a homomorphism. A right action
is defined with v being an anti-homomorphism.) The evaluation map associated
with an action ¢ : G — Diff (M) s

eVy MxG — M
(2:9) — Yy(p) .

The action 1 is smooth if evy is a smooth map.

Example. If X is a complete vector field on M, then

p: R — Diff(M)
t — pr=exptX

is a smooth action of R on M. O

Every complete vector field gives rise to a smooth action of R on M. Con-
versely, every smooth action of R on M is defined by a complete vector field.

{complete vector fields on M} +— {smooth actions of R on M}

X — exptX

L _ )

p dt — ¢

t=0
B.4 Adjoint and Coadjoint Representations

Let G be a Lie group. Given g € G let

L,: G — G
a — g-a

be left multiplication by g. A vector field X on G is called left-invariant if
(Lg)+X = X for every g € G. (There are similar right notions.)

Let g be the vector space of all left-invariant vector fields on G. Together
with the Lie bracket [-,-] of vector fields, g forms a Lie algebra, called the Lie
algebra of the Lie group G.
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Exercise 45

Show that the map
g — TG
X — X

where e is the identity element in G, is an isomorphism of vector spaces.
Any Lie group G acts on itself by conjugation:
G — Diff(G)
g — Yy, Yg(a)=g-a-g
The derivative at the identity of

Yvg: G — G
a — g-a-g-

-1

1

is an invertible linear map Ad, : g — g. Here we identify the Lie algebra g with
the tangent space T.G. Letting g vary, we obtain the adjoint representation (or
adjoint action) of G on g:

Ad: G — GL(g)
g — Adg.

Exercise 46
Check for matrix groups that

%Adexptxy T [X,Y], VX, Yeg.
Hint: For a matrix group G (i.e., a subgroup of GL(n;R) for some n), we have
Adg(Y)=gYg !, YgeG,VY eg

and

[X,Y]=XY-YX, VX, Yeg.

Let {-,-) be the natural pairing between g* and g:
(n): g°xg — R
6X) — (X)) =¢£X).
Given ¢ € g*, we define Ad}¢ by
(Ad¢, X) = (€,Ad,-1 X) , forany X € g .

The collection of maps Ad; forms the coadjoint representation (or coadjoint
action) of G on g*:
Ad*: G — GL(g")
g Ad; .
We take g~ in the definition of Ad}¢ in order to obtain a (left) representation,

i.e., a group homomorphism, instead of a “right” representation, i.e., a group anti-
homomorphism.
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Exercise 47
Show that AdgoAdp = Ady, and AdjoAdj = Ad;h .

B.5 Orbit Spaces

Let ¢ : G — Diff (M) be any action.

Definition B.5 The orbit of G through p € M is {1,(p) | g € G}. The stabi-
lizer (or isotropy) of p € M is the subgroup G, := {9 € G | ¢¥,(p) = p}.

Exercise 48
If ¢ is in the orbit of p, then G4 and G, are conjugate subgroups.

Definition B.6 We say that the action of G on M is ...

o transitive if there is just one orbit,
o free if all stabilizers are trivial {e},

e locally free if all stabilizers are discrete.
Let ~ be the orbit equivalence relation; for p,q € M,
p~q <= pand q are on the same orbit.
The space of orbits M/ ~ = M/G is called the orbit space. Let

™ M — M/G
p +— orbit through p
be the point-orbit projection.
Topology of the orbit space:

We equip M/G with the weakest topology for which 7 is continuous, i.e.,
U C M/G is open if and only if 7= (U/) is open in M. This is called the quotient
topology. This topology can be “bad.” For instance:

Example. Let G =R act on M = R by
t — 1p; = multiplication by et.

There are three orbits R*, R~ and {0}. The point in the three-point orbit space
corresponding to the orbit {0} is not open, so the orbit space with the quotient
topology is not Hausdorff. O
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Example. Let G = C\{0} act on M = C" by
A — 1y = multiplication by A .

The orbits are the punctured complex lines (through non-zero vectors z € C*),
plus one “unstable” orbit through 0, which has a single point. The orbit space is

M/G = CP™! U {point} .

The quotient topology restricts to the usual topology on CP" 1. The only open set
containing {point} in the quotient topology is the full space. Again the quotient
topology in M/G is not Hausdorf.

However, it suffices to remove 0 from C" to obtain a Hausdorff orbit space:
CP"~!. Then there is also a compact (yet not complex) description of the orbit
space by taking only unit vectors:

Cpr! = ((C“\{O}) / (@\{0}) = g2n-1/gt



Appendix C

Variational Principles

C.1 Principle of Least Action

The equations of motion in classical mechanics arise as solutions of variational
problems. For a general mechanical system of n particles in R®, the physical path
satisfies Newton’s second law. On the other hand, the physical path minimizes the
mean value of kinetic minus potential energy. This quantity is called the action.
For a system with constraints, the physical path is the path which minimizes the
action among all paths satisfying the constraint.

Example. Suppose that a point-particle of mass m moves in R® under a force
field F; let z(t), a < t < b, be its path of motion in R®. Newton’s second law states

that
&Pz

mW(t) = F(z(t)) .

Define the work of a path v : [a,b] — R?, with y(a) = p and v(b) = ¢, to be

W, = [ P T

Suppose that F' is conservative, i.e., W, depends only on p and ¢. Then we can
define the potential energy V : R® — R of the system as

Vig) =W,

where 7 is a path joining a fixed base point py € R® (the “origin”) to q. Newton’s
second law can now be written
A’z ov
——(t) = —=—(z(t)) .
mEa (1) = - (2(t))

107
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In Lecture 4 we saw that

Newton’s second law <=  Hamilton equations
in B = {(q1,92,93)} in T*R® = {(q1, 92, q3,P1,P2,P3)}

where p; = m% and the hamiltonian is H(p,q) = 5|p|*> + V(g). Hence, solving

Newton’s second law in configuration space R? is equivalent to solving in phase
space for the integral curve T*R? of the hamiltonian vector field with hamiltonian
function H. O

Example. The motion of earth about the sun, both regarded as point-masses and
assuming that the sun to be stationary at the origin, obeys the inverse square
law

m&E_ OV
a2~ Oz’
where z(t) is the position of earth at time ¢, and V(z) = %lst. is the gravita-
tional potential. O

When we need to deal with systems with constraints, such as the simple pen-
dulum, or two point masses attached by a rigid rod, or a rigid body, the language
of variational principles becomes more appropriate than the explicit analogues
of Newton’s second laws. Variational principles are due mostly to D’Alembert,
Maupertius, Euler and Lagrange.

Example. (The n-particle system.) Suppose that we have n point-particles
of masses my,...,m, moving in 3-space. At any time ¢, the configuration of this
system is described by a vector in configuration space R3"

.'L':(.'L'l,...,.'lj'n) €R3n

with z; € R?® describing the position of the ith particle. If V€ C°°(R3") is the
potential energy, then a path of motion z(t), a <t < b, satisfies

mi%(t) _ —Z—Z(wl(t),...,xn(t)) .

Consider this path in configuration space as a map v : [a,b] — R*" with yo(a) = p
and vo(b) = ¢, and let

P ={y:[a,b] — B’" | y(a) = p and 7(b) = g}

be the set of all paths going from p to ¢ over time t € [a, b]. O

Definition C.1 The action of a path v € P is

b
m;
Af=/‘(?

Z%>—vwm0m.
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Principle of least action.
The physical path 7 is the path for which A, is minimal.

Newton’s second law for a constrained system.

Suppose that the n point-masses are restricted to move on a submanifold
M of R3" called the constraint set. We can now single out the actual physical
path o : [a,b] = M, with yo(a) = p and o(b) = ¢, as being “the” path which
minimizes .4, among all those hypothetical paths v : [a,b] = R*™ with v(a) = p,
~(b) = q and satisfying the rigid constraints v(t) € M for all ¢.

C.2 Variational Problems

Let M be an n-dimensional manifold. Its tangent bundle T M is a 2n-dimensional
manifold. Let F': TM — R be a smooth function.
If v : [a,b] = M is a smooth curve on M, define the lift of v to TM to be
the smooth curve on T'M given by
q:a,b) — TM
to— (10, %) .

The action of v is

4= G P @)t = / ' (0. 50) ar.

For fixed p,q € M, let

P(a,b,p,q) :={v:[a,b] — M |v(a) =p, 7(b) =q} .

Problem.
Find, among all v € P(a,b,p, q), the curve 7o which “minimizes” A.,.

First observe that minimizing curves are always locally minimizing:

Lemma C.2 Suppose that 7o : [a,b] = M is minimizing. Let [a1,b1] be a subin-
terval of [a,b] and let p1 = yo(a1), 1 = Yo(b1). Then Yo|(a, 5,] is minimizing among
the curves in P(a1,b1,p1,q1)-

Proof. Exercise:

Argue by contradiction. Suppose that there were v; € P(ay,b1,p1,q1) for
which A, < A, , - Consider a broken path obtained from ~o by replacing
the segment Yo|[a,,5,] by 71. Construct a smooth curve v2 € P(a,b, p,q) for which
A,, < Ay, by rounding off the corners of the broken path. O
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We now assume that p, ¢ and g lie in a coordinate neighborhood (4, z1, . .., Zn).
On TU we have coordmates (z1,...,Zn,v1,...,0,) associated with a trivialization
of TU by ai, ey 8 . Using this tr1v1a11zat10n the curve
1 Tn
E [aab] —Uu, V(t):('yl(t)a"-;ryn(t))
lifts to

Piletl = TU, 30 = (w00, D0, D)

Necessary condition for v € P(a,b,p,q) to minimize the action.
Let c1,...,cn € C°([a,b]) be such that ¢;(a) = ¢;(b) = 0. Let . : [a,b] — U
be the curve
VE(t) = (’Yl (t) +ea (t)7 s 77n(t) + 6cn(t)) -
For € small, 7, is well-defined and in P(a, b, p, q)-
Let A. = A, = f: F <'yg (t), d(;’; (t)) dt. If 4o minimizes A, then

dA.
de

Mo = / Z[axz( djf(t)) c,-(t)+§f; ( o(t), d;?(t))%(t)] i
/z[amz o %gi(---)] ci(t)dt =0

where the first equality follows from the Leibniz rule and the second equality fol-
lows from integration by parts. Since this is true for all ¢;’s satisfying the boundary
conditions ¢;(a) = ¢;(b) = 0, we conclude that

O (0. 220) = 82 (0 220) . o)

These are the Euler-Lagrange equations.

0)=0.

Example. Let (M, g) be a riemannian manifold. From the riemannian metric, we
get a function F : TM — R, whose restriction to each tangent space T, M is the
quadratic form defined by the metric. On a coordinate chart (U, z*,...,2") on M,

we have .
v) = Zgij (z)v*’ .

Let p and ¢ be points on M, and let fy [a,b] = M be a smooth curve joining
ptoq. Let 7 :[a,b] = TM, 5(t) = (y(¢), E( )) be the lift of v to T M. The action
of ~ is
2

T g

am = [ ) di = / "|d

dt
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It is not hard to show that the Euler-Lagrange equations associated to the action
reduce to the Christoffel equations for a geodesic

d*y* ko3 dY
a2 G g =0

where the I'};’s (called the Christoffel symbols) are defined in terms of the
coefficients of the riemannian metric by

1 Ogei | Oge;  0gij
rk — 2 k i _ 994
" 2 ; g ( ax]- + 61’, 6.%’[ ’

(¢") being the matrix inverse to (gi;)- %

C.3 Solving the Euler-Lagrange Equations

Case 1: Suppose that F(z,v) does not depend on v.

The Euler-Lagrange equations become

ox; T dt

—(t )) =0 <= the curve =, sits on the critical set of F .

For generic F, the critical points are isolated, hence o (t) must be a constant
curve.

Case 2: Suppose that F(z,v) depends affinely on v:

n

F(z,v) = Fo(z) + ZFj(ﬂf)”j .

J=1

d’YJ (t)

LHS of (E-L) : OF 9 z

6.513, 6371

RHS of (E-L) : Z 8:1: d%( #)

The Euler-Lagrange equations become

Pan =3 (52 - 52 ) o .
i = 7 i

nXn matrix
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OF; OF;
am_-,' azi

If the n x n matrix ( ) has an inverse G;;(z), then

0 =3 G0 g0 0)

is a system of first order ordinary differential equations. Locally it has a
unique solution through each point p. If ¢ is not on this curve, there is no
solution at all to the Euler-Lagrange equations belonging to P(a, b, p, q)-

Therefore, we need non-linear dependence of F' on the v variables in order to have
appropriate solutions. From now on, assume that the

L d dition det or #0
egendare conditi :
g 811,'61)]'

Letting G;;(z,v) = ( ij;:) - (a:,v)) , the Euler-Lagrange equations become

& OF [ dv 02F v\ dv
e = 2 Cigy: (% a) =2 Ciigy o, (* a) a

i

This second order ordinary differential equation has a unique solution given initial
conditions

dy
E( )

To check whether the above solution is locally minimizing, assume that
< O*F (m,v)) > 0, V(z,v), ie., with the z variable frozen, the function v +—

8’0,‘ 6’0]'
F(z,v) is strictly convex.
Suppose that vy € P(a,b, p, q) satisfies (E-L). Does 7y minimize A,? Locally,

yes, according to the following theorem. (Globally it is only critical.)

v(@)=p  and

Proposition C.3 For every sufficiently small subinterval [a1,b1] of [a, D], Yol[ay,b,]
is locally minimizing in P(a1,b1,p1,q1) where pr = vo(a1), g1 = Yo (b1)-

Proof. As an exercise in Fourier series, show the Wirtinger inequality: for
f € C([a,b]) with f(a) = f(b) = 0, we have

b 2 b )
/ dtz(b_a)2/|f| dt .

Suppose that o : [a,b] = U satisfies (E-L). Take ¢; € C*([a, b)), ci(a) =
¢i(b) =0. Let ¢ = (c1,...,¢n). Let v = vo +ec € P(a,b,p,q), and let A, = A,_.

2

daf
dt
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(E-L) < %=(0)=0.

PA: /a”z O°F (7 @) ¢i cj dt )

de? — r;0x; \ O di
1‘7]

b 2

O°F dvo dc;

2 — ; —— 11

* /a izjax,-avj (’Y‘” dt) g ® (0

b g2
6 F d'yo dCi de
_— — — dt III) .
+ /aizj:auiavj (70’ dt) at dt ()

Since (831_2;; (m,v)) > 0 at all z,v,
del?

III —
dt

v

K

111

L2[a,b]
0 < K lel7o0

dc

|II| S K11|C|L2[a,b] a

L2[a,b]

where K, K, , K,,, > 0. By the Wirtinger inequality, if b — a is very small, then
III > 1], |II|. Hence, 7o is a local minimum. O

C.4 Legendre Transform

The Legendre transform gives the relation between the variational (Euler-Lagrange)
and the symplectic (Hamilton-Jacobi) formulations of the equations of motion.

Let V be an n-dimensional vector space, with e1,...,e, a basis of V and
v1,--.,0n the associated coordinates. Let F : V — R, F = F(vy,...,v,), be
a smooth function. Let p € V, u = Y., uje; € V. The hessian of F is the
quadratic function on V' defined by

(d*F),(u) := E %(p)uiuj .

)

Exercise 49 2
Show that (d2F),(u) = j—tgF(p + tu)|¢=o0-
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Exercise 50

A smooth function f : R — R is called strictly convex if f”(z) > 0 for
all z € R. Assuming that f is strictly convex, prove that the following four
conditions are equivalent:

(a) f'(x) =0 for some point zo,
(b) f has a local minimum at some point zg,
(c) f has a unique (global) minimum at some point zo,
(d) f(z) > +oo as z — +oo.
The function f is stable if it satisfies one (and hence all) of these conditions.

Definition C.4 The function F is said to be strictly convex if for every pair
of elements p,v € V, v # 0, the restriction of F to the line {p + zv|z € R} is
strictly convex.

Exercise 51
Show that F is strictly convex if and only if d2F, is positive definite for all
peV.

Proposition C.5 For a strictly convex function F on V, the following are equiv-
alent:

(a) F has a critical point, i.e., a point where dF, = 0;
(b) F has a local minimum at some point;
(¢) F has a unique critical point (global minimum); and

(d) F is proper, that is, F(p) = 400 asp— o0 in V.
Proof. Exercise. (Hint: exercise above.) O

Definition C.6 A strictly convez function F' is stable when it satisfies conditions
(a)-(d) in Proposition C.5.

Example. The function e* + az is strictly convex for any a € R, but it is stable
only for a < 0. (What does the graph look like for the values of a > 0 for which it
is not stable?) The function z2 + az is strictly convex and stable for any a € R.

Since V' is a vector space, there is a canonical identification T,V ~ V*, for
every pe V.
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Definition C.7 The Legendre transform associated to F € C*(V;R) is the
map
Lp: V. — V*
p r— dFE, eT;V V",

Exercise 52
Show that, if F' is strictly convex, then, for every point p € V, L, maps a
neighborhood of p diffeomorphically onto a neighborhood of L. (p).

Let F be any strictly convex function on V. Given £ € V*, let
F:V—R, Fy(v) = F(v) — £(v) .
Since (d?F), = (d*F,),,
F is strictly convex <=  F} is strictly convex.
Definition C.8 The stability set of a strictly convex function F is

Sp={LeV* | F, is stable} .

Exercise 53
Suppose that F' is strictly convex. Prove that:

(a) The set S, is open and convex.
(b) L, maps V diffeomorphically onto S,.

(c) Ifl € S, and po = L;l(l), then pg is the unique minimum point of the
function Fj.

Exercise 54

Let F be a strictly convex function. F' is said to have quadratic growth at
infinity if there exists a positive-definite quadratic form @ on V and a constant
K such that F(p) > Q(p) — K, for all p. Show that, if F' has quadratic growth
at infinity, then S, = V* and hence L, maps V diffeomorphically onto V*.

For F strictly convex, the inverse to L is the map L}l : S — V described
as follows: for | € S, the value L3'(¢) is the unique minimum point p; € V of
F,=F—/¢.

Exercise 55
Check that p is the minimum of F(v) — dFp(v).
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Definition C.9 The dual function F* to F is

F*:Sp — R, F*({) =—minF,(p) .
peV

Exercise 56
Show that the function F* is smooth.

Exercise 57
Let F: V — R be strictly convex and let F* : S, — R be the dual function.
Prove that forallp € V and alll € S,

F(p)+ F*(1) > l(p) (Young inequality) .

On one hand we have V x V* ~ T*V  and on the other hand, since V = V**,
we have V X V* ~ V*xV ~ T*V*. Let a1 be the canonical 1-form on T*V and as
be the canonical 1-form on T*V*. Via the identifications above, we can think of
both of these forms as living on V' x V*. Since a3 = df —as, where : VxV* - R
is the function 8(p,l) = I(p), we conclude that the forms w; = da; and wy = day
satisfy w; = —wa.

Theorem C.10 We have that L' = Lp- .

Proof. Let F : V — R be strictly convex. Assume that F' has quadratic growth at
infinity so that S, = V*. Let A, be the graph of the Legendre transform L. The
graph A, is a lagrangian submanifold of V' x V* with respect to the symplectic
form w; (why?). Hence, A, is also lagrangian for ws.

Let pry : A, = V and pr, : A, — V* be the restrictions of the projection
maps VxV* 5>V and V xV* -5 V* andlet i : A, = V x V* be the inclusion
map. Then (exercise!)

i*ay =d(pry)*F .
We conclude that
i*ay = d(i*B — (pry)"F) = d(pry)*" F* ,

and from this that the inverse of the Legendre transform associated with F' is the
Legendre transform associated with F™. O
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C.5 Application to Variational Problems

Let M be a manifold and F : TM — R a function on T M.
Problem. Minimize A, = [ 4*F.

At pe M, let
Fp::F|TPM:TpM—)R.

Assume that F}, is strictly convex for all p € M. To simplify notation, assume also
that Sp, = T,y M. The Legendre transform on each tangent space

Ly, : T,M = T:M

is essentially given by the first derivatives of F' in the v directions. The dual
function to F), is F; : TyM — R. Collect these fiberwise maps into

L: TM — T*M, ElTpM = LF , and

P

H: T"M — R, H|T;M = Fy.

Exercise 58
The maps H and £ are smooth, and £ is a diffeomorphism.

Let
v :a,b] — M be a curve, and

7 :la,b] — TM its lift.

Theorem C.11 The curve ~ satisfies the Euler-Lagrange equations on every co-
ordinate chart if and only if L o4 : [a,b] = T*M is an integral curve of the
hamiltonian vector field Xpg.

Proof. Let

U,z1,...,2, coordinate neighborhood in M ,

g
(TU,x1,...,Tn,v1,...,vn) coordinates in TM ,
(T*U,z1, ..., T, &1, .., &)  coordinates in T*M .

On TU we have F = F(z,v). On T*U we have H = H(u, §).

L: TU — TU
(#,0) — (2.6) whee  £=Lp ()= 2(z,0).

This is the definition of momentum &. Then

H(z,8) = F;(§) =€-v—F(z,v) where L(z,v) =(z,) .
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Integral curves (z(t),&(t)) of X satisfy the Hamilton equations:

dz OH

@ = ™Y
= d¢ OH

dt = - 61’ ($7 5) 7

whereas the physical path z(t) satisfies the Euler-Lagrange equations:

OF dz d OF dz
(E-L) e (w, E) = o0 (w, E) .
Let (z(t),£(t)) = £ (z(t), %(t)). We want to prove:
t— (z(t),£(t)) satisfies (H) = t— (x(t), %(t)) satisfies (E-L) .

The first line of (H) is automatically satisfied:

- R@O-Ln@©=-I© = &=L (F)

o¢ ® dt
Claim. If (z,£) = L(z,v), then 2E(z,v) = =28 (g, ¢).

This follows from differentiating both sides of H(x,§) = £ - v — F(z,v) with
respect to z, where £ = Lg,_(v) = &(z,v).

OH OH 0t ¢ OF

9z 9t or oz U Bx
~~

Now the second line of (H) becomes

doF, | d¢  8H, . OF
\d_t%(m’v) = d—t—\—a—m(%f) = oz (%v), Aand (E-L) .

since £ = Ly, (v) by the claim
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dual function, 116
dunce cap orbifold, 79
dynamical system, 42

effective
action, 61
embedding
closed, 93
coisotropic, 26, 27
definition, 93
isotropic, 27
lagrangian, 26
energy
classical mechanics, 50
energy-momentum map, 57
kinetic, 55, 107
potential, 55, 107
equations
Christoffel, 111
Euler-Lagrange, 111, 113, 117
Hamilton, 76, 118
Hamilton-Jacobi, 113
of motion, 107
equivariant
moment map, 60
tubular neighborhood theorem,
73
euclidean
distance, 33, 36
inner product, 34, 36
norm, 36
space, 34
Euler
Euler-Lagrange equations, 110, 111,
113, 117
variational principle, 108
evaluation map, 103
exactly homotopic to the identity, 45
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example
coadjoint orbits, 63, 64
complex projective space, 88
Delzant construction, 88
Hirzebruch surfaces, 82
McDulff, 9
of Delzant polytope, 82
of hamiltonian actions, 57, 58
of lagrangian submanifold, 21
of mechanical system, 107
of non-Delzant polytope, 82
of symplectic manifold, 5, 6, 15
of symplectomorphism, 31
quotient topology, 106
reduction, 70
simple pendulum, 55
spherical pendulum, 56
weighted projective space, 79
exponential map, 91

facet, 83
first integral, 53
fixed point, 38, 42, 44
flow, 91
form
area, 11
canonical, 15-17
de Rham, 5
Fubini-Study, 71
symplectic, 5
tautological, 15, 16
free action, 105
Fubini-Study form, 71
function
dual, 116
generating, 38
hamiltonian, 49, 59
stable, 114
strictly convex, 114

G-space, 60

Gauss lemma, 37

generating function, 22, 32, 33, 38
geodesic
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curve, 35
flow, 36, 37
geodesically convex, 35
minimizing, 35
Gotay
coisotropic embedding, 27
gradient vector field, 49
gravitational potential, 108
gravity, 55, 56
group
Lie, 102
of symplectomorphisms, 18, 42
one-parameter group of diffeomor-
phisms, 101, 102
product, 77

Guillemin, see Atiyah-Guillemin-Sternberg

Hamilton equations, 33, 49, 50, 76,
108, 118

Hamilton-Jacobi equations, 113
hamiltonian

action, 57-59

function, 48, 49, 53, 59

G-space, 60

moment map, 59

reduced, 76

system, 53

vector field, 4749
Hausdorff quotient, 106
hessian, 113
Hirzebruch surface, 82
homotopy

definition, 97

formula, 97

invariance, 97

operator, 97

immersion, 93

integrable
system, 53, 54, 79
integral
curve, 48, 101, 108
first, 53

of motion, 53, 65
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intersection of lagrangian submani-
folds, 44

inverse square law, 108
isotopy

definition, 91

symplectic, 8

vs. vector field, 91
isotropic

embedding, 27

subspace, 4
isotropy, 105

Jacobi
Hamilton-Jacobi equations, 113
identity, 51

kinetic energy, 55, 107

Kirillov, see Kostant-Kirillov

Kostant-Kirillov symplectic form, 52,
78

Lagrange
Euler-Lagrange equations, 111
variational principle, 108
lagrangian complement, 23
lagrangian fibration, 55
lagrangian submanifold
closed 1-form, 22
conormal bundle, 22, 23
definition, 20
generating function, 22, 32
intersection problem, 44
of T*X, 20
vs. symplectomorphism, 29
zero section, 21
lagrangian subspace, 4, 23
left multiplication, 103
left-invariant, 103
Legendre
condition, 112
transform, 113, 115, 116
Leibniz rule, 51, 52
Lie
algebra, 51, 103
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algebra cohomology, 65
bracket, 50, 51
derivative, 92, 98
group, 102
Lie-Poisson symplectic form, 52, 78
lift
of a diffeomorphism, 17
of a path, 109, 110
of a vector field, 48
linear momentum, 64
Liouville
Arnold-Liouville theorem, 54
torus, 54
locally free action, 105

manifold
riemannian, 110
symplectic, 5
Marsden-Weinstein-Meyer
quotient, 70
theorem, 69, 70
Maupertius
variational principle, 108
McDuff counterexample, 9
mechanical system, 107
mechanics
celestial, 42
classical, 49
metric, 34, 110
Meyer, see Marsden-Weinstein-Meyer
minimizing
action, 109
locally, 109, 112
moment map
definition, 58
equivariance, 60
example, 62, 63
existence, 65
hamiltonian G-space, 60
origin, 47
uniqueness, 67
upgraded hamiltonian function,
58
moment polytope, 61
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momentum, 50, 64, 117

momentum vector, 64

Morse function, 45

Morse theory, 45

Moser
equation, 10
theorem — local version, 11
theorem — version I, 9
theorem — version II, 10
trick, 8-10

motion
constant of motion, 53
equations, 107
integral of motion, 53, 65

neighborhood
convex, 95
e-neighborhood theorem, 95
tubular neighborhood, 26, 94
tubular neighborhood fibration,
96
tubular neighborhood in R™, 94
tubular neighborhood theorem,
95
Weinstein lagrangian neighbor-
hood, 23, 25
Weinstein tubular neighborhood,
26
Newton
second law, 50, 107-109
Noether
principle, 47, 65
theorem, 65
nondegenerate
bilinear map, 3
fixed point, 45

normal
bundle, 94
space, 26, 94

one-parameter group of diffeomorphisms,
101, 102
orbifold
conehead, 79
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dunce cap, 79
examples, 78
reduced space, 78
teardrop, 79
orbit
definition, 105
point-orbit projection, 105
space, 105
topology of the orbit space, 105
unstable, 106

pendulum
simple, 55, 108
spherical, 56
periodic point, 37
phase space, 50, 76, 108
Picard theorem, 92
Poincaré
last geometric theorem, 42
Poincaré-Birkhoff theorem, 31, 42
recurrence theorem, 41
point-orbit projection, 105
Poisson
algebra, 51
bracket, 51, 53
Lie-Poisson symplectic form, 52,
78
structure on g*, 52
polytope
Delzant, 81, 89
example of Delzant polytope, 82
example of non-Delzant polytope,
82
facet, 83
moment, 61
rational, 81
simple, 81
smooth, 82
positive
inner product, 34
potential
energy, 55, 107
gravitational, 108
primitive vector, 83
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principle
Noether, 47, 65
of least action, 107, 109
variational, 108
product group, 77
proper function, 93, 114
pullback, 7

quadratic growth at infinity, 115
quadrature, 57
quotient
Hausdorff, 106
Marsden-Weinstein-Meyer, 70
symplectic, 70
topology, 105

rank, 2
rational polytope, 81
recipe
for symplectomorphisms, 31
recurrence, 41
reduced
hamiltonian, 76
phase space, 76
space, 70, 78
reduction
examples, 70
for product groups, 77
in stages, 77
low-brow proof, 70
other levels, 78
reduced space, 70
symmetry, 76
representation
adjoint, 103, 104
coadjoint, 103, 104
of a Lie group, 102
retraction, 97
riemannian
distance, 35
manifold, 34, 36, 110
metric, 34, 99, 110
right multiplication, 103
right-invariant, 103

INDEX

semisimple, 67
simple pendulum, 55
simple polytope, 81
skew-symmetric bilinear map
nondegenerate, 3
rank, 2
standard form, 1
symplectic, 3
skew-symmetry
definition, 1
forms, 6
standard form for bilinear maps,
1
slice theorem, 73
smooth polytope, 82
space
configuration, 50, 108
normal, 26, 94
phase, 50, 108
spherical pendulum, 56
stability
definition, 114
set, 115
stabilizer, 105
stable
function, 114
point, 56

Sternberg, see Atiyah-Guillemin-Sternberg

Stokes theorem, 7
strictly convex function, 112, 114
strong isotopy, 7, 11
Study, see Fubini-Study
subspace

coisotropic, 4

isotropic, 4

lagrangian, 4, 23

symplectic, 4
symplectic

action, 57

basis, 3

bilinear map, 3

canonical form on a cotangent
bundle, 15
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canonical symplectic form on a
coadjoint orbit, 52, 62, 78

cotangent bundle, 15

deformation equivalence, 8

duality, 3

equivalence, 7

form, 5, 7

Fubini-Study form, 71

isotopy, 8

linear algebra, 4

linear symplectic structure, 3

manifold, 5

orthogonal, 4

properties of linear symplectic struc-
tures, 3

quotient, 70

reduction, see reduction

strong isotopy, 7

subspace, 4

toric manifolds, 79

vector field, 47, 48, 57

vector space, 2, 3

volume, 6, 7

symplectomorphic, 3, 7
symplectomorphism

Arnold conjecture, 42, 44

canonical, 18

cotangent bundle, 19

definition, 7

exactly homotopic to the iden-
tity, 45

fixed point, 42, 44

generating function, 33

group of symplectomorphisms, 18,
42

linear, 3

recipe, 31, 32

vs. lagrangian submanifold, 28,
29

system

conservative, 107
constrained, 109
mechanical, 107
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tautological form on T*X
coordinate definition, 15, 16
intrinsic definition, 16
naturality, 17
property, 17
teardrop orbifold, 79
theorem
Arnold-Liouville, 54
Atiyah-Guillemin-Sternberg, 60
coisotropic embedding, 26
convexity, 60
Darboux, 12, 13
Delzant, 82
e-neighborhood, 95
Euler-Lagrange equations, 117
implicit function, 33
Marsden-Weinstein-Meyer, 69, 70
Moser — local version, 11
Moser — version I, 9
Moser — version II, 10
Noether, 65
Picard, 92
Poincaré recurrence, 41
Poincaré’s last geometric theo-
rem, 42
Poincaré-Birkhoff, 31, 42
slice, 73
standard form for skew-symmetric
bilinear maps, 1
Stokes, 7
symplectomorphism vs. lagrangian
submanifold, 29
tubular neighborhood, 26, 94, 95
tubular neighborhood in R™, 94
Weinstein lagrangian neighbor-
hood, 23, 25
Weinstein tubular neighborhood,
26
Whitehead lemmas, 67
Whitney extension, 25, 98
time-dependent vector field, 91
topology of the orbit space, 105
toric manifold
4-dimensional, 89
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toric manifolds, 79
transitive action, 105
tubular neighborhood
equivariant, 73
fibration, 96
homotopy-invariance, 97
in R™, 94
theorem, 26, 94, 95
Weinstein theorem, 26
twisted product form, 28
twisted projective space, 79

unstable
orbit, 106
point, 56

variational
principle, 108
problem, 107, 117
vector field
complete, 103
gradient, 49
hamiltonian, 47-49
symplectic, 47, 48, 57
vector space
symplectic, 2, 3
volume, 7

weighted projective space, 79
Weinstein
isotropic embedding, 27
lagrangian embedding, 26
lagrangian neighborhood theorem,
23, 25
Marsden-Weinstein-Meyer quotient,
70
Marsden-Weinstein-Meyer theo-
rem, 69, 70
tubular neighborhood theorem,
26
Whitehead lemmas, 67
Whitney extension theorem, 25, 98
Wirtinger inequality, 112, 113
work, 107

Young inequality, 116
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