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Semisimple Lie Groups and Algebras

In this chapter, unless expressly stated otherwise, by Lie algebra we mean a complex
Lie algebra. Since every real Lie algebra can be complexified, most of our results
also have immediate consequences for real Lie algebras.

1 Semisimple Lie Algebras
1.1 51(2,C)

The first and most basic example, which in fact needs to be developed first, is
si(2, C). For this one takes the usual basis

01 00 1 0
e=lo o =) o m=fo O

These elements satisfy the commutation relations
(111) [ev f]=h7 [h’e]zze’ [hv f]=_2f

From the theory developed in Chapter 9, we know that the symmetric powers Sk(V)
of the 2-dimensional vector space V are the list of rational irreducible representations
for SL(V). Hence they are irreducible representations of s/(2, C). To prove that they
are also all the irreducible representations of s/(2, C) we start with

Lemma. Let M be a representation of sl(2,C), v € M a vector such that hv =
kv, k e C.

(i) For all i we have that he'v = (k + 2i)e'v, hf'v = (k — 2i) f'v.
(ii) If furthermore ev = 0, then ef'v = i(k —i 4+ 1) fi~1v.
(iii) Finally ifev = 0, f™v # 0, f™*'v = 0, we have k = m and the elements
fiv,i =0,...,m, are a basis of an irreducible representation of sl(2, C).
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Proof. (1) We have 2ev = (he — eh)v = hev — kev = hev = (k + 2)ev. Hence
ev is an eigenvector for h of weight k + 2. Similarly Afv = (k —2) fv. Then the first
statement follows by induction.

(ii) From [e, f] = h we see thatef'v = (k — 2i +2) f'"'v 4 fefi~'v and thus,
recursively, we check that ef'v = i(k —i + 1) f/~'v.

(iii) If we assume f™*1v = 0 for some minimal m, then by the previous identity
we have 0 = ef™ v = (m + 1)(k — m) f™v. This implies m = k and the vectors

v = ,—1, f v, i=0,...,k, span a submodule N with the explicit action
(1.1.2) hv; = (k —20)v;, fv, =+ Dy, evi =k —i 4+ Dvi_y.
The fact that N is irreducible is clear from these formulas. a

Theorem. The representations S*(V') form the list of irreducible finite-dimensional
representations of s1(2, C).

Proof. Let N be a finite-dimensional irreducible representation. Since 4 has at least
one eigenvector, by the previous lemma, if we choose one vy with maximal eigen-
value, we have evy = 0. Since N is finite dimensional, f™*+!v = 0 for some minimal
m, and we have the module given by formula 1.1.1. Call this representation V. No-
tice that V = V|. We identify V;, with S¥(V) since, if V has basis x, y, the elements

(f)x"_i y' behave as the elements v; under the action of the elements e, f, h. o

Remark. 1t is useful to distinguish among the even and odd representations,®® ac-

cording to the parity of k. In an even representation all weights for / are even, and
there is a unique weight vector for 4 of weight 0. In the odd case, all weights are odd
and there is a unique weight vector of weight 1.

It is natural to call a vector v with ev = 0 a highest weight vector. This idea
carries over to all semisimple Lie algebras with the appropriate modifications (§5).

There is one expository difficulty in the theory. We have proved that rational
representations of SL(2, C) are completely reducible and we have seen that its ir-
reducible representations correspond exactly to the irreducible representations of
s1(2,C). Tt is not clear though why representations of the Lie algebra s/(2, C)
are completely reducible, nor why they correspond to rational representations of
SL(2, C). There are in fact several ways to prove this which then extend to all
semisimple Lie algebras and their corresponding groups.

1. One proves by algebraic means that all finite-dimensional representations of the
Lie algebra si(2, C) are completely reducible.

2. One integrates a finite-dimensional representation of su(2, C) to SU(2, C).
Since SU (2, C) is compact, the representation under the group is completely
reducible.

3. One integrates a finite-dimensional representation of si(2, C) to SL(2, C) and
then proves that it is rational.

83 In physics it is usual to divide the highest weight by 2 and talk of integral or half-integral
spin.
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1.2 Complete Reducibility

Let us discuss the algebraic approach to complete reducibility.® First, we remark
that a representation of a 1-dimensional Lie algebra is just a linear operator. Since
not all linear operators are semisimple it follows that if a Lie algebra L 2 [L, L],
then it has representations which are not completely reducible.

If L = [L, L] we have that a 1-dimensional representation is necessarily trivial,
and we denote it by C.

Theorem 1. For a Lie algebra L = [L, L}, the following properties are equivalent.

(1) Every finite-dimensional representation is completely reducible.

(2) If M is a finite-dimensional representation, N C M a submodule with M/N
1-dimensional, then M = N & C as modules.

(3) If M is a finite-dimensional representation, N C M an irreducible submodule,
with M /N 1-dimensional, then M = N & C as modules.

Proof. Clearly (1) = (2) == (3). Let us show the converse.

(3) = (2) by a simple induction on dim N. Suppose we are in the hypotheses
of (2) assuming (3). If N is irreducible we can just apply (3). Otherwise N contains
a nonzero irreducible submodule P and we have the new setting M’ := M/P, N’ :=
N/P with M'/N’ 1-dimensional. Thus, by induction, there is a complement C to
N’ in M’. Consider the submodule Q of M with Q/P = C. By part (3) P has a
1-dimensional complement in @ and this is also a 1-dimensional complement of N
in M.

(2) = (1) is delicate. We check complete reducibility as in Chapter 6 and show
that, given a module M and a submodule N, N has a complementary submodule P,
e, M=N®P.

Consider the space of linear maps hom(M, N). The formula (/¢)(m) = (¢ (m))
— ¢(Im) makes this space a module under L. It is immediately verified that a linear
map ¢ : M — N is an L homomorphism if and only if L¢ = 0.

Since N is a submodule, the restriction = : hom(M, N) — hom(N, N) is a ho-
momorphism of L-modules. In hom(N, N) we have the trivial 1-dimensional sub-
module C1 formed by the multiples of the identity map. Thus take A := 7! (Cly)
and let B := 7~1(0). Both A, B are L modules and A/B is the trivial module. As-
suming (2) we can thus find an element ¢ € A, ¢ ¢ B with L¢ = 0. In other words,
¢ : M — N is an L-homomorphism, which restricted to N, is a nonzero multiple of
the identity. Its kernel is thus a complement to N which is a submodule. a

The previous theorem gives us a criterion for complete reducibility which can
be used for semisimple algebras once we develop enough of the theory, in particu-
lar after we introduce the Casimir element. Let us use it immediately to prove that
all finite-dimensional representations of the Lie algebra s/(2, C) are completely re-
ducible.

84 We work over the complex numbers just for simplicity.
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Take a finite-dimensionat representation M of s{(2, C) and identify the elements
e, f, h with the operators they induce on M. We claim that the operator C := ef +
h(h —2)/4 = fe + h(h + 2)/4 commutes with e, f, h. For instance,

[C,e] = el f, e] + [h, el(h — 2)/4 + h[h, €] /4
= —eh+e(h—2)/2+he/2=[h,el/2—e=0.

Let us show that s/(2, C) satisfies (3) of the previous theorem. Consider N C
M, M/N = C with N irreducible of highest weight k. On C the operator C acts
as 0 and on N as a scalar by Schur’s lemma. To compute which scalar, we find its
value on the highest weight vector, getting k(k+2)/4. Soif k > 0, we have a nonzero
scalar. On the other hand, on the trivial module, it acts as 0. If dim N > 1, we have
that C has the two eigenvalues k(k 4+ 2)/4 on N and O necessarily on a complement
of N. It remains to understand the case dim N = 1. In this case the matrices that

represent L are a priori 2 x 2 matrices of type 8 g . The commutators of these

matrices are all 0. Since s/(2, C) is spanned by commutators, the representation is
trivial. From Theorem 1 we have proved:

Theorem 2. All finite-dimensional representations of sl(2, C) are completely re-
ducible.

Occasionally one has to deal with infinite-dimensional representations of the fol-
lowing type:

Definition 1. We say that a representation of s/(2, C) is rational if it is a sum of
finite-dimensional representations.

A way to study special infinite-dimensional representations is through the notion:

Definition 2. We say that an operator T : V — V is locally nilpotent if, given any
vector v € V, we have T*v = 0 for some positive k.

Proposition. The following properties are equivalent for a representation M of
512, C):

(1) M integrates to a rational representation of the group SL(2, C).
(2) M is a direct sum of finite-dimensional irreducible representations of sI(2, C).
(3) M has a basis of eigenvectors for h and the operators e, f are locally nilpotent.

Proof. (1) implies (2), since from Chapter 7, §3.2 SL(2, C) is linearly reductive.
(2) implies (1) and (3) from Theorem 2 of 1.2 and the fact, proved in 1.1 that the
finite-dimensional irreducible representations of s/(2, C) integrate to rational repre-
sentations of the group SL(2, C).

Assume (3). Start from a weight vector v for A. Since e is locally nilpotent, we
find some nonzero power k for which w = efv # 0 and ew = 0. Since f is lo-
cally nilpotent, we have again, for some m, that f™w # 0, f™*'w = 0. Apply
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Lemma 1.1 to get that w generates a finite-dimensional irreducible representation of
s1(2, C). Now take the sum P of all the finite-dimensional irreducible representa-
tions of 5/(2, C) contained in M; we claim that P = M. If not, by the same dis-
cussion we can find a finite-dimensional irreducible s!(2, C) module in M/ P. Take
vectors v; € M which, modulo P, verify the equations 1.1.2. Thus the elements
hv; — (k = 2D, fui— (G + Dviyy, ev; — (k — i + 1)v;—; lie in P. Clearly, we
can construct a finite-dimensional subspace V of P stable under s/(2, C) containing
these elements. Therefore, adding to V the vectors v; we have an s/(2, C) submodule
N. Since N is finite dimensional, it is a sum of irreducibles. So N C P, a contra-
diction. [m]

1.3 Semisimple Algebras and Groups

We are now going to take a very long detour into the general theory of semisimple
algebras. In particular we want to explain how one classifies irreducible representa-
tions in terms of certain objects called dominant weights. The theory we are referring
to is part of the theory of representations of complex semisimple Lie algebras and we
shall give a short survey of its main features and illustrate it for classical groups.®®

Semisimple Lie algebras are closely related to linearly reductive algebraic groups
and compact groups. We have already seen in Chapter 7 the definition of a semi-
simple algebraic group as a reductive group with finite center. For compact groups
we have a similar definition.

Definition. A connected compact group is called semisimple if it has a finite center.

Example. U (n, C) is not semisimple. SU (n, C) is semisimple.
Let L be a complex semisimple Lie algebra. In this chapter we shall explain the
following facts:

(a) L is the Lie algebra of a semisimple algebraic group G.

(b) L is the complexification L = K ®g C of a real Lie algebra K with negative
definite Killing form (Chapter 4, §4.4). K is the Lie algebra of a semisimple
compact group, maximal compact in G.

(¢) L is a direct sum of simple Lie algebras. Simple Lie algebras are completely
classified. The key to the classification of Killing—Cartan is the theory of roots
and finite reflection groups.

It is a quite remarkable fact that associated to a continuous group there is a finite
group of Euclidean reflections and that the theory of the continuous group can be
largely analyzed in terms of the combinatorics of these reflections.

85 There are many more general results over fields of characteristic O or just over the real
numbers, but they do not play a specific role in the theory we shall discuss.
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1.4 Casimir Element and Semisimplicity

We want to see that the method used to prove the complete reducibility of si(2, C)
works in general for semisimple Lie algebras.

We first need some simple remarks.

Let L be a simple Lie algebra. Given any nontrivial representation p : L —
gl(M) of L we can construct its trace form, {a, b) := tr(p(a)p(b)). It is then imme-
diate to verify that this form is associative in the sense that ([a, b], ¢) = (a, [b, c]).
It follows that the kernel of this form is an ideal of L. Hence, unless this form is
identically 0, it is nondegenerate.

Remark. The form cannot be identically O from Cartan’s criterion (Chapter 4, §6.4).
Lemma. On a simple Lie algebra a nonzero associative form is unique up to scale.

Proof. We use the bilinear form to establish a linear isomorphism j : L — L*,
through the formula j(a)(b) = (a,b). We have j([x,a])(b) = (Ix,al,b]) =
—(a, [x,b]) = —j(a)([x, b]). Thus j is an isomorphism of L-modules. Since L
is irreducible as an L-module, the claim follows from Schur’s lemma. O

Remark. In particular, the trace form is a multiple of the Killing form.

Let L be a semisimple Lie algebra, and consider dual bases u;, u? for the Killing
form. Since the Killing form identifies L with L*, by general principles the Killing
form can be identified with the symmetric tensor Cy, := Y, u; @ u' = ), u' @ u;.
The associativity property of the form translates into invariance of C;. Cy is killed
by the action of the Lie algebra, i.e.,

(1.4.1) Z([x, Wl Qui+u @[x,u;]) =0, VxelL.

Then by the multiplication map it is best to identify C;, with its image in the envelop-
ing algebra U (L). More concretely:

Theorem 1.

(1) The element C; =), u;u' does not depend on the dual bases chosen.

(2) The element Cy, := Zi u;u' commutes with all of the elements of the Lie algebra
L.

(3) If the Lie algebra L decomposes as a direct sum L = @, L; of simple algebras,
then we have C;, = Y, C,. Each Cr, commutes with L.

(4) If M is an irreducible representation of L each element Cy, acts on M by a
scalar. This scalar is O if and only if L; is in the kernel of the representation.

Proof. (1)Lets; = }_; dju;, si= Y e;.;u’ be another pair of dual bases. We have

(Sz] = (s, Sj) = (Zdh,,’uh, Zeh,juh> = Zdh,ieh,j'
h h

h
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If D is the matrix with entries d; ; and E the one with entries e; ;, we thus have
E’'D = 1, which implies that also ED' = 1. Thus

i i h k h.k

i h

(2) Denote by (a, b) the Killing form. If [c, u;] = }_; aj:4), [c, wl=73y b,
we have

(1.4.2) aj; = (e, u;l, !y = —(ui, [e, u!]) = =b; .
Then [c,Cl= ) [c,ulu’' + Y uilc, ']
= Z Zaj'iujui + Zu; ij,iuj
F i I
= Z Zaj'iuju" + bi,jujui =0.
i

(3) The ideals L; are orthogonal under the Killing form, and the Killing form of
L restricts to the Killing form of L; (Chapter 4, §6.2, Theorem 2). The statement is
clear, since the L; commute with each other.

(4) Since C;, commutes with L and M is irreducible under L, by Schur’s lemma,
C, must act as a scalar. We have to see that it is 0 if and only if L, acts by O.

If L; does not act as 0, the trace form is nondegenerate and is a multiple of
the Killing form by a nonzero scalar A. Then tr(o(C.,)) = Zi tr(o(u;)p(u')) =
> A(ui, u') = Adim L # 0. O

Definition. The element C; € U(L) is called the Casimir element of the semisimple
Lie algebra L.

We can now prove:

Theorem 2. A finite-dimensional representation of a semisimple Lie algebra L is
completely reducible.

Proof. Apply the method of §1.2. Since L = [L, L], the only 1-dimensional repre-
sentations of L are trivial. Let M be a module and N an irreducible submodule with
M /N 1-dimensional, hence trivial. If N is also trivial, the argument given in 1.2 for
s1(2, C) shows that M is trivial. Otherwise, let us compute the value on M of one
of the Casimir elements C; = C,, which acts on N by a nonzero scalar A (by the
previous theorem). On the quotient M /N the element C; acts by 0. Therefore C; on
M has eigenvalue A (with eigenspace N) and 0. There is thus a vector v ¢ N for
which C;v = 0 such that v spans the 1-dimensional eigenspace of the eigenvalue 0.
Since C; commutes with L, the space generated by v is stable under L, and Lv =0
satisfying the conditions of Theorem 1 of 1.2. O
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1.5 Jordan Decomposition

In a Lie algebra L an element x is called semisimple if ad(x) is a semisimple (i.e.,
diagonalizable) operator.

As for algebraic groups we may ask if the semisimple part of the operator ad(x)
is still of the form ad(y) for some y, to be called the semisimple part of x. Not all Lie
algebras have this property, as simple examples show. The ones which do are called
splittable.

We need a simple lemma.

Lemma 1. Let A be any finite-dimensional algebra over C, and D a derivation. Then
the semisimple part D of D is also a derivation.

Proof. One can give a direct computational proof (see [Hul]). Since we have devel-
oped some theory of algebraic groups, let us instead follow this path. The group of
automorphisms of A is an algebraic group, and for these groups we have seen the
Jordan—Chevalley decomposition. Hence, given an automorphism of A, its semisim-
ple part is also an automorphism. D is a derivation if and only if exp(z D) is a one pa-
rameter group of automorphisms (Chapter 3). We can conclude noticing that if D =
D; + D, is the additive Jordan decomposition, then exp(z D) = exp(t D;) exp(t D,) is
the multiplicative decomposition. We deduce that exp(t D) is a one parameter group
of automorphisms. Hence D; is a derivation. O

Lemma 2. Let L be a Lie algebra, and M the Lie algebra of its derivations. The
inner derivations ad(L) are an ideal of M and [ D, ad(a)] = ad(D(a)).

Proof.
[D, ad(a)1(b) = D(ad(a)(b)) — ad(a)(D (b)) = Dla, b] — [a, D(b)]
= [D(a), b] + la, D(b)] — [a, D(b)] = [D(a), b].
Thus ad(L) is an ideal in M. o

Theorem 1. If L is a semisimple Lie algebra and D is a derivation of L, then D is
inner.

Proof. Let M be the Lie algebra of derivations of L. It contains the inner derivations
ad(L) as an ideal. Since L is semisimple we have a direct sum decomposition M =
ad(L) ® P as L modules. Since ad(L) is an ideal, [ P, ad(L)] C ad(L). Since P is an
L module, [P, ad(L)] C P. Hence [P, ad(L)] = 0. From the formula [D, ad(a)] =
ad(D(a)), it follows that if D € P, we have ad(D(a)) = 0. Since the center of L is
0,P =0and M = ad(L). O

Corollary. If L is a semisimple Lie algebra, a € L, there exist unigue elements
as, a, € L such that

(1.5.1) a=a; +a,, [as,a,] =0, ad(a,) = ad(a),, ad(a,) = ad(a),.
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Proof. By Lemma 1, the semisimple and nilpotent parts of ad(a) are derivations. By
the previous theorem they are inner, hence induced by elements a;, a,. Since the map
ad : L — ad(L) is an isomorphism the claim follows. O

Finally we want to see that the Jordan decomposition is preserved under any
representation.

Theorem 2. If p is any linear representation of a semisimple Lie algebraanda € L,
we have p(as) = p(a)s, p(an) = p(a),.

Proof. The simplest example is when we take the Lie algebra sI/(V) acting on V.
In this case we can apply the Lemma of §6.2 of Chapter 4. This lemma shows that
the usual Jordan decomposition @ = a; + a, for a linear operator a € sl/(V)on V
induces, under the map a — ad(a), a Jordan decomposition ad(a) = ad(a;)+ad(a,).

In general it is clear that we can restrict our analysis to simple L, V an irreducible
module and L C End(V). Let M := {x € End(V)|[x, L] C L}. As before M is a
Lie algebra and L an ideal of M. Decomposing M = L @ P with P an L-module,
we must have [L, P] = 0. Since the module is irreducible, by Schur’s lemma we
must have that P reduces to the scalars. Since L = [L, L], the elements of L have
all trace 0, hence L = {u € M | tr(u) = 0}. Take an element x € L and decompose it
in End(V) as x = y; + y, the semisimple and nilpotent part. By the Lemma of §6.2,
Chapter 4 previously recalled, ad(x) = ad(y;) + ad(y,) is the Jordan decomposition
of operators acting on End(V). Since ad(x) preserves L, also ad(y;), ad(y,) preserve
L, hence we must have y;, v, € M. Since tr(y,) = 0 we have y, € L, hence also
ys € L. By the uniqueness of the Jordan decomposition x; = y;, X, = yn. a

There is an immediate connection to algebraic groups.

Theorem 3. If L is a semisimple Lie algebra, its adjoint group is the connected com-
ponent of 1 of its automorphism group. It is an algebraic group with Lie algebra L.

Proof. The automorphism group is clearly algebraic. Its connected component of 1
is generated by the 1-parameter groups exp(sr D) where D is a derivation. Since all
derivations are inner, it follows that its Lie algebra is ad(L). Since L is semisimple,
L = ad(L). ]

1.6 Levi Decomposition

Let us first make a general construction. Given a Lie algebra L, let D(L) be its Lie
algebra of derivations. Given a Lie homomorphism p of a Lie algebra M into D(L),
we can give to M & L a new Lie algebra structure by the formula (check it):

(1.6.1) [(my, @), (m3, b)] := (Imy1, m2), p(m1)(b) — p(m2)(a) + la, b]).

Definition. M @ L with the previous structure is called a semidirect product and
denoted M x L.
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Formula 1.6.1 implies immediately that in M x L we have that M is a subalgebra
and L an ideal. Furthermore, if m € M, a € L we have [m, a] = p(m)(a).

As an example, take F x L with M = F 1-dimensional. A homomorphism of F
into D(L) is given by specifying a derivation D of L corresponding to 1, so we shall
write FD x L to remind us of the action:

Lemma 1. (i) If L is solvable, then FD x L is solvable.

(ii) If N is a nilpotent Lie algebra and D is a derivation of N, then FD X N is
nilpotent if and only if D is nilpotent.

(iii) If L is semisimple, then F x L =L @ F.

Proof. (i) The first part is obvious.

(i) Assume that D" N = 0 and N* = 0. By formula 4.3.1 of Chapter 4 it is
enough to prove that a long enough monomial in elements ad(a;),a; € F x N is 0.
In fact it is enough to show that such an operator is 0 on N since then a 1-step longer
monomial is identically 0. Consider a monomial in the operators D, ad(n;), n; € N.
Assume the monomial is of degree > mi.

Notice that D ad(n;} = ad(D(n;)) + ad(n;) D. We can rewrite the monomial as
a sum of terms ad(D" ny) ad(D"n,) . .. ad(D"n,) D"+ with Z;:l hy+t > mi If
t > i — 1, this is O by the condition N’ = 0. Otherwise, Y ;=) hx > (m — 1)i, and
since ¢ < i at least one of the exponents /; must be bigger than m — 1. So again we
get O from D™ = 0.

Conversely, if D is not nilpotent, then ad(D) = D on N, hence ad(D)" # 0 for
all m, so FD x N is not nilpotent.

(iii) If L is semisimple, D = ad(a) is inner, D — a is central and F X L =
L& F(D -a). o

We need a criterion for identifying semidirect products.®® Given L a Lie algebra
and / a Lie ideal, we have

Lemma 2. If there is a Lie subalgebra A such that as vector spaces L = A® I,
then L = A x I where A acts by derivation on [ as restriction to 1 of the inner
derivations ad(a).

The proof is straightforward.

A trivial example is when L/ is 1-dimensional. Then any choice of an element
ae L, a¢lpresents L = Fa & I as a semidirect product.

In the general case, the existence of such an A can be treated by the cohomolog-
ical method.

Let us define A := L/I, p : L — L/I the projection. We want to find a
homomorphism f : A — L with pf = 1,. If such a homomorphism exists it is
called a splitting. We proceed in two steps. First, choose any linear map f : A — L
with pf = 14. The condition to be a homomorphism is that the two-variable function
¢r(a, b) := f(la, b)) —1[f(a), f(b)], which takes values in I, must be 0. Given such

86 As in group theory
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an f, if it does not satisfy the homomorphism property we can correct it by adding
to it a linear mapping g : A — . Given such a map, the new condition is that

brig(a, b) == f(la. b)) — [ f(a), f(D)] + g(la, b))
—[g(@), fO)] - [f (@), g(0)] — [g(a), g(B)] = 0.

In general this is not so easy to handle, but there is a special important case. When
I is abelian, then [ is naturally an A module. Denoting this module structure by a.i,
one has [ f(a). g(b)] = a.g(b) (independently of f) and the condition becomes: find
a g with

fa,b]) —Lf(@), f(b)] = a.gb) — b.gla) — g(la, b)).

Notice that ¢r(a, b) = —¢¢(b, a). Given a Lie algebra A, a skew-symmetric two-
variable function ¢(a, b) from A A A to an A module M of the form a.g(b) —
b.g(a) — g(la, b]) is called a 2-coboundary.

The method consists in stressing a property which the element

¢r(a, b) == f(la,b]) — [f(@), f(])]
shares with 2-coboundaries, deduced from the Jacobi identity:
Lemma 3.
a.gs(b,c) — b.¢s(a,c) +c.¢s(a, b)
(1.6.2) — ¢7((a. Bl ) + ¢s(la. c]. b) — ps([b. c], @) = 0.
Proof. From the Jacobi identity
a.¢s(b,c) ~ b.¢s(a,c) +c.¢s(a, b)
=L@, f{b, DI - 1f®), fa, DI+ [f (o), f(la, b))
¢7(la, b], c) — ¢¢({la, c}, b) + ¢¢(Ib, ¢, )
= —[fa,bD), f(O1+1fla,cD, fFO] - [f(Ib,cD), fl@)] o

A skew-symmetric two-variable function ¢{a, b) from A /\ A to an A module
M, satisfying 1.6.2 is called a 2-cocycle. Then one has to understand under which
conditions a 2-cocycle is a 2-coboundary.

In general this terminology comes from a cochain complex associated to Lie
algebras. We will not need it but give it for reference. The k-cochains are the maps
C*(A; M) := hom(A\* A, M), the coboundary & : CX(A; M) — C*'(A; M) is
defined by the formula

k
8p(ag, ..., a) =Y (~D'aiplar, ... &, ..., a)
i=0

+ ) (=D"e(ar, gl a0, .. s G @)

i<j
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By convention the O-dimensional cochains are identified with M and §(m)(a) =
a.m.

The complex property means that § o § = 0 as one can check directly. Then a
cocycle is a cochain ¢ with 8¢ = 0, while a coboundary is a cochain ¢. For all k,
the space of k-cocycles modulo the k-coboundaries is an interesting object called k-
cohomology, denoted H*(A; M). This is part of a wide class of cohomology groups,
which appear as measures of obstructions of various possible constructions.

From now on, in this section we assume that the Lie algebras are finite-dimen-
sional over C. In our case we will again use the Casimir element to prove that:

Proposition. For a semisimple Lie algebra L, every 2-cocycle with values in a non-
trivial irreducible module M is a 2-coboundary.

Proof. If C is the Casimir element of L, C acts by some nonzero scalar A on M. We
compute it in a different way using 1.6.2 (with ¢ = u;):

ui.@(a,b) =a.¢u;, by —b.p;,a)+ ¢([u;, al, b)
— ¢([u;, b}, a) + ¢([a, b), u;)) =
u'ui.p(a,b) = [, aldu;, b) +au' .¢u;,b) —[u',bl.o(u;,a) —bu'.¢u;,a)
(1.6.3) +u' (¢ ([ui, al, b) — ¢([u;, bl, @) — P (u;, [a, b])).

Now the identity 1.4.1 implies Y, k([x, u'], u;) + k(u', [x,u;]) = 0,V¥x € L and
any bilinear map k(x, y). Apply it to the bilinear maps k(x, y) := x.¢(y, b), and
x.¢(y, a) getting

Y (la. u')p(u;, b) + ' ([a, uil, b))

= (b, u'1-¢(ui, a) +u' B (b, ui), @) = 0.

Now set A(x) := ), u'.¢(u;, x). Summing all terms of 1.6.3 one has
(1.6.4) rpla, b) = a.h(b) — b.h(a) — h([a, b]).
Dividing by A one has the required coboundary condition. a

Cohomology in general is a deep theory with many different applications. We
mention some as (difficult) exercises:

Exercise (Theorem of Whitehead). Generalize the previous method to show that,
under the hypotheses of the previous proposition we have H'(L; M) for all i > 0.8’

87 For a semisimple Lie algebra the interesting cohomology is the cohomology of the trivial
1-dimensional representation. This can be interpreted topologically as cohomology of the
associated Lie group.
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Exercise. Given a Lie algebra A and a module M for A one defines an extension as
a Lie algebra L with an abelian ideal identified with M such that L/I = A and the
induced action of A on M is the given module action. Define the notion of equiv-
alence of extensions and prove that equivalence classes of extensions are classified
by H%(A; M). In this correspondence, the semidirect product corresponds to the 0
class.

When M = C is the trivial module, cohomology with coefficients in C is nonzero
and has a deep geometric interpretation:

Exercise. Let G be a connected Lie group, with Lie algebra L. In the same way
in which we have constructed the Lie algebra as left invariant vector fields we can
consider also the space Q/(G) of left invariant differential forms of degree i for
each i. Clearly a left invariant form is determined by the value that it takes at 1; thus,
as a vector space Q' (G) = /\'(Tl*(G)) = /\i(L*), the space of i-cochains on L
with values in the trivial representation.

Observe that the usual differential on forms commutes with the left G action so
d maps Q'(G) to Q'*1(G). Prove that we obtain exactly the algebraic cochain com-
plex previously described. Show furthermore that the condition d*> = 0 is another
formulation of the Jacobi identity.

By a theorem of Cartan, when G is compact: the cohomology of this complex
computes exactly the de Rham cohomology of G as a manifold.

We return to our main theme and can now prove the:

Theorem (Levi decomposition). Ler L, A be Lie algebras, A semisimple, and m -
L — A a surjective homomorphism. Then there is a splitting i : A — L with
moi= IA.

Proof. Let K = Ker() be the kernel; we will proceed by induction on its dimen-
sion. If L is semisimple, K is a direct sum of simple algebras and its only ideals are
sums of these simple ideals, so the statement is clear. If L is not semisimple, it has an
abelian ideal / which is necessarily in K since A has no abelian ideals. By induction
L/I — A has a splitting j : A — L/I; therefore there is a subalgebra M > I with
M/I = A, and we are reduced to the case in which K is a minimal abelian ideal.
Since K is abelian, the action of L on K vanishes on K, and K is an A-module.
Since the A-submodules are ideals and K is minimal, it is an irreducible module. We
have two cases: K = C is the trivial module or X is a nontrivial irreducible. In the
first case we have [L, K] = 0, so A acts on L, and K is a submodule. By semisim-
plicity we must have a stable summand L = B @ K. B is then an ideal under L and
isomorphic under projection to A.

Now, the case K nontrivial. In this case the action of A on K induces a nonzero
associative form on A, nondegenerate on the direct sum of the simple components
which are not in the kernel of the representation K, and a corresponding Casimir
element C = ), u'u;. Apply now the cohomological method and construct f :
A — L and the function ¢ (a, b) := [ f(a), f(b)]— f (la, b]). We can apply Lemma
3, so f is a cocycle. Then by the previous proposition it is also a coboundary and
hence we can modify f so that it is a Lie algebra homomorphism, as required. O
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The previous theorem is usually applied to A := L/R where R is the solvable
radical of a Lie algebra L (finite-dimensional over C). In this case a splitting L =
A X R is called a Levi decomposition of L.

Lemma 4. Let L be a finite-dimensional Lie algebra over C, I its solvable radical,
and N the nilpotent radical of I as a Lie algebra.

(i) Then N is also the nilpotent radical of L.
(ii) [1,I] C N.
(iii)Ifa € I, a ¢ N, then ad(a) acts on N by a linear operator with at least one
nonzero eigenvalue.

Proof. (i) By definition the nilpotent radical of the Lie algebra [ is the maximal
nilpotent ideal in /. It is clearly invariant under any automorphism of /. Since we
are in characteristic 0, if D is a derivation, N is also invariant under exp(t D), a 1-
parameter group of automorphisms, hence it is invariant under D. In particular it is
invariant under the restriction to / of any inner derivation ad(a),a € L. Thus N is a
nilpotent ideal in L. Since conversely the nilpotent radical of L is contained in 7, the
claim follows.

(i) From the corollary of Lie’s theorem, [/, I] is a nilpotent ideal.

(iii) If ad(a) acts in a nilpotent way on N, then Ca @ N is nilpotent (Lemma
1, (ii)). From (ii) Ca @ N is an ideal, and from 1) it follows that Ca @ N C N, a
contradiction. O

LemmaS. Let L = A @ I be a Levi decomposition, N C [ the nilpotent radical
of L.

Since A is semisimple and 1, N are ideals, we can decompose I = B ® N where
B is stable under ad(A). Then ad(A) acts trivially on B.

Proof. Assume that the action of ad(A) on B is nontrivial. Then there is a semisimple
element a € A such that ad(a) # 0 on B. Otherwise, by Theorem 2 of 1.5, ad(A) on
B would act by nilpotent elements and so, by Engel’s Theorem, it would be niipotent,
which is absurd since a nonzero quotient of a semisimple algebra is semisimple.
Since ad(a) is also semisimple (Theorem 2 of 1.5 ) we can find a nonzero vector
v € B with ad(a)(v) = Av, A # 0. Consider the solvable Lie algebra P := Ca @ I.
Then v € [P, P] and [P, P] is a nilpotent ideal of P (cf. Chapter 4, Cor. 6.3).
Hence Cv 4+ [1, I] is a nilpotent ideal of /. From Lemma 4 we then have v € N, a
contradiction. |

Theorem 2. Given a Lie algebra L with semisimple part A, we can embed it into a
new Lie algebra L’ with the following properties:

(i) L’ has the same semisimple part A as L.

(ii) The solvable radical of L' is decomposed as B' @& N’, where N' is the nilpotent
radical of L', B’ is an abelian Lie algebra acting by semisimple derivations, and
[A,B]=0.

(iii) A @© B’ is a subalgebraand L' = (A @® B’) x N'.
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Proof. Using the Levi decomposition we can start decomposing L = A x [ where
A is semisimple and [/ is the solvable radical. Let N be the nilpotent radical of /. By
Lemma 4 it is also an ideal of L. By the previous Lemma 5, decompose | = B @ N
with [A, B] = 0. Let m := dim(B). We work by induction and construct a sequence
of Liealgebras L; = A® B, ®N;,i =1,...,m,with Ly = L, L; C L;;; and with
the following properties:

(1) B; @ N, is the solvable radical, N; the nilpotent radical of L;.

(ii) [A, B;] = 0, and B; has a basis ay, ..., a;, bi41, ..., by With g; inducing
commuting semisimple derivations of L;.

(ii1) Finally [@y, B;]=0,Ah=1,...,i.

L’ = L,, thus satisfies the requirements of the theorem.

Given L; as before, we construct L;, as follows. Consider the derivation
ad(b;+1) of L; and denote by a;; its semisimple part, still a derivation. By hy-
pothesis the linear map ad(b;,.;) is O on A. ad(b; ;) preserves the ideals /;, N; and,
since [B;, B;] C N; it maps B; into N;. Therefore the same properties hold for its
semisimple part:

a; 1 preserves I;, N;. a;1(x) = 0,¥x € A. a;1(ap) = 0,h = 1,...,i and
a;11{B;) C N;.

Construct the Lie algebra L; ;1 :=Ca;,y, X Li= A® (Ca;p1 ® ). Let 41 :
Ca;;1 @ I;. Since a; 1| commutes with A, I; 1 is a solvable ideal. Since L;;1/1i11
A, I; 1 is the solvable radical of L; .

The element ad(b;y; — a;+;) acts on N; as the nilpotent part of the deriva-
tion ad(b;41); thus the space Niy, := C(a;1, — b;i+1) ® N; is nilpotent by §1.6,
Lemma 1, (ii).

Since [B;, B;] C N; we have that N;, is an ideal in /;;;. By construction we
still have I;.; = B; @ N;41. If N4 is not the nilpotent radical, we can find a nonzero
element ¢ € B; so that C&@ N, is a nilpotent algebra. By Lemma 1, this means that
¢ induces a nilpotent derivation in N;,;. This is not possible since it would imply
that ¢ also induces a nilpotent derivation in N;, so that C @ N; is a nilpotent algebra
and an ideal in J;, contrary to the inductive assumption that N; is the nilpotent radical
of I, i

The elements a5, h = 1,...,i + 1, induce commuting semisimple derivations
on I; ;1 which also commute with A. Thus, under the algebra R generated by the
operators ad(A), ad(ay), the representation ;,; is completely reducible. Moreover
R acts trivially on I;;1/N;.;. Thus we can find an R-stable complement C;4; to
Nit1 @;;11 Cay, in ;4. By the previous remarks C;,; commutes with the semisim-
pleelements gy, h =1,...,i + 1, and with A. Choosing a basis b; for C;;, which
is (m — i — 1)-dimensional, we complete the inductive step.

(iii) This is just a description, in more structural terms, of the properties of the
algebra L' stated in (ii). By construction B’ is an abelian subalgebra commuting with
A thus A @ B’ is a subalgebra and L' = (A @ B’) x N’. Furthermore, the adjoint
action of A @ B’ on N’ is semisimple. O

The reader should try to understand this construction as follows. First analyze
the question: when is a Lie algebra over C the Lie algebra of an algebraic group?
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By the Jordan—Chevalley decomposition this is related to the problem of when is the
derivation ad(a), inner for a € L. So our construction just does this: it makes L
closed under Jordan decomposition.

Exercise. Prove that the new Lie algebra is the Lie algebra of an algebraic group.

Warning. In order to do this exercise one first needs to understand Ado’s Theorem.

1.7 Ado’s Theorem

Before we state this theorem let us make a general remark:

Lemma. Let L be a Lie algebra and D a derivation. Then D extends to a derivation
of the universal enveloping algebra Uy

Proof® First D induces a derivation on the tensor algebra by setting

D@®m® - ®a =) a®u®  ®D@)Q - ®dn.

i=1

Given an associative algebra R, a derivation D, and an ideal I, D factors to a deriva-
tion of R/1 if and only if D(I) C I and, to check this, it is enough to do it on a set
of generators. In our case:

D([a,b] ~a®b+b®a) =[D(a), bl + [a, D(b)] — D(a) ®b —a ® D(b)
+DB)®a+b® D(a)
= [D(a),b] - D(a) b+ b ® D(a)
+[a, D) —a®D®b)+ D) ®a. O

Ado’s Theorem. A finite-dimensional Lie algebra L can be embedded in matrices.

The main difficulty in this theorem is the fact that L can have a center; otherwise
the adjoint representation of L on L solves the problem (Chapter 4, §4.1.1). Thus
it suffices to find a finite-dimensional module M on which the center Z(L) acts
faithfully, since then M & L is a faithful module. We will construct one on which the
whole nilpotent radical acts faithfully. This is sufficient to solve the problem.

We give the proof in characteristic 0 and for simplicity when the base field is C.%

Proof. We split the analysis into three steps.

(1) L is nilpotent, L' = 0. Let Uy be its universal enveloping algebra. By the
PBW Theorem we have L C U;. Consider U; as an L-module by multiplication on
the left. Let J := Ui be the span of all monomials ay ...ax, kK > i,a, € L,Yh. J
is a two-sided ideal of Uy, and M := U/ U. is clearly finite dimensional. We claim
that M is a faithful L-module. Let d, := dim L%, k =1, ...,i — 1, and fix a basis ¢;

88 In part we follow the proof given by Neretin, cf. [Ne].
89 This restriction can be easily removed.
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for L with the property that for each k < i the ¢;, j < di, are a basis of L*. For an
element e € L we define its weight w(e) as the number /4 such that e € L' — L1
if e # 0 and w(0) := oo. Since [L*, L"] c L¥** we have for any two elements
w(la, b]) > w(a) + w(b). Given any monomial M := ¢;¢;, ...¢; we define its
weight as the sum of the weights of the factors: w(M) := ijl w(e;,).

Now take a monomial and rewrite it as a linear combination of monomials
eil” .. .e;'j . Each time that we have to substitute a product epe;, with ezen + [en, €l
we obtain in the sum a monomial of degree 1 less, but its weight does not decrease.
Thus, when we write an element of J in the PBW basis, we have a linear combina-
tion of elements of weight at least i. Since no monomial of degree 1 can have weight
> i — 1, we are done.

(2) Assume L has nilpotent radical N and it is a semidirect product L =
Rx N, R=L/N.

Then we argue as follows. The algebra R induces an algebra of derivations on
Uy and clearly the span of monomials of degree > k, for each k, is stable under these
derivations.

Un/U ,’V is thus an R-module, using the action by derivations and an N-module
by left multiplication. If n € N and D : N — N is a derivation, D(na) = D(n)a +
nD(a). In other words, if L, is the operator a + na we have [D, L,] = Lp,). Thus
we have that the previously constructed module Uy / U}, is also an R x N module.
Since restricted to N this module is faithful, by the initial remark we have solved the
problem.

(3) We want to reduce the general case to the previous case. For this it is enough
to apply the last theorem of the previous section, embedding L = A x [ into some
(A® B)x N'. O

1.8 Toral Subalgebras

The strategy to unravel the structure of semisimple algebras is similar to the strategy
followed by Frobenius to understand characters of groups. In each case one tries to
understand how the characteristic polynomial of a generic element (in one case of
the Lie algebra, in the other of the group algebra) decomposes into factors. In other
words, once we have that a generic element is semisimple, we study its eigenvalues.

Definition. A toral subalgebra t of L is a subalgebra made only of semisimple ele-
ments.

Lemma. A toral subalgebra t is abelian.

Proof. If not, there is an element x € t with a nonzero eigenvalue for an eigenvector
y € t,or [x,y] = ay, a # 0. On the space spanned by x, y the element y acts
as [y, x] = —ay, [y, y] = 0. On this space the action of y is given by a nonzero
nilpotent matrix. Therefore y is not semisimple as assumed. m

It follows from the lemma that the semisimple operators ad(x), x € t are simulta-
neously diagonalizable. When we speak of an eigenvector v for t we mean a nonzero
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vector v € L such that [h, v] = a(h)v,Vh € t. @ : t > C is then a linear form,
called the eigenvalue.

In a semisimple Lie algebra L a maximal toral subalgebra t is called a Cartan
subalgebra ™

We decompose L into the eigenspaces, or weight spaces, relative to t. The
nonzero eigenvalues define a set ® C t* — {0} of nonzero linear forms on t called
roots. f @« € ®, L, := {x € L|[h, x] = a(h)x, Vh € t} is the corresponding root
space. The nonzero elements of L, are called root vectors relative to a. L, is also
called a weight space.

We need a simple remark that we will use in the next proposition.

Consider the following 3-dimensional Lie algebra M with basis a, b, ¢ and mul-
tiplication:

[a,b] =c, [c,a]l =]c,b] =0.

The element c is in the center of this Lie algebra which is nilpotent: [M, [M, M]]
= 0. In any finite-dimensional representation of this Lie algebra, by Lie’s theorem, ¢
acts as a nilpotent element.

Proposition. (1) A Cartan subalgebra t of a semisimple Lie algebra L is nonzero.

(2) The Killing form (a, b), restricted to t, is nondegenerate. L, Lg are orthog-
onal unlessa + B = 0. [Ly, Lg] C Lyyp.

(3) tequals its O weight space. t = Ly := {x € L|[h,x] =0, Vh € t}.

(4) We have L =t @, .4 L.

From (2) there is a unique element ¢, € t with (h, t,) = a(h), Vh € t. Then,

(5) Foreacha € ®,a € Ly, b € L_,, we have [a, b] = (a, b)t,. The subspace
[Ly, L_y] = Ct, is 1-dimensional.

(6) (ta, ta) = a(ty) # 0.

(7) There exist elements e, € Ly, fo € L, hy € t which satisfy the standard
commutation relations of sl (2, C).

Proof. (1) Every element has a Jordan decomposition. If all elements were ad nilpo-
tent, L would be nilpotent by Engel’s theorem. Hence there are nontrivial semisimple
elements.

(2) First let us decompose L into weight spaces for t, L = Lo ® P, La-

Ifa € Ly,b € Lg,t € t we have a(r)(a,b) = ([t,al,b) = —(a,[t,b]) =
—B(t){a, b). If « + B # 0, this implies that (a, b) = 0. Since the Kiiling form is
nondegenerate we deduce that the Killing form restricted to Lg is nondegenerate,
and the space L, is orthogonal to all Ls for 8 # —a while L, and L_, are in
perfect duality under the Killing form. This will prove (2) once we show that Ly = £.
[Le, Lg] C Loyp is a simple property of derivations. If a € Ly, b € Lg,t € t, we
have [z, [a, b]] = [It, a], b] + [a, [z, b]] = a(t)]a, b] + B(t)]a, b].

(3) This requires a more careful proof.

90 There is a general notion of Cartan subalgebra for any Lie algebra which we will not use,
cf. [J1].



1 Semisimple Lie Algebras 311

Ly is a Lie subalgebra (from 2). Let a € L( and decompose a = a; + a,. Since
ad(a) is O on t, we must have that also a;, a, € Lg since they commute with t. t+Ca;
is still toral and by maximality a; € t, so t contains all the semisimple parts of the
elements of L.

Next let us prove that the Killing form restricted to t is nondegenerate.

Assume that a € t is in the kernel of the Killing form restricted to t. Take
¢ = ¢; + ¢, € Ly. The element ad(a) ad(c,) is nilpotent (since the two elements
commute), so it has trace 0. The value (a, ¢;) = tr(ad(a) ad(c,)) = 0 since ¢; € &,
and by assumption a € t is in the kernel of the Killing form restricted to t. It follows
that a is also in the kernel of the Killing form restricted to L. This restriction is
nondegenerate, so a = 0.

Now decompose Ly = t @ t*, where t* is the orthogonal complement to t with
respect to the Killing form. From the same discussion it follows that t+ is made
of ad nilpotent elements. ¢+ is a Lie ideal of L, sincea € t,c € t*,h € Ly =
(a,[b, c]) = ([a, b], ¢) = 0. Now we claim that t* is in the kernel of the Killing form
restricted to Lg. In fact since ad(t1) is a Lie algebra made of nilpotent elements, it
follows by Engel’s theorem that the Killing form on t* is 0. Since the Killing form
on L is nondegenerate, this implies that tt =0andsot= L.

(4) follows from (2), (3) and the definitions.

Since the Killing form on t is nondegenerate, we can use it to identify t with
its dual t*. In particular, for each root @ we have an element 7, € t with (h,1,) =
alh), h € t.

(5) By (2) [Ly, L_o] is contained in t and, if h € {,a € L,,b € L_, we have
(h,[a,b]) = ([h,al,b) = a(h)(a,b) = (h, (a, b)ty). This means that [a, b] =
(a, b)t, lies in the 1-dimensional space generated by ¢,.

(6) Since L, L_, are paired by the Killing form, we can finda € Ly, b € L_,
with (a, b) = 1, and hence [a, b] = t,. We have [t,, a] = a(ty)a, [t,, b] = —a(t,)b.
If a(ty) = 0 we are in the setting of the remark preceding the proposition: a, b, &,
span a solvable Lie algebra, and in any representation t, is nilpotent. Since ¢, € t, it
is semisimple in every representation, in particular in the adjoint representation. We
deduce that ad(z,) = 0, which is a contradiction.

(7) We are claiming that one can choose nonzero elements e, € Ly, fy € L_4

such that, setting A, := [eq, fo], We have the canonical commutation relations of
si(2,C):

he = leq, fol, Tha, ea] = 264, (Mo, fol = =2 f4.

In fact let e, € Ly, fu € L_o With (€4, fo) = 2/(t4, t,) and let by = ley, ful =
2/(ty, ta)ty. We have [hy, 4] = a(2/(ty, t.)1x)e, = 2e,. The computation for f, is
similar. =

One usually identifies t with its dual t* using the Killing form. In this identifica-
tion #, corresponds to . One can transport the Killing form to t*. In particular we
have for two roots «, 8 that

(a,a)
2

(1.8.1) (@, B) = (ta, 1p) = atp) = B(ta) = P(he).
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1.9 Root Spaces

At this point we can make use of the powerful results we have about the representa-
tion theory of s/(2, C).

Lemma 1. Given a root « and the algebra sl, (2, C) spanned by ey, fy, hy, we can
decompose L as a direct sum of irreducible representations of sl,(2, C) in which the
highest weight vectors are weight vectors also for t.

Proof. The space of highest weight vectors is U 1= {a € L|[ey,a] =0}. Ifh e t
and [ey, a] = 0, we have [e,, [k, al]l = [[en, 1], a] = —a(h)[ey,a]l = 0,s0 U is
stable under t. Since t is diagonalizable we have a basis of weight vectors. O

We have two possible types of highest weight vectors, either root vectors, or
elements & € t with a(h) = 0. The latter are the trivial representations of sl,(2, C).
For the others, if eg is a highest weight vector and a root vector relative to the root g,
we have that it generates under s/, (2, C) an irreducible representation of dimension
k + 1 where k is the weight of ez under A, i.e., B(hy). The elements ad(fa)i(e,_«;),
i =0,...,k, are all nonzero root vectors of weights 8 —i«. These roots by definition
form an «-string.

One of these irreducible representations is the Lie algebra s/, (2, C) itself.

‘We can next use the fact that all these representations are also representations of
the group SL(2, C). In particular, let us see how the element s, = ‘_01 (1) acts.
If h € tis in the kernel of «, we have seen that 4 is killed by s/,(2, C) and so it
is fixed by SL, (2, C). Instead s,(h,) = —h,. We thus see that s, induces on t the
orthogonal reflection relative to the root hyperplane H, := {x € t|a(x) = 0}.

Lemma 2. The group SL,(2, C) acts by automorphisms of the Lie algebra. Given
two roots o, B we have that s,(8) = 8 — %(x is a root, Z(Ef;)) is an integer, and
Sa(Lp) = Ls,(p)-

Proof. Since s5l,(2,C) acts by derivations, its exponentials, which generate
SLy(2,C), act by automorphisms. If @ € Lg, h € t, we have [k, s,(a)] =
[s;'(h),al = B(s;'(h))a = s5,(B)(h)a. The roots come in « strings B — i with
B(hy) a positive integer. We have 2(8 — ia, a)/(a, @) = 2(8, @) /(a, ) — 2i =
2B(t)/(a, @) — 2i = B(hy) — 2i. o

Propeosition. (1) For every root a we have dim L, = 1.
(2) If a € © we have ca € ® ifand only if c = £1.
(3)Ifa, B, + B are roots, [Ly, Lg] = Losp.

Proof. We want to take advantage of the fact that in each irreducible representation
of sl,(2, C) there is a unique weight vector (up to scalars) of weight either 0 or 1
(Remark 1.1).

Let us first take the sum

My =t+ @ﬂe(b. B=ca Lﬁ
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of all the irreducible representations in which the weights are multiples of . We
claim that this sum coincides with t + si,(2, C). In M, the 0 weights for h, are also
0 weights for ¢ by definition. By (3) of Proposition 1.8 the zero weight space of t
is t. Hence in M, there are no other even representations apart from t + sl, (2, C).
This already implies that dim L, = 1 and that no even multiple of a root is a root. If
there were a weight vector of weight 1 for A, this would correspond to the weight
«/2 on t. This is not a root; otherwise, we contradict the previous statement since
a = 2(at/2) is a root. This proves finally that M, = t + si,(2, C) which implies (1)
and (2).

For (3), given a root B let us consider all possible roots of type § + i« with i
any integer. The sum P; of the corresponding root spaces is again a representation of
sly (2, C). The weight under A, of a root vector in Lgy, is B(hy) + 2i. Since these
numbers are all distinct and all of the same parity, from the structure of representa-
tions of s/, (2, C), we have that Py is irreducible. In an irreducible representation if
u is a weight vector for s, of weight A and A + « is a weight, we have that e,u is a
nonzero weight vector of weight A +«. This proves that if o 4 8 is aroot, [e,, Lg] =
La+ﬂ. 0O
2(B.2)
(a,a)
symbol. It is called a Cartan integer and denoted by (8 |«) := %% Formula 1.8.1
becomes

The integer

appears over and over in the theory; it deserves a name and a

2.8
(@, @)

Warning. The symbol (8 | «) is linear in 8 but not in «.

(1.9.1) Blhy) =

(Ble).

The next fact is that:

Theorem. (1) The rational subspace V :=_, o Qa is such that t* =V ®q C.
(2) For the Killing form (h, k), h, k € t, we have

(1.9.2) (h,k) = r@d(h) ad(k)) = Y _a(Wetk) =2 Y alh)a(k).

acd aedt

(3) The dual of the Killing form, restricted to V, is rational and positive definite.

Proof. (1) We have already seen that the numbers 2(8, «)/(«, ) are integers. First,
we have that the roots « span t*; otherwise there would be a nonzero element 2 € t
in the centerof L. Leta;, i = 1, ..., n, be a basis of t* extracted from the roots. If «
is any other root, write o = ), g;¢;. It is enough to show that the coefficients a; are
rationals so that the «; are a Q-basis for V. In order to compute the coefficients g;
we may take the scalar products and get (a, a;) = Y, a;(;, ;). We can then solve
this using Cramer’s rule. To see that the solution is rational we can multiply it by
2/(w;j, ;) and rewrite the system with integer coefficients (| o) = Y, a; (o | o)),

(2) If h, k are in the Cartan subalgebra, the linear operators ad(#), ad(k) commute
and are diagonal with simultaneous eigenvalues «(h), a(k), a € ®. Therefore the
formula follows.
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(3) For aroot B apply 1.9.2 to 15 and get
BB =2 (@B

acdt

This implies 2/(B, B) = Y ycq+ (@ | B)? € N. From 1.8.1 and the fact that (8 |c)
is an integer, it follows that B(t,) is rational. Thus, if 4 is in the rational space W
spanned by the #,, the numbers «(k) are rational, so on this space the Killing form is
rational and positive definite.

By duality W is identified with V since ¢, corresponds to c. O

Remark. As we will see, in all of the important formulas the Killing form appears
only through the Cartan integers which are invariant under changes of scale.

The way in which @ sits in the Euclidean space Vg := V ®¢ R can be axiom-
atized giving rise to the abstract notion of root system. This is the topic of the next
section.

One has to understand that the root system is independent of the chosen toral
subalgebra. One basic theorem states that all Cartan subalgebras are conjugate under
the group of inner automorphisms. Thus the dimension of each of them is a well-
defined number called the rank of L. The root systems are also isomorphic (see §2.8).

2 Root Systems

2.1 Axioms for Root Systems

Root systems can be viewed in several ways. In our setting they give an axiomatized
approach to the properties of the roots of a semisimple Lie algebras, but one can also
think more geometrically of their connection to reflection groups.

In a Euclidean space E the reflection with respect to a hyperplane H is the or-
thogonal transformation which fixes H and sends each vector v, orthogonal to H, to
—v. It is explicitly computed by the formula (cf. Chapter 5, §3.9):

2(x, v)
(v, v)

Lemma. If X is an orthogonal transformation and v a vector,

2.1.1) ryix > x — v.

(2.1.2) Xr, X' =ryq.

A finite reflection group is a finite subgroup of the orthogonal group of E, gen-
erated by reflections.”! Among finite reflection groups a special role is played by
crystallographic groups, the groups that preserve some lattice of integral points.

Roots are a way to construct the most important crystallographic groups, the Weyl
groups.

%' There are of course many other reflection groups, infinite and defined on non-Euclidean
spaces, which produce rather interesting geometry but play no role in this book.
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Definition 1. Given a Euclidean space E (with positive scalar product (u, v)) and a
finite set ¢ of nonzero vectors in E, we say that & is a reduced root system if:

(1) the elements of ® span E;
(2) Yo € @, c € R, we have ca € @ if and only if ¢ = %1,
(3) the numbers

2.

(@)= BB

are integers (called Cartan integers);

(4) For every « € @ consider the reflectionr, : x — x — %a. Then r, (®) = &.

The dimension of E is also called the rank of the root system.

The theory developed in the previous section implies that the roots ¢ € t* arising
from a semisimple Lie algebra form a root system in the real space which they span,
considered as a Euclidean space under the restriction of the dual of the Killing form.

Axiom (4) implies that the subgroup generated by the orthogonal reflections r,
is a finite group (identified with the group of permutations that it induces on ®).
This group is usually denoted by W and called the Weyl group. 1t is a basic group of
symmetries similar to the symmetric group with its canonical permutation represen-
tation.

When the root system arises from a Lie algebra, it is in fact possible to describe
W also in terms of the associated algebraic or compact group as Nr/T where Nt is
the normalizer of the associated maximal torus (cf. 6.7 and 7.3).

Definition 2. A root system & is called reducible if we can divide it as & = &1 U @2,
into mutually orthogonal subsets; otherwise, it is irreducible.

An isomorphism between two root systems ®;, ®; is a 1-1 correspondence be-
tween the two sets of roots which preserves the Cartan integers.

Exercise. It can be easily verified that any isomorphism between two irreducible
root systems is induced by the composition of an isometry of the ambient Euclidean
spaces and a homothety (i.e., a multiplication by a nonzero scalar).

First examples In Euclidean space R" the standard basis is denoted by {e1, ..., e,}.

Type A, The root system is in the subspace E of R"*! where the sum of the co-
ordinates is O and the roots are the vectors ¢; — e;, i % j. The Weyl group is the
symmetric group S,1, which permutes the basis elements. Notice that the Weyl
group permutes transitively the roots. The roots are the integral vectors of V with
Euclidean norm 2.

Type B, Euclidean space R”, roots:

(2.1.3) te;, e —ej, ei+e, —e—e, i #j<n
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The Weyl group is the semidirect product S,, x Z/(2)" of the symmetric group S,
which permutes the coordinates, with the sign group 7Z./(2)" := (1, £1, ..., 1),
which changes the signs of the coordinates.

Notice that in this case we have two types of roots, with Euclidean norm 2 or 1.
The Weyl group has two orbits and permutes transitively the two types of roots.

Type C, Euclidean space R”, roots:
2.1.4) e, —¢ej, e +e, —e—e, i #j, Fe,i=1,...,n

The Weyl group is the same as for B,. Again we have two types of roots, with Eu-

clidean norm 2 or 4, and the Weyl group permutes transitively the two types of roots.

From the previous analysis it is in fact clear that there is a duality between roots

of type ZB,, and of type C,,, obtained formally by passing from roots e to coroots,
V. (4

e .=Ere).

Type D, Euclidean space R", roots:
2.1.5) ei—ej, e +e, —e—e, il #j<n

The Weyl group is a semidirect product S, x S. S, is the symmetric group permut-
ing the coordinates. S is the subgroup (of index 2), of the sign group Z/(2)" =
(£1, £1, ..., £1) which changes the signs of the coordinates, formed by only even
number of sign changes.®?

The Weyl group permutes transitively the roots which all have Euclidean norm 2.

Exercise. Verify the previous statements.

2.2 Regular Vectors

When dealing with root systems one should think geometrically. The hyperplanes
H, = {v € E | (v, @) = 0} orthogonal to the roots are the reflection hyperplanes for
the reflections s, called root hyperplanes.

Definition 1. The complement of the union of the root hyperplanes H, is called the
set of regular vectors, denoted E™E. 1t consists of several open connected compo-
nents called Weyl chambers.

Examples. In type A, the regular vectors are the ones with distinct coordinates x; #
x;j. For B,, C, we have the further conditions x; # +x;,x; # 0, while for D, we
have only the condition x; # %x;.

It is convenient to fix one chamber once and for all and call it the fundamental
chamber C. In the examples we can choose:

%2 Contrary to type B,, not all sign changes of the coordinates are possible.
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Ay Ci={(x1, X2, s Xnp1) [ X1 > X200 > Xngps in =0},
B, C,: C:={(x1,x2,....x) 1 x1 > x2... > x, > 0},
D, : C:={(x1,x2,...,x)1%x1 > x2...> Xpn, Xp—1 +xp > 0}.

For every regular vector v we can decompose ® into two parts
& 1= {a € P|(v,a) > 0}, D, := {@ € D|(v, @) <O}

Weyl chambers are clearly convex cones.”® Clearly this decomposition depends only
on the chamber in which v lies. When we have chosen a fundamental chamber we
drop the symbol v and write simply &+, &,

From the definition of regular vector it follows that = = —®*, & = dTUD ™.
One calls ®*, & the positive and negative roots.

Notation We write « > 0, @ < 0, to mean that « is a positive, resp. a negative root.
To understand root systems one should first of all understand the 2-dimensional
case.
From axiom (3) and the Schwarz inequality one has

4(a, B)?
221 =
22.1) (e B){Bla) Y

where 0 is the angle between the two roots. In 2.2.1 the equality is possible if and
only if the two roots are proportional or « = +8 by axiom 2. It follows that the only

possible convex angles between two roots are 0, 7 /6, n/4, x/3, n/2, 2n /3, 3w /4,
Sm/6,m.

= 4008(9)2 < 4,

Exercise. At this point the reader should be able to prove, by simple arguments of
Euclidean geometry, that the only possibilities are those shown in the illustration on
p. 318, of which one is reducible.

From the picture, it follows that:

Lemma. If two roots a, B form an obtuse angle, i.e., (a, ) < 0, thena + Bisa
root.
If two roots «, B form an acute angle, i.e., (¢, B) > 0, then o — B is a root.

The theory of roots is built on the two notions of decomposable and simple roots:

Definition 2. We say that aroot a € &7 is decomposableifa« = B +y, B,y € ®t.
An indecomposable positive root is also called a simple root.

We denote by A the set of simple roots in ®*. The basic construction is given by
the following:

93 A cone is a set S of Euclidean space with the property that if x € S and r > 0 is a positive
real number, then rx € S.
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Theorem. (i) Every element of &% is a linear combination of elements of A, with
nonnegative integer coefficients.

(ii) Ifa, B € A we have (o, B) < 0.

(iii) The set A of indecomposable roots in ®7 is a basis of E. A = {ay, .. ., &}
is called the set, or basis, of simple roots (associated to dt).

Proof. (i) We order the positive roots so that if (v, ) > (v, 8) we have ¢ > 8.
Since (v, B + ) = (v, B) + (v, ) is a sum of two positive numbers, by induction
every positive root is a linear combination of elements of A with nonnegative integer
coefficients.

(ii) If ¢, B € A, we must show that y := « — B is not a root, hence (o, ) <0
(by the previous lemma). Suppose by contradiction that y is a positive root; then
a = y + B is decomposable, contrary to the definition. If y is negative we argue in
a similar way, reversing the role of the two roots.

(iil)) Since @ spans E by assumption, it remains only to see that the elements of
A are linearly independent. Suppose not. Then, up to reordering, we have a relation

S a = Y itis1 b with the a;, b; > 0. We deduce that

m

k k k
0< (Zaia,-, Za[(x,') = (Zaiai, Z bjOlj) = Zaibj(ai’ (Xj) <0,
i=1 i=1 i=1 iJ

j=k+1

which implies Zle aio; = 0. Now 0 = (v, Zle a;a;) = Zf‘:l a; (v, «;). Since
all the (v, ;) > O, this finally implies all ¢; = 0, for all i. In a similar way all
bj =0. O

Now assume we are given a root system & of rank n. Choose a set of positive
roots ®* and the associated simple roots A.
The corresponding fundamental chamber is



2 Root Systems 319

C={x€eE|{x,a)>0, Vo, € A}.

In fact we could reverse the procedure, i.e., we could define a basis A as a subset
of the roots with the property that each root is written in a unique way as a linear
combination of elements of A with the coefficients either all nonnegative or all non-
positive integers.

Exercise. It is easy to realize that bases and chambers are in 1-1 correspondence.
Notice that the root hyperplanes H,, intersect the closure of C in a domain con-
taining the open (in H,,) set U; := {x € Hy, | (x, ;) > 0, Vj #i}.

The hyperplanes H,, are called the walls of the chamber. We write H; instead
of H,,.

2.3 Reduced Expressions

We set s; = s,, and call it a simple reflection.
Lemma. s; permutes the positive roots T — {a;}.

Proof. Leta € ®7, sothat 5;(a) = « — (o]o;)a;. Leta = Zj nja; with n; positive
coefficients. Passing to s;(«), only the coefficient of ¢; is modified. Hence if o €
&+ — {a;}, then s; (), as a linear combination of the «;, has at least one positive
coefficient. A root can have only positive or only negative coefficients, so s; () is
positive. a

Consider an element w € W, written as a product w = s;,5;, ... s;, of simple
reflections.

Definition. We say that s;;s;, ...s;, is a reduced expression of w, if w cannot be
written as a product of less than k simple reflections. In this case we write k = £(w)
and say that w has length .

Remark. Assume that s;s;, .. .s;, is a reduced expression for w.

(1) s;5i,_, ...s; is areduced expression for w L.

(2) Forany 1 <a <b <k, s;,s;,, ...s; is also a reduced expression.

Proposition 1 (Exchange property). For a; € A, suppose that s; s, ... s, (a;) is a
negative root; then for some h < k we have

(231) Si Sy o S Si = 85 Siy - S Sipa Sipgg -0 Sige

Proof. Consider the sequence of roots By = $;,8i,, 8., ---Si (@) = i, {Br+1).
Since B; is negative and B+, = «; is positive, there is a maximum # so that B4,
is positive and B, is negative. By the previous lemma it must be f,41 = «;, and, by
2.1.2,
- -1
Sty = i1 Sines - - Sig8i (Sipy Sines -+ - Siy) or
SinSipg1Sineg + o+ Six = Sig1Sings + o SiSis

which is equivalent to 2.3.1. O
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Notice that the expression on the left-hand side of 2.3.1 is a product of k + 1
reflections, so it is not reduced, since the one on the right-hand side consists of k — 1
reflections.

Corollary. Ifs; s, ...s; is a reduced expression, then s; s, . . . 5; (¢ti,) < 0.

Proof. s;si,...si(0t,) = —$i,8i, . .. 8i,_, (&, ). Since s;,54, - . . 5;, is reduced, the pre-
vious proposition implies that s; s, ... s, , (0,) > 0. O

Proposition 2. If w = s;;s;, ... s;, is a reduced expression, then k is the number of
positive roots a such that w(a) < 0.

The set of positive roots sent into negative roots by w = s;,8;, . . . 5, is the set of
elements By :==si, ...s;,,,(a;,), h=1,... k

Proof. Since s;, ...s;,,, s, is reduced, the previous proposition implies that 8 is
positive. Since s;,5;, . . . ;, is reduced, w(By) = 51,5, - . . 5i, (@;,) < 0. Conversely, if
i, 84, - - - 8, (B) < 0, arguing as in the previous proposition, for some /# we must have
SinstSings - - .Sik(,B) =, ie., ﬂ = ﬂh- 0

Exercise. Let w = s5;,8;,...58;,, Ay := {f € ®T|w(f) < 0}).If, B € A, and
a+ Bisaroot, thena + B € A,. In the ordered list of the elements §;, o 4+ 8 always
occurs in-between « and B. This is called a convex ordering.

Conversely, any convex ordering of A,, is obtained from a reduced expression of
w. This is a possible combinatorial device to compute the reduced expressions of an
element w.

Aset L C @t isclosedifa, B € L and o + B is aroot implies & + 8 € L. Prove
that L = A, for some w if and only if L, ®* — L are closed.

Hint: Find a simple root « € L. Next consider s, (L — {«}).

Remark. A permutation o sends a positive root o; — ; to a negative root if and only
if 0(i) > o(j). We thus say that in the pair i < j, the permutation has an inversion.
Thus, the length of a permutation counts the number of inversions. We say instead
that o has a descentin i if 0 (i) > o (i + 1). Descents clearly correspond to simple
roots in A,.%*

One of our goals is to prove that W is generated by the simple reflections s;. Let
us temporarily define W’ to be the subgroup of W generated by the s;. We first prove
some basic statements for W’ and only afterwards we prove that W = W'

Lemma. (1) W’ acts in a transitive way on the chambers.
(2) W’ acts in a transitive way on the bases of simple roots.
(3)If ¢ € ® is a root, there is an element w € W’ with w(a) € A.

%4 There is an extensive literature on counting functions on permutations. In the literature of
combinatorics these functions are usually referred to as statistics.
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Proof. Since bases and chambers are in 1-1 correspondence, (1) and (2) are equi-
valent.

(1) Let v € C be in the fundamental chamber and x a regular vector in some
chamber C’. Take, in the W’ orbit of x, a vector y = wx with the scalar product
(y, v) as big as possible (so the angle between y, v is as small as possible). We claim
that y € C, this proves that w(C’) = C as required.

If y ¢ C, for some i we have (y,q;) < 0. This gives a contradiction, since
(v, siw) = (v, y = 2(y, o) / (@i, @) = (v, y) — 2(y, @)/ (o, 0} (v, ;) > (v, y).

(3) Take a root «. In the root hyperplane H, choose a relatively regular vector u,
i.e., a vector u with the property that (u, ) = 0, (u,8) # 0, VB € &, B # *a.
Next take a regular vector y € E with (e, y) > 0. If € > 0 is sufficiently small, since
the regular vectors are an open cone, u + €y is regular. (8, u) + €(8, y) can be made
as close to (B, u) as we wish. At this point we see that « is a positive root for the
regular vector u + €y and, provided we take ¢ sufficiently small, the scalar product
(o, u + €y) is strictly less than the scalar product of u + €y with any other positive
root. This implies readily that « is indecomposable and thus a simple root for the
basis A’ determined by the vector u + €y. Since we have already proved that W’ acts
transitively on bases we can find w € W’ with w(A’) = A, hence w(x) € A. O

The next theorem collects most of the basic geometry:

Theorem. (1) The group W is generated by the simple reflections s;.

(2) W acts in a simply transitive way on the chambers.

(3) W acts in a simply transitive way on the bases of simple roots.

(4) Every vector in E is in the W -orbit of a unique vector in the closure C of the
fundamental chamber.

(5) The stabilizer of a vector x in C is generated by the simple reflections s; with
respect to the walls which contain x.

Proof. (1) We have to prove that W = W', Since W is generated by the reflections s,
for the roots «, it is sufficient to see that s, € W' for every root «. From the previous
lemma, there is a w € W’ and a simple root ¢; with ¢ = w(«;). From 2.1.2 we have
Sse=wswleW —= W=Ww.

(2), (3) Suppose now that an element w fixes the fundamental chamber C and its
associated basis. Write w = s;,5;, ... 5;, as a reduced expression. If w # 1, we have
k > 1 and w(a;) < 0 by the previous corollary, a contradiction. So the action is
simply transitive.

(4), (5) Since every vector is in the closure of some chamber, from (2) it follows
that every vector in Euclidean space is in the orbit of a vector in C.We prove (4), (5)
at the same time. Take x,y € C and w € W with wx = y. We want to show that
x = y and w is a product of the simple reflections s; with respect to the walls H;
containing x. Write w as a reduced product s;,s;, . . . 5;, and work by induction on k.
If k > 0, by the previous propositions w™! maps some simple root &; to a negative
root, hence 0 < (y, ;) = (wx, o) = (x, w™'e;) < 0 implies that x, wx are in the
wall H;. By the exchange property 2.3.1, £(ws;) < £(w) and x = s;x,y = ws;Xx.
We can now apply induction since ws; has shorter length.

We deduce that x = y and w is generated by the given reflections. a
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Remark. If C is the fundamental chamber, then also —C is a chamber with corre-
sponding basis —A. We thus have a unique element wy € W with the property that
wo(®T) = &~

wy is the longest element of W, its length is N = |®™|, the number of positive
roots.

Let us choose a reduced expression wg = 8;,8i, - . - Siy -

Proposition. We obtain the list of positive roots in the form
23.2) Br =5y .8, (o), h=1,...,N.
Proof. Apply Proposition 2 of §2.3 to wy. O

Example. In S, the longest element is the permutation reversing the order wo(i) :=
n+1—1.

The previous theorem implies that every element w € W has a reduced expres-
sion as a product of simple reflections, hence a length I(w).

Exercise. Given w € W and a simple reflection s;, prove that [(ws;) = [(w) £ L.
Moreover [(ws;) = I(w) + 1 if and only if w(e;) > O.

Given any vector v € E, its stabilizer in W is generated by the reflections s, for
the roots o which satisfy a(v) = 0.

2.4 Weights

First, let us discuss the coroots ®¥ where e¥ := (—Z%
Proposition 1. (1) @V is a root system in E having the same regular vectors as .
(2) If A is a basis of simple roots for ®, then AV is a basis of simple roots for .

Proof. (1) is clear. For (2) we need a simple remark. Given a basis ey, ..., e, of
a real space and the quadrant C := {}_;a;e;, a; > 0}, we have that the elements
ae; € C are characterized as those vectors in C which cannot be written as sum of
two linearly independent vectors in C.

If C is the fundamental Weyl chamber, a vector v € E is such that (x, v) > 0,
Vv € C, if and only if x is a linear combination with positive coefficients of the
elements A" or of the elements in A’, the simple roots for ®¥. The previous remark
implies that the elements of AY are multiples of those of A’, hence AY = A’ from

axiom (2). O

Given the set of simple roots o, . .., a, (of rank r), the matrix C := (c;;) with
entries the Cartan integers ¢;; := (a; | ;) is called the Cartan matrix of the root
system.

One can also characterize root systems by the properties of the Cartan matrix.
This is an integral matrix A, which satisfies the following properties:
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1) ¢;; =2, ¢j < 0,ifi #* j. IfC,‘j = (), then Cji = 0.

(2) A is symmetrizable, i.e., there is a diagonal matrix D with positive integers en-
tries d;, (= (o;, o)) such that A := CD is symmetric.

(3) A := CD is positive definite.

If the root system is irreducible, we have a corresponding irrreducibility property for

C': one cannot reorder the rows and columns (with the same permutation) and make
. c 0

C in block form C = (() Cz)'

We introduce now, for a given root system, an associated lattice called the weight
lattice. Its introduction has a full justification in the representation theory of semi-
simple Lie algebras (see §5). For now the weight lattice A will be introduced geo-
metrically, as follows:

24.1) A:={re E|{(\la) € Z, Yo € D}.
From proposition (1) it follows that we also have
A:={r e E|Ala) € Z, Ya € A}.
One also sets
At =k e Al{r,a) >0, Yo € &}

AT is called the set of dominant weights.
In particular we have the elements w; € A with (w; Iozjv) = (w; |aj) = &;j,
Ya; € A, which are the basis dual to AY. Thenif A = ), m;w; we have

1

(242) m; = (}\l(l,’), A= Z(X‘(X,’)(z)i, A+ = [‘:miwi, m; € N]
i=]

(w1, wy, ..., wy) is called the set of fundamental weights (relative to ®h).

Exercise. Draw the picture of the simple roots and the fundamental weights for root
systems of rank 2.

Let us define the root lattice to be the abelian group generated by the roots. We
have:

Proposition 2. The root lattice is a sublattice of the weight lattice of index the deter-
minant of the Cartan matrix.

Proof. By the theory developed, a basis of the root lattice is given by the simple roots
;. From the formula 2.4.2, it follows that o; = Y, (o ;)i = Y, ¢jiw;. Since
the ¢;; are integers, the root lattice is a sublattice. Since the ¢; ; express a base of the
root lattice in terms of a basis of the weight lattice, from the theory of elementary
divisors the index is the absolute value of the determinant of the base change. In our
case the determinant is positive. 0
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Theorem. (a) A is stable under the Weyl group.

(b) Every element of A is conjugate to a unique element in A™.

(c) The stabilizer of a dominant weight ¥ ., m;w; is generated by the reflections
s; for the values of i such that m; = 0.

Proof. Take . € A, w € W. We have (w(A) |a) = (A |w (@) € Z, Yo € &,
proving (a).

AT is the intersection of A with the closure of the fundamental Weyl chamber,
and a dominant weight A = 3_"_, m;w; has m; = 0if and only if A € H;, from the
formula 2.4.2. Hence (b), (¢) follow from (6) and (5) of Theorem 2.3. a

It is also finally useful to introduce
(2.4.3) ATt i={r e Al(A|a) >0, Ya € ).

ATt is called the set of regular dominant weights or strongly dominant. 1t is the
intersection of A with the (open) Weyl chamber. We have A™ = A™ + p, where
p = Y, w; is the smallest element of AT p plays a special role in the theory, as
we will see when we discuss the Weyl character formula. Let us remark:

Proposition 3. We have {(p|;) = 1, Vi. Then p = 1/2 (Za€¢+ a) and, for any
simple reflection s;, we have s;(p) = p — «;.

Proof. {p|a;} = 1, Vi follows from the definition. We have s; (p) = p—(p | o)y =
p — «;. Also the element 1/2 (Za ot a) satisfies the same property with respect to
a simple reflection s;, since such a reflection permutes all positive roots different
from a; sending a; to —a;. Hence p — 1/2 (3 ,co+ @) is fixed under all simple
reflections and the Weyl group. An element fixed by the Weyl group is in all the root
hyperplanes, hence it is 0, and we have the claim. mi

For examples see Section 5.1.

2.5 Classification

The basic result of classification is that it is equivalent to classify simple Lie algebras
or irreducible root systems up to isomorphism, or irreducible Cartan matrices up to
reordering rows and columns.

The final result is usually expressed by Dynkin diagrams of the types illustrated
on p. 325 (see [Hu],[B2)).

The Dynkin diagram is constructed by assigning to each simple root a node o and
joining two nodes, corresponding to two simple roots «, 8, with (¢ | B)(B, o) edges.
Finally the arrow points towards the shorter root. The classification is in two steps.
First we see that the only possible Dynkin diagrams are the ones exhibited. Next we
see that each of them corresponds to a uniquely determined root system.*>

95 There are by now several generalizations of this theory, first to characteristic p > 0, then to
infinite-dimensional Lie algebras as Kac—-Moody algebras. For these one considers Cartan
matrices which satisfy only the first property: there is a rich theory which we shall not
discuss.
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Ay O————O0————0- o——o0
1 2 3 n-1 n
B, o0—mO0—0----o- ac—Fr—0o
1 2 3 n-1 n
Chni O—O———0O - =D
1 2 3 n-1 n
n
D,: o O e le —0
1 2 n-2 n-1
G,: =F=0
1 2
Fy: O———c——D0———0
1 2 3 4
2
E¢ o O
1 3 4 5 6
2
E7: © O
1 3 4 s 6 7
2
Eg: o —0
1 3 4 s 6 7 8

Proposition. A connected Dynkin diagram determines the root system up to scale.

Proof. The Dynkin diagram determines the Cartan integers. If we fix the length of
one of the simple roots, the other lengths are determined for all other nodes connected
to the chosen one. In fact, if o, B are connected by an edge we can use the formula
B, B = (ﬂ Z (a, ). Since the scalar products of the simple roots are expressed by
the Cartan integers and the lengths, the Euclidean space structure on the span of the
simple roots is determined.

Next the Cartan integers determine the simple reflections, which generate the
Weyl group. Hence the statement follows from Theorem 2.3. O

Let us thus start formally from an irreducible Cartan matrix C = (¢; ), i, j =
1,..., n, (we do not know yet that it is associated to a root system). We can define
for C the associated Dynkin diagram as before, with n nodes i and i, j connected by
¢, jcj,; edges. If C is irreducible we have a connected diagram.
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By assumption A := CD is a positive symmetric matrix and set a; ; = ¢; ;d; to
be the entries of A. We next construct a vector space E with basis w;, i = 1,...,n,
and scalar product given by A in this basis. Thus E is a Euclidean space.

Theorem. The Dynkin diagrams associated to irreducible Cartan matrices are those
of the list Ay, By, C,, Dy, Es, E7, Eg, Fy, G, displayed as above.

Proof. It is convenient to pass to a simplified form of the Dynkin diagram in which
the lengths of the roots play no role. So we replace the vectors w; of norm 2d;, by
the vectors v; := w;/|w;| of norm 1. Thus (v;, v;) = Izzi'ljlif,l = It;flilﬁjt’ Of the con-
ditions we still have that the v; are linearly independent, (v;, v;) < 0, ¢ j¢j; =
4(v;, vj)2 = 0, 1, 2, 3 for distinct vectors. Moreover, by assumption the quadratic
form Zi, j4ia; (vi, v;) is positive. Call such a list of vectors admissible. The Dynkin
diagram is the same as before except that we have no arrow. In particular the dia-
gram is connected. We deduce various restrictions on the diagram, observing that
any subset of an admissible set is admissible.

1. The diagram has no loops. In fact, consider k vectors v;, out of our list.

We have

k k
0 < (Z Z) kY 2a
j=1 j=1 ks
Since for all g; ; # 0, we have 2g; ; < —1, we must have that the total number of
a;,j present is strictly less than k. This implies that the v; cannot be in a loop.

2. No more than 3 edges can exit a vertex. In fact, if vy, ..., v, are vertices
connected to vy, we have that they are not connected to each other since there
are no loops. Since they are also linearly independent, we can find a unit vector
w orthogonal to the v;,i = 1,...,s, in the span of v, vy, ..., v;. We have that
w,v;, { = 1,...,s, are orthonormal, so v = (v, w)w + Zle(w, v;)v; and
1 = (vg, w)? + Zle(w, v;)?. Since (vg, w) # 0, we have Y i (vo, vl <1l =
43" (vy, v;)? < 4, which gives the desired inequality.

3. If we have a triple edge, then the system is G,. Otherwise one of the two
nodes of this subgraph is connected to another node. Then out of this at least 4 edges
originate.

Suppose that some vectors vy, ..., v in the diagram form a simple chain as in
type A,; in other words (v;, viy1) = —1/2, i = 1,...,k — 1 (i.e., they are linked
by a single edge) and no v;, 1 < i < k is linked to any other node. Then:

4. Replacing all these vectors by v = ) _, v;, creates a new admissible list. In fact,
firstof all (v, v) = k—(k—1) = 1is a unit vector. Next, if v; is a vector different from
the given ones, it can connect only to v; or vg. In the first case (v;, v) = (v, v1), and
similarly for the second. The diagram associated to this new list is the one in which
the simple chain has been contracted to a node. We deduce then that the diagram
cannot contain any of the following subdiagrams; otherwise contracting a simple
chain we obtain a node to which 4 edges are connected:
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a . Onevenne o I o)
?

o O- - o o

o JCRRTRI o D

5. We are thus left with the possible following types:

(i) A single simple chain, this is type A,.

(i) Two nodes a, b connected by two edges, from each one starts a simple chain
a=ap,ady, ..., a0, b=b0,b1,...,bh.

(iii) One node from which three simple chains start.

In case (i1) we must show that it is not possible that both &, k > 1. In other words,

0 1 2 3 4

is not admissible. In fact consider € := v+ 2v; + 3v; +2+/2v3 + V2. Computing
we have (¢, €) = 0, which is impossible.

In the last case assume we have the three simple chains
ay,...,0p_1,4p =d; b],...,bq_l,bq =d; Clyoee, Cr_1,Cy =d,
from the node d. Consider the three orthogonal vectors

p—

1
X ia;, y _Zzb,, z —ZlC,

i=1
d is not in their span and (x,x) = p(p — 1)/2, (y,y) = q(@ —1)/2, (z,2) =
r(r —1)/2.

Expanding d in an orthonormal basis of the space (d, x, y, z) we have

d, x)*/(x,x) + (d, y)*/(y,y) + (d, 2)*/(z, 2) < 1. We deduce that

(p—b* 2 g-1? 2
4 p(p-1 4 q(@-—-1

r-1D* 2 1 111
@5.0) O r(r_1)~§<3—(;+5+;)).

It remains for us to discuss the basic inequality 2.5.1, which is just L + ql + } > 1.
We can assume p < g < r. We cannot have p > 2 since otherwise the three terms
are < 1/3. So p = 2 and we have é +} > 1/2. Wemust have g < 3.Ifg =2, r
can be arbitrary and we have the diagram of type D,. Otherwise if ¢ = 3, we still
have 1/r > 1/6orr <5.

Forr =3,4,5, we have Eg, E;, Eg. a

1>

We will presently exhibit for each A,, B,, C,, Du, Es, E7, Eg, F4, G2 a corre-
sponding root system. For the moment let us make explicit the corresponding Cartan
matrices (see the table on p. 328).
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2.6 Existence of Root Systems

The classical root systems of types A, B, C, D have already been exhibited as well
as G,. We leave to the reader the simple exercise:

Exercise. Given a root system & with Dynkin diagram A and a subset S of the
simple roots, let Es be the subspace spanned by S. Then ¢ N E is a root system, with
simple roots S and Dynkin diagram the subdiagram with nodes S.

Given the previous exercise, we start by exhibiting Fy, Eg and deduce E¢, E7
from Ej.

F4. Consider the 4-dimensional Euclidean space with the usual basis e1, e3, €3, e4.
Let a 1= (e; + e3 + e35 + e4)/2 and let A be the lattice of vectors of type
ZLI nie; +ma, nj,m € Z.Let ® := {u € A|(u,u) = 1,0r (u,u) = 2}. We
easily see that ® consists of the 24 vectors te; & ¢; of norm 2 and the 24 vectors of
norm 1: ke;, (de; ey ezt eq)/2.

One verifies directly that the numbers {« | B) are integers Vo, 8 € ®. Hence A
is stable under the reflections s,, « € ®, so clearly @ must also be stable under the
Weyl group. The remaining properties of root systems are also clear.

It is easy to see that a choice of simple roots is

ey —e3, 63— €y, e4,(e1 —er —e3 —e4)/2.

Eg. We start, as for Fy, from the 8-dimensional space and the vector a =
(Z?:l ei) /2. Now it turns out that we cannot just take the lattice

8
Zniei +ma, nj,meZ

i=1

but we have to impose a further constraint. For this, we remark that although the
expression of an element of A as Z§=1 n;e; + ma is not unique, the value of Zi n;
is unique mod 2. In fact, 3¢, n;e; + ma = 0 implies m = 2k even, n; = —k, Vi
and ), n; =0, mod 2.

Since the map of A to Z/(2) given by Y, n; is a homomorphism, its kernel Ag
is a sublattice of A of index 2. We define the root system Ejg as the vectors ® in Ag
of norm 2.

It is now easy to verify that the set ® consists of the 112 vectors *e; +-¢;, and the
128 vectors Yo, +e;/2 = ¥.,.p ¢ — a, with P the set of indices where the signs
are positive. The number of positive signs must be even.

From our discussion is clear that the only point which needs to be verified is that
the numbers (& | B) are integers. In our case this is equivalent to proving that the
scalar products between two of these vectors is an integer. The only case requiring
some discussion is when both «, 8 are of the type Y _-_, %e; /2. In this case the scalar
product is of the form (@ — b)/4, where a counts the number of contributions of
1, while b is the number of contributions of —1 in the scalar product of the two
numerators. By definition ¢ + b = 8§, so it suffices to prove that b is even. The
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8 terms £1 appearing in the scalar product can be divided as follows. We have ¢
minus signs in o which pair with a plus sign in 8, then ¥ minus signs in « which pair
with a minus sign in 8. Finally we have r plus signs in « which pair with a minus
sign in 8. By the choice of A, the numbers ¢t + u, r + u are even, while b =t + r,
henceb=t+u+r+u=0 mod?2.

For the set Ag, of simple roots in Eg, we take

7

1/2(61 +es—Zei), erte, e2—ep, e3—e, e4—e3,
i=2

(261) €5 — €4, € — €5, €7 — €6.

E;, Es. Although these root systems are implicitly constructed from Eg, it is
useful to extract some of their properties. We caill x;, i = 1,..., 8, the coordinates
in R®. The first 7 roots in Ag span the subspace E of R® in which x; + x3 = 0.
Intersecting E with the roots of Eg we see that of the 112 vectors +e¢; te;, only those
with i, j % 7, 8 and £(e; — eg) appear, a total of 62. Of the 128 vectors Zf;l +e;/2
we have 64 in which the signs of ¢;, eg do not coincide, a total of 126 roots.

For E¢ the first 6 roots in Ag span the subspace F in which x¢ = x7 = —x3.
Intersecting F with the roots of E7 we find the 40 elements +e; £¢;,1 <i < j <35
and the 32 elements +=1/2(eg + e7 — eg + Zle +e;) with an even number of minus
signs, a total of 72 roots.

2.7 Coxeter Groups

We have seen that the Weyl group is a reflection group, generated by the simple re-
flections s;. There are further important points to this construction. First, the Dynkin
diagram also determines defining relations for the generators s; of W. Recall that if
s, t are two reflections whose axes form a (convex) angle 6, then s¢ is a rotation of
angle 26. Apply this remark to the case of two simple reflections s;, 5; (i # j)ina
Weyl group. Then s;s; is a rotation of ﬁ—”j withm; j = 2,3, 4, 6 according to whether
i and j are connected by 0, 1, 2, 3 edgeé in the Dynkin diagram. In particular,

(sisj)mi'j =1.
It turns out that these relations, together with s,.2 = 1, afford a presentation of W.
Theorem 1. [Hu3, 1.9] The elements (called Coxeter relations):
(2.7.1) 52, (sis;)™ Coxeter relations

generate the normal subgroup of defining relations for W.

In general, one defines a Coxeter system (W, S) as the group W with generators
S and defining relations

(s)™ =1, s,te€s,
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where m; ; = 1 and m;, = m,; > 2 for s # ¢. If there is no relation between s and
t, we set m;; = 00.

The presentation can be completely encoded by a weighted graph (the Coxeter
graph) I'. The vertices of I' are the elements of S, and s, € § are connected by an
edge (with weight m,,) if m,, > 2, i.e., if they do not commute. For instance, the
group corresponding to the graph consisting of two vertices and one edge labeled by
oo is the free product of two cyclic groups of order 2 (hence it is infinite). There is a
natural notion of irreducibility for Coxeter groups which corresponds exactly to the
connectedness of the associated Coxeter graphs.

When drawing Coxeter graphs, it is customary to draw an edge with no label if
mg, = 3. With this notation, to obtain the Coxeter graph from the Dynkin diagram
of a Weyl group just forget about the arrows and replace a double (resp. triple) edge
by an edge labeled by 4 (resp. 6).

Several questions arise naturally at this point: classify finite Coxeter groups, and
single out the relationships between finite Coxeter groups, finite reflection groups and
Weyl groups. In the following we give a brief outline of the answer to the previous
problems, referring the reader to [Hu3, Chapters 1, 2] and [B1], [B2], [B3] for a
thorough treatment of the theory.

We start from the latter problem. For any Coxeter group G, one builds up the
space V generated by vectors «;, s € S and the symmetric bilinear form

b4
Bs(ay, o)) = —cos .
LN

We can now define a “reflection”, setting
a(s)(A) = A —2Bg(A, a,)as.

Proposition. [Ti] The map s — o extends uniquely to a representationo : G —
GL(V). 06(G) preserves the form Bg on V. The order of st in G is exactly m(s, t).

Hence Coxeter groups admit a “reflection representation” (note however that V
is not in general a Euclidean space). The main result is the following:

Theorem 2. [Hu3, Theorem 6.4] The following conditions are equivalent:

(1) G is a finite Coxeter group.
(2) Bg is positive definite.
(3) G is a finite reflection group.

The classification problem can be reduced to determining the Coxeter graphs for
which the form Bg; is positive definite. Finally, the graphs of the irreducible Coxeter
groups are those obtained from the Weyl groups and three more cases: the dihedral
groups D,, of symmetries of a regular n-gon, and two reflection groups, H; and
H,, which are 3-dimensional and 4-dimensional, respectively, given by the Coxeter
graphs

n 5 5

D,: o O H;: o -0 Hy:o- -0
1 2 3 1 2 3 4
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An explicit construction of the reflection group for the latter cases can be found
in [Gb] or [Hu3, 2.13]. Finally, remark that Weyl groups are exactly the finite Coxeter
groups for which m;, € {2, 3, 4, 6}. This condition can be shown to be equivalent to
the following: G stabilizes a lattice in V.

3 Construction of Semisimple Lie Algebras

3.1 Existence of Lie Algebras

We now pass to the applications to Lie algebras. Let L be a simple Lie algebra,
t a Cartan subalgebra, ® the associated root system, and choose the simple roots
aiy, ..., o,. We have seen in Proposition 1.8 (7) that one can choose ¢; € L,
fi € L_o sothate;, f;, h; := le;, fi] are si(2, C) triples, and h; = 2/(ty,, o)1y, -
Call s/;(2, C) and SL;(2, C) the corresponding Lie algebra and group.

The previous generators are normalized so that, for each element X of t¥,

G.L1) M) = A2/t 1)) = 22 = (3 .
(a;, o)
Then one obtains [k;, ¢;] = (@; |o;)e;, [h;, fi] := —(o; ;) f; and one can

deduce a fundamental theorem of Chevalley and Serre (using the notation a;; :=
(aj | @;)). Before stating it, let us make some remarks. From Proposition 1.2 it fol-
lows that, for each i, we can integrate the adjoint action of s/;(2, C) on L to a rational
action of SL; (2, C). From Chapter 4, §1.5, since the adjoint action is made of deriva-
tions, these groups SL; (2, C) act as automorphisms of the Lie algebra. In particular,

0 1
2
the same notation as for the simple reflections.

let us look at how the element s; := ‘ € SL; (2, C), acts. We intentionally use

Lemma. s; preserves the Cartan subalgebra and, under the identification with the
dual, acts as the simple reflection s;.  s;(Ly) = Ls;(a).

Proof. If h € tis such that o; (h) = 0, we have that h commutes with ¢;, k;, f;, and
so it is fixed by the entire group SL;(2, C). On the other hand, s;(h;) = —h;, hence
the first part.

Since s; acts by automorphisms, if u is a root vector for the root «, we have

A, s;u] = [sizh, siu] = s;[sih, u] = s (a(sih)u) = s; (@)(h)s;u. n]

Exercise. Consider the group W of automorphisms of L generated by the 5;. We
have a homomorphism 7 : W — W. Iis kernel is a finite group acting on each L,
with £1.

Theorem 1. The Lie algebra L is generated by the 3n elements e, fi, hi,
i =1,...,n, called Chevalley generators. They satisfy the Serre relations:

(3.12)  [hi,hi]1=0, [hi,el=aije; [hi, fil=—aijf; lei, fj]1=26ijhi

(3.1.3) ad(e) ™% (e;) =0,  ad(f,)'"(f) =0.
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Proof. Consider the Lie subalgebra L° generated by the given elements. It is a sub-
representation of each of the groups SL;(2, C); in particular, it is stable under all the
s; and the group they generate. Given any root «, there is a product w of s; which
sends a to one of the simple roots «;; hence under the inverse w™! the element ¢; is
mapped into L, . This implies that L, ¢ L and hence L = L°.

Let us see why these relations are valid. The first (3) are the definition and nor-
malization. If i # j, the element [¢;, f;] has weight o; — ;. Since this is not a root
[ei, f;]1 must vanish.

This implies that f; is a highest weight vector for a representation of s; (2, C) of
highest weight [h;, f;] = —a; ; f;. This representation thus has dimension ~a; ; + 1
and each time we apply ad(f;) starting from f;, we descend by 2 in the weight. Thus
ad(f;)! =% (f;) = 0. The others are similar. a

More difficult to prove is the converse. Given an irreducible root system ®:

Theorem 2 (Serre). Let L be the quotient of the free Lie algebra in the generators
ei, fi, hi modulo the Lie ideal generated by the relations 3.1.2 and 3.1.3.

L is a simple finite-dimensional Lie algebra. The h; are a basis of a Cartan
subalgebra of L and the associated root system is ®.

Proof. First, some notation: on the vector space with basis the k;, we define «; to be
the linear form given by «; (k) := a;; = {0 | ;).

We proceed in two steps. First, consider in the free Lie algebra the relations of
type 3.1.2. Call L, the resulting Lie algebra. For Ly we prove the following state-
ments.

(1) In L, the images of the 3n elements ¢;, f;, h; remain linearly independent.

(2) Lo = uy @b @& uf, where b is the abelian Lie algebra with basis hy, ..., h,,
ug is the Lie subalgebra generated by the classes of the f;, and ug is the Lie
subalgebra generated by the classes of the ;.

3) ug' (resp. ug ) has a basis of eigenvectors for the commuting operators A; with
eigenvalues ) |, m;a; (resp. — Y ., m;c;) wWith m; nonnegative integers.

The proof starts by noticing that by applying the commutation relations 3.1.2,
one obtains that Ly = u; + b 4+ uy, where b is abelian. Since, for a derivation of
an algebra, the two formulas D(a) = aa, D(b) = Bb imply D(ab) = (« + B)ab,
an easy induction proves (3). This implies (2), except for the independence of the
h;, since the three spaces of the decomposition belong to positive, 0, and negative
eigenvalues for h. It remains to prove (1) and in particular exclude the possibility
that these relations define a trivial algebra.

Consider the free associative algebra M := Cley, ..., e,). We define linear op-
erators on M which we call ¢;, f;, h; and prove that they satisfy the commutation
relations 3.1.2.

Set e; to be left multiplication by e;. Set h; to be the semisimple operator
which, on a tensor u := ¢; ¢, ... ¢;,, has eigenvalue Z};l o, (h;). Set for simplic-

ity 25;1 @, := ay. Define f; inductively as a map which decreases the degree of
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tensors by 1 and f;1 = 0, fi(eju) = ¢; fi(u) — 8{au(hi)u. It is clear that these 3n
operators are linearly independent. It suffices to prove that they satisfy the relations
3.1.2, since then they produce a representation of Ly on M.

By definition, the elements 4; commute and

(hje; — e;hj)u = (o (hy) + a,(h)))eiu — o, (hj)e;u = a;(hy)eu.
For the last relations
(fiej —e;j fi)u = fieju —e; fiu = —8ijau(h,-)u = —Bijhiu

and (fih; — h; fou = a,(h)) fiu — az, (k) fiu. So it suffices to remark that by the
defining formula, f; maps a vector u of weight «, into a vector of weight o, — ;.

Now we can present L as the quotient of Lo modulo the ideal I generated in Ly by
the unused relations 3.1.3. This ideal can be described as follows. Let I be the ideal
of u; generated by the elements ad(e;)!~% (¢;), and I~ the ideal of u; generated by
the elements ad( f;)1 =% ( fi)- If we prove that /7, I~ are ideals in Lo, it follows that
I =17+1" andthat Lo/l = uj /I* &b & uy /I~. We prove this statement in the
case of the f’s; the case of the ¢’s is identical. Set R; ; := ad(fi)1-% (fj)- Observe
first that ad(f;)l“"'f(fj) is a weight vector under lj of weight —(e; + (1 — a;;)o;).
By the commutation formulas on the elements, it is clearly enough to prove that
les, ad(ﬁ)l““f(fj)] = ad(e;) ad(f;)! "% (f;) = O for all [. If | is different from
i, ad(e;) commutes with ad(f;) and ad(f;)! =% ad(e))(f;) = & ad(f;)! =% h;. If
a;;j = 0, f; commutes with h;. If | — a;; > 1, we have [f;,[fi,h;]] = 0. In
either case ad(e;)R;; = 0. We are left with the case / = i. In this case we use
the fact that ¢;, f;, h; generate an s/(2, C). The element f; is killed by e; and is
of weight —{a; |a;) = —a;;. Lemma 1.1 applied to v = f; implies that for all s,
ad(e;) ad(f;)* f; = s(—a;; — s + Dad(f;)* ' f;. For s = 1 — a;;, we indeed get
ad(e;)ad(f;)’ f; = 0.

At this point of the analysis we obtain that the algebra L defined by the Chevalley
generators and Serre’s relations is decomposed in the form L = ut @h@®u~. h has as
a basis the elements £;, u™ (resp. u™) has a basis of eigenvectors for the commuting
operators h; with eigenvalues Z:’zl m;a; (resp. — Y ., m;a;), with m; nonnegative
integers.

The next step consists of proving that the elements ad(e;), ad(f;) are locally
nilpotent (cf. §1.2). Observe for this that, given an algebra L and a derivation D, the
set of u € L killed by a power of D is a subalgebra since

k

k _ k i k—i
D*(ab) = Z (i)D (@)D" (b)

i=0

Since clearly for L the elements ¢;, h;, f; belong to this subalgebra for ad(e;), ad(f}),
this claim is proved.

From Proposition 1.2, for each i, L is a direct sum of finite-dimensional ir-
reducible representations of SL;(2,C). So we can find, for each i, an element
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s = _01 (1)’ as in §1.9 Lemma 2, which on the roots acts as the simple reflec-
tion associated to ;. Arguing as in 1.9 we see that s; transforms the subspace
L, relative to a weight y into the subspace L. In particular if two weights
can be transformed into each other by an element of W, the corresponding weight
spaces have the same dimension. Remark that, by construction, the space L, is 1-
dimensional with basis ¢;, and similarly for —«;. We already know that the weights
are of type ), m;a;, with the m; all of the same sign. We deduce, using Theorem
2.3 (4), that if « is a root, dim L, = 1. Suppose now « is not a root. We want
to show that L, = 0. Let us look, for instance, at the case of positive weights,
elements of type ad(e;,)ad(e;,) ... ad(e;,_,)e;,. If this monomial has degree > 1,
the indices ix_1, i must be different (or we have 0), so a multiple of a simple root
never appears as a weight. By conjugation the same happens for any root. Finally,
assume « is not a multiple of a root. Let us show that conjugating it with an ele-
ment of W, we obtain a linear combination } _, m;e; in which two indices m; have
strictly opposite signs. Observe that if & is not a multiple of any root, there is a
regular vector v in the hyperplane orthogonal to «. We can then find an element
w € W so that wv is in the fundamental chamber. Since (wa, wv) = 0, writing
wa = Yy, me; we have Y. m;(a;, wv) = 0. Since all (o;, wv) > 0, the claim
follows.

Now we know that wa is not a possible weight, so also « is not a weight.

At this point we are very close to the end. We have shown that L = h®& P, Lo
and that dim L, = 1. Clearly, h is a maximal toral subalgebra and & its root system.
We only have to show that L is semisimple or, assuming ¢ irreducible, that L is
simple. Let / be a nonzero ideal of L. Let us first show that I D L, for some root
«. Since [ is stable under ad(}), it contains a nonzero weight vector v. If v is a root
vector we have achieved our first step; otherwise v € §. Using a root « with e (v) # 0
we see that L, = [v, L,] C I. Since I is an ideal it is stable under all the s{(2, C)
and the corresponding groups. In particular, it is stable under all the s;, so we deduce
that some ¢;, f;, h; € 1. If a;; # 0, we have a; je; = [h;, ¢;] € 1. We thus get all the
e; € I for all the nodes j of the Dynkin diagram connected to i. Since the Dynkin
diagram is connected we obtain in this way all the elements ¢;, and similarly for the
fj» hj. Once we have all the generators, [ = L. o

Therefore, given a root system, we have constructed an associated semisimple
Lie algebra, using these generators and relations, thus proving the existence theorem.

This theorem, although quite satisfactory, leaves in the dark the explicit multipli-
cation structure of the corresponding Lie algebra. In fact with some effort one can
prove.

Theorem 3. One can choose nonzero elements e, in each of the root spaces L, so
that, if a, B, @ + B are roots, one has [ey, €g] = ey 5. These signs can be explicitly
determined.

Sketch of proof. Take the longest element of the Weyl group wy and write it as
a reduced expression wg = s;,5;,...5;,. For « = &8, -5;,_,¢;,, define e, =
Si\Si, - - - 8i,_, €i, - Next use Exercise 3.1 on W, which easily implies the claim. O
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The determination of the explicit signs needs a long computation. We refer to
Tits [Ti].

3.2 Uniqueness Theorem

We need to prove that the root system of a semisimple Lie algebra L is uniquely
determined. We will use the theory of regular elements.

Definition. An element & € L is said to be regular semisimple if 4 is semisimple
and the centralizer of 4 is a maximal toral subalgebra.

Given a maximal toral subalgebra t and an element i € {, we see that its central-
izer is t@yeq | any=o Le- SO we have:

Lemma. An element h € t is regular if and only if h ¢ UpecoHy, Hy =
{h € ta(h) =0}.%

In particular the regular elements of t form an open dense set. We can now show:

Theorem. Two maximal toral subalgebras t,,t, are conjugate under the adjoint
group.

Proof. Let G denote the adjoint group and t,®, ;* the regular elements in the two
toral subalgebras. We claim that Gt{®, Gt,* contain two Zariski open sets of L and
hence have nonempty intersection. In fact, compute at the point (1, ), h € trfg the
differential of the map 7 : G x t{* — L, 7(g, h) := gh.Itis L x t; —> [L, h] + 4.
Since h is regular, [L, h] = P L. This implies that L = [L, A] + t; and the
map is dominant.

Once we have found an element g1 = gaho, hy € %, hy € 5 °, we have that
g lglhl is a regular element of t;, from which it follows that for the centralizers,
=g at). o

acd

Together with the existence we now have:

Classification. The simple Lie algebras over C are classified by the Dynkin dia-
grams.

Proof. Serre’s Theorem shows that the Lie algebra is canonically determined by the
Dynkin diagram. The previous result shows that the Dynkin diagram is identified (up
to isomorphism) by the Lie algebra and is independent of the toral subalgebra. O

96 By abuse of notation we use the symbol H, not only for the hyperplane in the real reflection
representation, but also as a hyperplane in t.
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4 Classical Lie Algebras

4.1 Classical Lie Algebras

We want to illustrate the concepts of roots (simple and positive) and the Weyl group
for classical groups. In these examples we can be very explicit, and the reader can
verify all the statements directly.

We have seen that an associative form on a simple Lie algebra is unique up to
scale. If we are interested in the Killing form only up to scale, we can compute the
form tr(p (a) p (b)) for any linear representation of L, not necessarily the adjoint one.

This is in particular true for the classical Lie algebras which are presented from
the beginning as algebras of matrices.

In the examples we have that:

(1) si(n +1,C) = A, : A Cartan algebra is formed by the space of diagonal
matrices h 1= Z:’:ll a;e;;, and ), o; = 0. The spaces L, are the 1-dimensional
spaces generated by the root vectors ¢;;, i % j and [k, ¢;;] = (a; —a;)e;;. Thus
the linear forms Z;’:ll aie;; — o; — «a; are the roots of sli(n + 1, C). We can
consider the o; as an orthonormal basis of a real Euclidean space R"*!. We have
the root system A,.

The positive roots are the elements «; — «;, i < j. The corresponding root
vectors ¢;;, i < j span the Lie subalgebra of strictly upper triangular matrices,
and similarly for negative roots

@11 ut:= @iq Ce;j, u™ = @bj Ce;ij, t:= @?:1 Cleii — €it1,i+1)-
The simple roots and the root vectors associated to simple roots are

“4.1.2) O — Uiy, €ii+l
The Chevalley generators are

4.1.3) e =e iy, fi=eqi hi=e;—eiit1

As for the Killing form let us apply 1.9.2 to a diagonal matrix with entries x;, § =
L...,n+1,> x; =0toget

n+1

Y Gi—xp) =2+ 1)y x.
i=1

i#]

Using the remarks after 1.9.2 and in §1.4, and the fact that sl(n+ 1, C) is simple,
we see that for any two matrices A, B the Killing form is 2(n + 1) tr(AB).

a b e

(2) so2n +1,C) = B, : Inblock form a matrix A := [ ¢ d f | satisfies
m n p

A'Lyy = —Dby1 A if and only if d = —a’, b, ¢ are skew symmetric, p =

0, n=—¢,m=—f.
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A Cartan subalgebra is formed by the diagonal matrices
n
h:= Zdz‘ (€ii — entinti)-
i=1
Root vectors are
€ij —nyjntis L FEJ SN, €inyj — €nti,
[ #] =R, €nii,j — €ntji i#j<n
€i2ntl — €n+litns Enti2ntl — €ty L=1,....n
with roots
4.1.4) o —aj, oo, —a;—a;, i #Ej<n Fo, i=1,...,n
We have the root system of type B,. For so(2n + 1, C) we set
4.1.5) o = -, oo, L < j<n, .
The simple roots and the root vectors associated to the simple roots are
(4.1.6) O — iyl An} € ikl = €ntitlntis En2ntl — €2ntl2n-
The Chevalley generators are
(4.1.7) € 1= €;i+1 — €ntitlntis €n ‘= €n2n+l — €2n412n-
4.1.8) fi = eivri — entintitl, fn 1= €m2mt1 — €niin
hi =€ — Qi11,i+] — €ntinti T €ntitlatitls
(419) h,, = €un — €m2m-
As for the Killing form, we apply 1.9.2 to a diagonal matrix with entries x;, i =
l,...,n,and —x;,i =n +1,...,2n and get (using 4.1.4):
n
Y M — x4 i)+ 22 =2+ DY x7
oy i=1

Using the remark after 1.9.2 and the fact that so(2n + 1, C) is simple, we see
that for any two matrices A, B the Killing form is (n + 1) tr(AB).

4.
u’ = @iq Cleij — envjn+i) @i#j Clein+j = €jn+i)

(4.1.10) D, Cleiznri — exnsr),
u = @bj (C(e,'j - en+j,n+i) @i;&j (C(en+i,j - e"+]'1i)
2n
4.1.11) D. .. Cleizntr —exnsr).
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(3) sp(2n,C) = C, Inblock form a matrix A := “Cl Z satisfies A’ Jo, = —Jon A

if and only if d = —a’ and b, ¢ are symmetric.
A Cartan subalgebra is formed by the diagonal matrices

n
h = E o;(€ii — entinti)-
i=1
Root vectors are the elements
€j —enyjntis L FJ SN, €yt i, I, J <N, €nyijtenyjii,j<n.
with roots
(4112) [0 4] —(Xj, o; +(¥j, —; —(Xj, i #J, :’:2(1,', i= 1,...,”.

We have a root system of type C,,.
For sp(2n, C) we set

(4113) (D+ = o, Ol,‘+aj, i <j,2d,'.
The simple roots and the root vectors associated to simple roots are
4.1.14) Q; — Qiy1, 20n,  €iit] — €nyitlntis €n2n-
The Chevalley generators are
€ = €ii+1 — entitlnsi> L =1,...,n—1, ey =€
fi ‘= €it1i — €ntinti+ls i=1,...,n—-1, fn ‘= €,n
hi =€ —ei11,it1 + €ntitlntit] — €ntinti | <1,
Ry = €nn — €,2n.

As for the Killing form, we apply 1.9.2 to a diagonal matrix with entries x;,
i=1,...,n,—x;, i=n+1,...,2n, and get (using 4.1.14):

Dl — ) + (i +x) 8 =20+ 4) Y x
i#j i=1

Using the usual remarks and the fact that sp(2n, C) is simple we see that for any
two matrices A, B the Killing form is (n + 4) tr(AB). We have (i, j < n)

4.1.15) ut = @Kj Cleij — ensjnti) @i#é” Cleintj — €jn+i)s
- L S Lo L
4116wt =@D, _ Cley —enrjms) ), ., Cleins; +€jnsi).

@L1n  w =P, Cley — eninsid) D, Cllnsij + ensj)-
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. . . . . . a
In this case the Lie algebra u* in block matrix form is the matrices 0 —a'

with a strictly upper triangular and b symmetric.

4) so2n,C) = D, : In block form a matrix A = (Z Z) satisfies A'lp, =

— I, A if and only if d = —a' and b, ¢ are skew symmetric.
A Cartan subalgebra is formed by the diagonal matrices

n
h:= Zai(eii — entingi)
i=1
Root vectors are the elements
€ij — nyjntis L FJ <N, €inyj — €ntis
i#jSn eyij—enjil#Fj=<n
with roots
(4.1.18) a —aj, o +o;, —a; —aj, [ Fj<n

We have the root system D,,.
For so(2n, C) we set

4.1.19) ot =a -l < j, o +qj, i #].
The simple roots and the root vectors associated to simple roots are
(4.1.20) O — Qit1, Un—] + Qn, €it1 — Entitlntis €n—12n — €n2n—1-

The Chevalley generators are

(4.1.21) e :=eiiy1 —€npivinri> i=1,...,n—1, ey = ey_120 — €n20-1
fi = €itl,i — €ntinti+l, i=1,....,n—=1, f,:= €nn—1 — €2n-1n
hi =i —€ir1it1 + nyitlntitl — €ntintis | <H,
hy = en_tn-1+ €nn — €m_12n-1 — €220

As for the Killing form, we apply 1.9.2 to a diagonal matrix with entries x;, { =
1,...,n,—x;, i =1,...,n,and get (using 4.1.19):

n
Z[(xi —x)? + (i +x)*1=2n fo
i~ i=1

Using Remark 1.4 and the fact that so(2n, C) is simple (at least if n > 4), we
see that for any two matrices A, B the Killing form is n tr(AB). We have

(4.122) uh =P, Cleij — enrinii) D, o, Cleinsj = int),
@123 w =D, Cley —envjns) D, o, Clensij = ensj)-

. . . . . . a
In this case the Lie algebra u™ in block matrix form is the matrices 0 —a'

with a strictly upper triangular and b skew symmetric.
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4.2 Borel Subalgebras

For all these (as well as for all semisimple) Lie algebras we have the direct sum
decomposition (as vector space)

L=u"®tou .
One sets
bt =ut @t bt i=u Bt
these are called two opposite Borel subalgebras.

Theorem. The fundamental property of the Borel subalgebras is that they are max-
imal solvable.

Proof. To see that they are solvable we repeat a remark used previously. Suppose
that a, b are two root vectors; so for ¢t € t we have [t,a] = «(t)a, [t,b] = B()b.
Then [z, [a, b]] = [[z, al, b1+ a, [t, b]] = (a(t) + B(t))a, b]. In other words, [a, b]
is a weight vector (maybe 0) of weight («(z) + B(1)).

The next remark is that a positive root & = Y, n;; (the o; simple) has a positive
height ht () = Zi n;. For instance, in the case of A,, with simple roots §; = a; —
®;41, the positive root o; — or; = Z{,;’l 8i+n. Hence ht{a; — o) = j —i.

So let by be the subspace of b spanned by the root vectors relative to roots
of height > k (visualize it for the classical groups). We get that [by, by] C byip.
Moreover, b; = ut and [b7,b1] = [ut @t ut @t} = [ut, utj+ [t uT] =ut = u;.
From these two facts it follows inductively that the k* term of the derived series is
contained in by, and so the algebra is solvable.

To see that it is maximal solvable, consider a proper subalgebra a D b*. Since a
is stable under ad(z), ¢ € t, a must contain a root vector f,, for a negative root . But
then a contains the subalgebra generated by f,, ¢, which is certainly not solvable,
being isomorphic to s/(2, C).

5 Highest Weight Theory

In this section we complete the work and classify the finite-dimensional irreducible
representations of a semisimple Lie algebra, proving that they are in 1-1 correspon-
dence with dominant weights.

5.1 Weights in Representations, Highest Weight Theory

Let L be a semisimple Lie algebra. Theorem 2, 1.4 tells us that all finite-dimensional
representations of L are completely reducible.

Theorem 2, 1.5 implies that any finite-dimensional representation M of L has a
basis formed by weight vectors under the Cartan subalgebra t.
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Lemma. The weights that may appear are exactly the weights defined abstractly for
the corresponding root system.

Proof. By the representation theory of s/(2, C), each h; acts in a semisimple way
on M. So, since the h; commute, M has a basis of weight vectors for t. Moreover,
we know that if u is a weight vector for h;, then we have h;u = nu, n; € Z.
Therefore, if u is a weight vector of weight x we have x (h;) € Z, Vi. Recall (1.8.1)
that x (h;) = ) {x | ;). By Definition 2.4.1 we have x € A. o

(a;,0:)

We should make some basic remarks in the case of the classical groups, relative
to weights for the Cartan subalgebra and for the maximal torus.

Start with GL(n, C): its maximal torus T consists of diagonal matrices with
nonzero entries x;, with Lie algebra the diagonal matrices with entries a;. Using the
exponential and setting x; = %, we then have that given a rational representation of
GL(n, C), a vector v is a weight vector for T if and only if it is a weight vector for t
and the two weights are related, as they are [[/_; x/"', Y 7_, m;a;.

We now treat all the classical groups as matrix groups, using the notations of 4.1,
and make explicit the fundamental weights and the special weight p := )", w;.

For si(n + 1),

n n
Wy = E o, Hxi, i <n, p:Z(n+1—i)a,~, Hx{'“".
i<k i<k i=1 i=1

For so(2n) we again consider diagonal matrices with entries «;, —«;. The weights
are

1 n—1
é.1.1D wy :=Za,~, i<n-—2, s+ ::E(Zaiian),
i=1

i<k

n—1 n-—1
p=) (n—i—1/a, [[s7"7".
i=1 i=1

This shows already that the last two weights do not exponentiate to weights of the
maximal torus of SO(2n, C). The reason is that there is a double covering of this
group, the spin group, which possesses these two representations called half spin
representations which do not factor through SO (2n, C). We study them in detail in
Chapter 11, §7.2.

For so(2n 4 1), the fundamental weights and p are

Wy 1= Zai, i<n-1, s:= %(Xn:m),
i=1

i<k

5.1.2) o= Z(n —i+ 1/, Hxin-H/Z—i'
i=1

i=1

The discussion of the spin group is similar (Chapter 11, §7.1) .
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For sp(2n) the fundamental weights and p are

n n
5.1.3) Wi :=Za,~, i <n p:Z(n+1—i)ot,-, nxi"H_i.
[ i=1

i<k i=1

5.2 Highest Weight Theory

Highest weight theory is a way of determining a leading ferm in the character of a
representation. For this, it is convenient to introduce the dominance order of weights.

Definition 1. Given two weights A, 1 we say that A < p if A — @ is a linear combi-
nation of simple roots with nonnegative coefficients.

Notice that & < u, called dominance order, is a partial order on weights.

Propeosition 1. Given a finite-dimensional irreducible representation M of a semi-
simple Lie algebra L.

(1) The space of vectors M .= {m € M| utm = 0} is 1-dimensional and a weight
space under t of some weight A. A is called the highest weight of M. A nonzero
vector v € M™ is called a highest weight vector and denoted v;.

(2) M™ is the unique 1-dimensional subspace of M stable under the subalgebra b™.

(3) A is a dominant weight.

(4) M is spanned by the vectors obtained from M™ applying elements from u_.

(5) All the other weights are strictly less of A in the dominance order.

Proof. From the theorem of Lie it follows that there is a nonzero eigenvector v, of
some weight A, for the solvable Lie algebra b*. Consider the subspace of M spanned
by the vectors f;, fi, ... fi, v obtained from v by acting repeatedly with the elements
fi (of weight the negative simple roots —«;). From the commutation relations, if
het:

k
hfisforo fu0 =D fifipo-Th fi)o o fov 4 fufio o fihv
i=1
k
= (x - Zai,)(h)f,».ﬁz--ﬁv-
j=1
k
eififo fiv=3 fufo--le fil... v+ fify. frev
j=1
k .
= fufo- 8 i fiv.
j=1 ’

We see that the vectors f;, f;, ... fi, v are weight vectors and span a stable submodule.
Hence by the irreducibility of M, they span the whole of M. The weights we have
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computed are all strictly less than A in the dominance order, except for the weight of
v which is A.

The set of vectors {¢ € M |utm = 0} is clearly stable under t, and since M has a
basis of eigenvectors for t, so must this subspace. If there were another vector u with
this property, then there would be one which is also an eigenvector (under t) of some
eigenvalue p. The same argument shows that A < . Hence A = p and u € Cuv. This
proves all points except for three. Then let v be a highest weight vector of weight A,
in particular ;v = O for all the e; associated to the simple roots. This means that v is
a highest weight vector for each s1(2, C) of type ¢;, h;, f;. By the theory for 51(2, C),
§1.1, it follows that h;v = k;v for some k; € N a nonnegative integer, or A(h;) = k;
for all i. This is the condition of dominance. In fact, Formula 1.9.1 states that if «; is

the simple root corresponding to the given e;, we have A(h;) = %—i’% ={(Ala;). O

The classification of finite-dimensional irreducible modules states that each dom-
inant weight corresponds to one and only one irreducible representation. The exis-
tence can be shown in several different ways. One can take an algebraic point of view
as in [Hul] and define the module by generators and relations in the same spirit as in
the proof of existence of semisimple Lie algebras through Serre’s relations.

The other approach is to relate representations of semisimple Lie algebras with
that of compact groups, and use the Weyl character formula, as in [A], [Ze]. In our
work on classical groups we will in fact exhibit all the finite-dimensional irreducible
representations of classical groups explicitly in tensor spaces.

The uniqueness is much simpler. In general, for any representation M, a vector
m € M is called a highest weight vector if utm = 0 and m is a weight vector under t.

Proposition 2. Let M be a finite-dimensional representation of a semisimple Lie al-
gebra L and u a highest weight vector (of weight A). The L-submodule generated by
u is irreducible.

Proof. We can assume without loss of generality that the L-submodule generated by
u is M. The same argument given in the proof of the previous theorem shows that u
is the only weight vector of weight 1. Decompose M = €D, N; into irreducible rep-
resentations. Each irreducible decomposes into weight spaces, but from the previous
remark, # must be contained in one of the summands »;. Since M is the minimal
submodule containing u, we have M = N; is irreducible. g

We can now prove the uniqueness of an irreducible module with a given highest
weight.

Theorem. Two finite-dimensional irreducible representations of a semisimple Lie
algebra L are isomorphic if and only if they have the same highest weight.

Proof. Suppose we have given two such modules N, N, with highest weight A and
highest weight vectors u,, u», respectively.

In N| & N, consider the vector (uy, uy); it is clearly a highest weight vector, and
s0 it generates an irreducible submodule N. Now projecting to the two summands
we see that N is isomorphic to both N; and N,, which are therefore isomorphic. O
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It is quite important to observe that given two finite-dimensional representations
M, N, we have the following:

Proposition 3. If u € M, v € N are two highest weight vectors of weight k, u
respectively, then u @ v is a highest weight vector of weight . + . If all other
weights in M (resp. N) are strictly less than ) (resp. () in the dominance order, then
all other weights in M @ N are strictly less than A + . in the dominance order”’

Proof. By definition we have e(u @ v) = eu ® v+ u ® ev for every element e of the
Lie algebra. From this the claim follows easily. O

In particular, we will use this fact in the following forms.

(1) Cartan multiplication Given two dominant weights A, ; we have M, ® M, =
M4, + M', where M’ is a sum of irreducibles with highest weight strictly less
than A4 p. In particular we have the canonical projectionw : M, ® M, — M, ,
with kernel M’. The composition My x M, — M, ® M, 5 Myiy, (m,n) —
w(m @ n) is called Cartan multiplication.

(2) Take an irreducible representation V, with highest weight A and highest weight
vector v, and consider the second symmetric power S2(Vy).

Corollary. S%(V,) contains the irreducible representation Vs, with multiplicity 1.

Proof. v, @ v, is a highest weight vector. By the previous proposition it generates
the irreducible representation V3;. It is a symmetric tensor, so V2, C S2(V,). Finally
since all other weights are strictly less than 24, the representation Vs, appears with
multiplicity 1. O

5.3 Existence of Irreducible Modules

We arrive now at the final existence theorem. It is better to use the language of as-
sociative algebras, and present irreducible L-modules as cyclic modules over the
enveloping algebra U; . The PBW theorem and the decomposition L = u~ &t @ u™
imply that U}, as a vector space is Uy, = U,- ® Uy ® Uy+. This allows us to per-
form the following construction. If A € t*, consider the 1-dimensional representation
C, := Cu, of t ® ut, with basis a vector uy, given by hu, = A(h)uy, Yh € t,
e;u;, = 0. C, induces a module over Uy, called V(1) := U ®u,eu,, Cu,, called the
Verma module. Equivalently, it is the cyclic left Uy -module subject to the defining
relations

(5.3.1) hu, = Ah)u,, Yhet, eu; =0, Vi

We remark then that given any module M and a vector v € M subject to 5.3.1 we
have amap j : V(L) — M mapping u; to v. Such a v is also called a singular vector.
It is easily seen from the PBW theorem that the map a +— au;, a € U, establishes
a linear isomorphism between U,- and V (A). Of course the extra L-module structure
on V(&) depends on A. The module V (1) shares some basic properties of irreducible
modules, although in general it is not irreducible and it is always infinite dimensional.

97 We do not assume irreducibility.
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(1) Itis generated by a unique vector which is a weight vector under t.

(2) It has a basis of weight vectors and the weights are all less than A in the domi-
nance order.

(3) Moreover, each weight space is finite dimensional. For a weight y the dimension
of its weight space is the number of ways we can write y = A — D+ M.

It follows in particular that the sum of all proper submodules is a proper sub-
module and the quotient of V(1) by the maximal proper submodule is an irreducible
module, denoted by L()). By construction, L(A) has a unique singular vector, the
image of u;.

Theorem. L(1) is finite dimensional if and only if ) is dominant.

The set of highest weights coincides with the set of dominant weights.

The finite-dimensional irreducible representations of a semisimple Lie algebra L
are the modules L()\) parameterized by the dominant weights.

When X is dominant, and a weight . appears in L(}), then u is in the W-orbit
of the finite set of dominant weights i < A.

Proof. First, let N, be a finite-dimensional irreducible module with highest weight
vector v, and highest weight A. By Proposition 1 of §5.2, A is dominant. We clearly
have a map of V(1) to N, mapping u; to v,. Clearly this map induces an isomor-
phism between L(A) and N,. Thus, the theorem is proved if we see that if A is
dominant, then L(}) is finite dimensional. We compute now in L(2). Call v, the

class of u;. The first statement is that fi’w")+1 vy = 0. For this it suffices to see that

ABOHL . AEDHL . .
f uy, is a singular vector in V(X). f; u, is certainly a weight vector under

i
Alhi)+1

t, so we need to show that ¢; f; u, forall j.If i # j, e; commutes with f; and

e; fiMh")Hux = ]‘,-Mh")ﬂeju » = 0. Otherwise, the argument of Lemma 1.1, which we
already used in Serre’s existence theorem, shows that e; f,.Mh” 1y » = 0. The argu-
ment of Lemma 1.1 shows that v; generates, under the s/; (2, C) given by e¢;, 4;, fi,
an irreducible module of dimension A(#;) + 1.

The next statement we prove is:

For each i, L(}) is a direct sum of finite-dimensional irreducible sl;(2, C) mod-
ules.

To prove this let M be the sum of all such irreducibles. M # 0 from what we
Just proved. It is enough to see that M is an L-submodule or thataM C M, Va € L.
If N C M is a finite-dimensional s/;(2, C) submodule, consider N’ := )" ., aN.
This is clearly a finite-dimensional subspace and we claim that it is also an s/;(2, C)
submodule. In fact, if u € sl;(2, C), we have uaN C [u,al]N + auN C [u,alN +
aN C N'. Thus M is an L-submodule.

Having established the previous statement we can integrate each s/; (2, C) action
to an action of the group SL;(2, C). As usual we find an action of the elements s;
which permutes weight spaces. From our constraint on weights, it follows that the
only weights which can appear are those y such that w(y) < A, Vw € W. We
know (Theorem 2.4) that each weight is W-conjugate to a dominant weight. Even
if the simple roots are not a basis of the weight lattice, we can still write a weight
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A= Zi m;o; where m; are rational numbers with denominator a fixed integer 4,
for instance the index of the root lattice in the weight lattice. If A = Z,. mic, L =
Y. pia; are two dominant weights, the condition u < A means that ), (m; — n;)e;
is a positive linear combination of positive roots. This implies that n; < m; for all
i. Since also 0 < n; and dn; are integers, we have that the set of dominant weights
satisfying ;4 < A is finite. We can finally deduce that L () is finite dimensional, since
it is the sum of its weight spaces, each of finite dimension. The weights appearing
are in the W-orbits of the finite set of dominant weights u < A. O

Modules under a Lie algebra can be composed by tensor product and also dual-
ized. In general, a tensor product L(A) ® L(u) is not irreducible. To determine its
decomposition into irreducibles is a rather difficult task and the known answers are
just algorithms. Nevertheless by Proposition 3 of §5.2, we know that L(A) ® L(u)
contains the leading term L(X + p). Duality is a much easier issue:

Proposition. L())* = L(—wy())), where wyq is the longest element of W.

Proof. The dual of an irreducible representation is also irreducible, so L(1)* = L{u)
for some dominant weight u to be determined. Let u; be a basis of weight vectors
for L() with weights u;. The dual basis u’, by the basic definition of dual action, is
a basis of weight vectors for L(A)* with weights — ;. Thus the dual of the highest
weight vector is a lowest weight vector with weight —A in L(A)*. The weights of
L(X)* are stable under the action of the Weyl group. The longest element wgy of W
(2.3) maps negative roots into positive roots, and hence reverses the dominance order.
We deduce that —wg(A) is the highest weight for L(A)*. 0

6 Semisimple Groups

6.1 Dual Hopf Algebras

At this point there is one important fact which needs clarification. We have classified
semisimple Lie algebras and their representations and we have proved that the adjoint
group G associated to such a Lie algebra is an algebraic group.

It is not true (not even for sI(2, C)) that a representation of the Lie algebra in-
tegrates to a representation of G . We can see this in two ways that have to be put
into correspondence. The first is by inspecting the weights. We know that in general
the weight lattice is bigger than the root lattice. On the other hand, it is clear that the
weights of the maximal torus of the adjoint group are generated by the roots. Thus,
whenever in a representation we have a highest weight which is not in the root lattice,
this representation cannot be integrated to the adjoint group. The second approach
comes from the fact that in any case a representation of the Lie algebra can be inte-
grated to the simply connected universal covering. One has to understand what this
simply connected group is.

A possible construction is via the method of Hopf algebras, Chapter 8, §7.2. We
can define the simply connected group as the spectrum of its Hopf algebra of matrix
coefficients.
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The axioms §7.2 of that chapter have a formal duality exchanging multiplication
and comultiplication. This suggests that, given a Hopf algebra A, we can define a
dual Hopf algebra structure on the dual A* exchanging multiplication and comulti-
plication. This procedure works perfectly if A is finite dimensional, but in general
we encounter the difficulty that (A ® A)* is much bigger than A* ® A*. The standard
way to overcome this difficulty is to restrict the dual to:

Definition. The finite dual A/ of an algebra A, over a field F, is the space of linear
forms ¢ : A — F such that the kernel of ¢ contains a left ideal of finite codimension.

On A’ we can define multiplication, comultiplication, antipode, unit and counit
as dual maps of comultiplication, multiplication, antipode, counit and unit in A.

Remark. 1t J is a left ideal and dim A/J < oo, the homomorphism A — End(A/J)
has as kernel a two-sided ideal I contained in J. So the condition for the finite dual
could also be replaced by the condition that the kernel of ¢ contains a two-sided ideal
of finite codimension.

Again we can consider the elements of the finite dual as matrix coefficients for
finite-dimensional modules. In fact, given a left ideal J of finite codimension, one
has that A/J is a finite-dimensional cyclic A-module (generated by the class 1 of
1), and given a linear form & on A vanishing on J, this induces a linear form ¢ on
A/ J,_q&(aT) = ®(a). For a € A we have the formal matrix coefficient ®(a) =
(¢ lal).

Conversely, let M be a finite-dimensional module, ¢ € M*, u € M, and con-
sider the linear form cy ,(a) := (¢ [au). This form vanishes on the left ideal J :=
{a € A|au = 0} and we call it a matrix coefficient.

Exercise. The reader should verify that on the finite dual the Hopf algebra structure
dualizes.*

Let us at least remark how one performs multiplication of matrix coefficients. By
definition if ®, ¥ € A/, we have by duality ®¥(a) := (® ® ¥ | A(a)). In other
words, if & = ¢, , is a matrix coefficient for a finite-dimensional module M and
¥ = ¢y, a matrix coefficient for a finite-dimensional module N, we have

PW(a) = (¢ @ ¥ | Ala)u @ v).

The formula A{a)u ® v is the definition of the tensor product action; thus we have
the basic formula

6.1.1) CouCyv = Coy u®v-

Since comultiplication is coassociative, A/ is associative as an algebra. It is commu-
tative if A is also cocommutative, as for enveloping algebras of Lie algebras.

98 Nevertheless it may not be that A is the dual of A7,
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As far as comultiplication is concerned, it is the dual of multiplication, and thus
(8(®),a ® b) = (®,ab). When & = c,,, is a matrix coefficient for a finite-
dimensional module M, choose a basis u; of M and let ' be the dual basis. The
identity 1y = ", u; @ u' and

{C.ur ab) = (P, alybu) = (¢, a Zui ® u'bu)

1

=Y ¢, au)u' bu) =Y cpu (@) u(b).

In other words,

(6.1.2) ACpu) = Copu ® Cutu

i

The unit element of Af is the counit n: A — F of A, which is also a matrix
coefficient for the trivial representation. Finally for the antipode and counit we have
S(epu)(@) = (c4,,)(S(a)), nlcpu) =cgpu(l) = (@ |u).

Let us apply this construction to A = U, the universal enveloping algebra of a
semisimple Lie algebra.

Recall that an enveloping algebra U, is a cocommutative Hopf algebra with
Al@)=a®1+1Qa, S(a) = —a, n(a) =0, Va € L. As a consequence we have
a theorem whose proof mimics the formal properties of functions on a group.

Proposition 1. (i) We have the Peter—Weyl decomposition, indexed by the dominant
weights A™:

(6.1.3) Ul = @Aem End(V,)* = @Aw Vi ® V.

(ii) U Lf is a finitely generated commutative Hopf algebra. One can choose as gen-
erators the matrix coefficients of V := P, V., where the w; are the fundamental
weights.

Proof. (i) If I is a two-sided ideal of finite codimension, Uy /I is a finite-dimensional
representation of L; hence it is completely reducible and it is the sum of some irre-
ducibles V,,, for finitely many distinct dominant weights A; € A*. In other words,
Uy /I is the regular representation of a semisimple algebra. From the results of Chap-
ter 6, §2 it follows that the mapping U; — €D, End(V,,) is surjective with kernel
1. Thus for any finite set of distinct dominant weights the dual @, End(Vy,)* maps
injectively into the space of matrix coefficients and any matrix coefficient is sum of
elements of End(V,)* as A € AT,

(ii)) We can use Cartan’s multiplication (5.2) and formula 6.1.1 to see that
End(V,4,)" C End(V;)* End(V,)*. Since any dominant weight is a sum of fun-
damental weights, the statement follows. [

From this proposition it follows that U 1{ is the coordinate ring of an algebraic
group G,. Our next task is to identify G, and prove that it is semisimple and simply
connected with Lie algebra L. We begin with:
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Lemma. Any finite-dimensional representation V of L integrates to an action of a
semisimple algebraic group Gy, whose irreducible representations appear all in the
tensor powers V™,

Proof. In fact let us use the decomposition L = u~ @ t@ u*. Both u™ and u* act as
Lie algebras of nilpotent elements. Therefore (Chapter 7, Theorem 3.4) the map exp
establishes a polynomial isomorphism (as varieties) of u~ and u™ to two unipotent
algebraic groups U™, U™, of which they are the Lie algebras, acting on V. As for
t we know that V is a sum of weight spaces. Set A’ to be the lattice spanned by
these weights. Thus the action of t integrates to an algebraic action of the torus 7’
having A’ as a group of characters. Even more explicitly, if we fix a basis ¢; of V of
weight vectors with the property that if A;, A; are the weights of ¢;, ¢;, respectively,
and A; < X, theni > j we see that U~ is a closed subgroup of the group of strictly
lower triangular matrices, U™ is a closed subgroup of the group of strictly upper
triangular matrices, and 7’ is a closed subgroup of the group of diagonal matrices.
Then the multiplication map embeds U~ x T’ x U™ as a closed subvariety of the
open set of matrices which are the product of a lower triangular diagonal and an
upper triangular matrix. On the other hand, U~ T'U™ is contained in the Lie group
Gy C GL(V) which integrates L and is open in G . It follows (Chapter 4, Criterion
3.3) that Gy coincides with the closure of U~TU™ and it is therefore algebraic.
Since L is semisimple, V®™ is a semisimple representation of Gy for all m. Since
L =[L, L) we have that Gy is contained in S (V). We can therefore apply Theorem
1.4 of Chapter 7 to deduce all the statements of the lemma. O

Theorem. U Lf is the coordinate ring of a linearly reductive semisimple algebraic
group G4(L), with Lie algebra L, whose irreducible representations coincide with
those of the Lie algebra L.

Proof. Consider the representation V := &, V,,, of L, with the sum running over
all fundamental weights. We want to see that the coordinate Hopf algebra of the
group G,(L) := Gy (constructed in the previous lemma) is U 1{ . Now (by Cartan’s
multiplication) any irreducible representation of L appears in a tensor power of V,
and thus every finite-dimensional representation of L integrates to an algebraic rep-
resentation of G (L). We claim that U [ , as a Hopf algebra, is identified with the
coordinate ring C[G(L)] of G,(L). In fact, the map is the one which identifies, for
any dominant weight A, the space End(V,)* as a space of matrix coefficients either
of L or of G,(L). We have only to prove that the Hopf algebra operations are the
same. There are two simple ideas to follow.

First, the algebra of regular functions on G,(L) is completely determined by its
restriction to the dense set of elements exp(a), a € L.

Second, although the element exp(a), being given by an infinite series, is not in
the algebra Uy, nevertheless, any matrix coefficient ¢4, of U extends by continuity
to a function (¢ | exp(a)u) on the elements exp(a) which, being the corresponding
representation of the G, (L) algebraic group, is the restriction of a regular algebraic
function.

In this way we start identifying the algebra of matrix coefficients U Lf with the
coordinate ring of G,(L). At least as vector spaces they are both &, .+ End(V,)*.
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Next, we have to verify some identities in order to prove that we have an isomor-
phism as Hopf algebras. To verify an algebraic identity on functions on G(L), it
is enough to verify it on the dense set of elements exp(a), a € L. By 6.1.1, 6.1.2.
and the definition of matrix coefficient in the two cases, it follows that we have an
isomorphism of algebras and coalgebras. Also the isomorphism respects unit and
counit, as one sees easily. For the antipode, one has only to recall that in Uy, for
a € L we have S(a) = —a so that S(e?) = e7°.

Since for functions on G,(L) the antipode is Sf(g) = f (g7!), we have the
compatibility expressed by Sf(e?) = f((e®)™!) = f(e™®) = f(S(e)). We have
thus an isomorphism between U Lf and C[G,(L)] as Hopf algebras. m}

It is still necessary to prove that the group G, (L), the spectrum of U /s simply
connected and a finite universal cover of the adjoint group of L. Before doing this
we draw some consequences of what we have already proved. Nevertheless we refer
to G;(L) as the simply connected group. In any case we can prove:

Proposition 2. Let G be an algebraic group with Lie algebra a semisimple Lie alge-
bra L. Then G is a quotient of G4(L) by a finite group.

Proof. Any representation of L which integrates to G integrates also to a represen-
tation of G;(L); thus we have the induced homomorphism. Since this induces an
isomorphism of Lie algebras its kernel is discrete, and since it is also algebraic, it is
finite. |

Let us make a final remark.
Proposition 3. Given two semisimple Lie algebras L\, L,, we have
Gs(L1 & Ly) = Gs(Ly) x Gs(Lo).

Proof. The irreducible representations of L; & L, are the tensor })roducts M®N
of irreducibles for the two Lie algebras; hence U Lf. o, =U [l ® Uj, form which the
claim follows. m}

6.2 Parabolic Subgroups

Let L be a simple Lie algebra, t a maximal toral subalgebra, ®* a system of positive
roots and b the corresponding Borel subalgebra, and G;(L) the group constructed
in the previous section. Let w; be the corresponding fundamental weights and V;
the corresponding fundamental representations with highest weight vectors v;. We
consider a dominant weight A = )", _, m;w;, m; > 0. Here J is the set of indices i
which appear with nonnegative coefficient. We want now to perform a construction
which in algebraic geometry is known as the Veronese embedding. Consider now
the tensor product M = ®;¢; Vi Ttis a representation of L (not irreducible)
with highest weight vector ®;¢,v;”" . This vector generates inside M the irreducible
representation V.
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We have an induced Veronese map of projective spaces (say k = |J|):

m, = [ [B(V) — P(a),
ieJ

7(Cay,...,Ca) = (Ca{@"" ®...®af’"’", 0#a eV,

This map is an embedding and it is equivariant with respect to the algebraic group
G (L) (which integrates to the Lie algebra action). In particular we deduce that:

Proposition 1. The stabilizer in G (L) of the line through the highest weight vector
v, is the intersection of the stabilizers H; of the lines through the highest weight
vectors v; for the fundamental weights. We set Hy 1= N;cy H;.

Proposition 2. Let B be the Borel subgroup, with Lie algebra b*. If H D B is an
algebraic subgroup, then B = Hj for a subset J of the nodes of the Dynkin diagram.

Proof. Let H be any algebraic subgroup containing B. From Theorem 1, §2.1 Chap-
ter 7, there is a representation M of G and a line £ in M such that H is the stabilizer
of £. Since B C H, £ is stabilized by B. The unipotent part of B (or of its Lie al-
gebra u™) must act trivially. Hence £ is generated by a highest weight vector in an
irreducible representation of G (Proposition 2 of §5.2). Hence by Proposition 1, we
have that H must be equal to one of the groups H;. D

To identify all these groups let us first look at the Lie algebras. Givenaset J C A
of nodes of the Dynkin diagram,” let ®; denote the root system generated by the
simple roots not in this set, i.e., the set of roots in & which are linear combinations
ofthew;, i ¢ J.

Remark. The elements «;, i ¢ J, form a system of simple roots for the root sys-
tem &,.

We can easily verify that

6.2.1) pyi=b" @aew% L_q,

is a Lie algebra. Moreover one easily has that p4Npp = paup and that p, is generated
by b* and the elements f; fori ¢ J. We set p; = py;; so that p; = Nieyp;. Let
B, P;, P; be the connected groups in G;(L) with Lie algebras bt, py.p;.

Lemma. The Lie algebra of Hy is p;.

Proof. Since f;v, = 0if and only if (A, ;) = 0, we have that f; is in the Lie algebra
of the stabilizer of v, if and only if m; = 0, i.e.,i ¢ J. Thus p; is contained in the
Lie algebra of Hj;. Since these Lie algebras are all distinct and the H; exhaust the
list of all groups containing B, the claim follows. ]

9 We can identify the nodes with the simple roots.
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Theorem. P; = H,, in particular H,, is connected.

Proof. We have that P; stabilizes £, and contains B, so it must coincide with one of
the groups H and it can be only H,. O

Remark. Since in Proposition 2 we have seen that the subgroups H, exhaust all
the algebraic subgroups containing B, we have in particular that all the algebraic
subgroups containing B are connected.'®

It is important to understand the Levi decomposition for these groups and alge-
bras. Decompose t = t; @ t}, where t; is spanned by the elements 4;, i ¢ J and t}
is the orthogonal, i.e., tt = {h € t|a;(h) =0, Vi ¢ J}.

Proposition 3. (i) The algebra |; = t; @yev, Lo is the Lie algebra of the (not
necessarily irreducible) root system ® .

(ii) The algebra s; := t; ®geco+-o, Lo is the solvable radical of p,.

(iii) p; = 1; ® s is a Levi decomposition.

Proof. (i) The elements ¢;, f;, h;, i ¢ J are in [; and satisfy Serre’s relations for
the root system & ;. By Serre’s theorem we thus have a homomorphism from the
Lie algebra associated to @, to [,. This map sends a basis to a basis, so it is an
isomorphism.

(ii) p; is contained in the Borel subalgebra of L, so it is solvable. It is easily seen
to be an ideal of p;. Since p;/s; = l; is semisimple, it is the solvable radical.

(iii) Follows from (1), (ii). O

We finally need to understand the weight lattice, and dominant and fundamental
weights associated to @ ;. The main remark is that if i ¢ J and oy is the correspond-
ing fundamental weight for t, since the elements #;, j ¢ J span t; we have that w;
restricted to t; coincides with the fundamental weight dual to &;.

Let L; C P; C G4(L) be the corresponding semisimple group.

Proposition 4. L ; is simply connected.

Proof. To prove that a semisimple group is simply connected (according to our pro-
visional definition), it suffices to prove that all the representations of its Lie algebra
integrate to representations of the group. Now if we restrict an irreducible representa-
tion V, of G;(L) to L, it will not remain irreducible, but its highest weight vector vy
is still a highest weight vector for the corresponding Borel subalgebra t; €, cot Lo
of L;. From the previous discussion, all dominant weights appear in this way. O

The subgroup L := L, T has Lie algebra [; & t' and it is called a Levi factor of
P;, L, is the semisimple part of the Levi factor. L is a connected reductive group.
If U; denotes the unipotent radical of Py, i.e., the unipotent group with Lie algebra
uy = @ae¢+_¢l Lo, we have that L N U; = 1. This follows from the fact that
a unipotent group with trivial Lie algebra is trivial. It gives the Levi decomposition
for P:

100 With a more careful analysis in fact one can drop from the hypotheses the requirement to
be algebraic.
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Theorem (Levi decomposition). The multiplication mapm : L x U; — P is an
isomorphism of varieties and P = L x Uj is a semidirect product.

Proof. Since L normalizes U; and the map m is injective with invertible Jacobian, it
follows that the image of m is an open subgroup, hence equal to P, since this group
is connected and clearly gives a semidirect product. O

In fact a similar argument (see [Bor], [Hu2], [OV]) shows in general that if G
is any connected algebraic group with unipotent radical G,, one can find (using the
Levi decomposition for Lie algebras and the fact that the Lie algebra is algebraic) a
reductive subgroup L with G = L x G, a semidirect product.

Remark. There is a certain abuse in the expression “Levi decomposition.” For Lie
algebras we used this term to find a presentation of a Lie algebra as a semidirect
product of a semisimple and a solvable Lie algebra. Then, in order to prove Ado’s
theorem we corrected the decomposition so that it was really a presentation of a Lie
algebra as a semidirect product of a reductive and a nilpotent Lie algebra. This is the
type of decomposition which we are now stressing for P.

6.3 Borel Subgroups

We can now complete the analysis of Borel subgroups.
Let G be a connected algebraic group.

Definition. A maximal connected solvable subgroup of G is called a Borel sub-
group.

A subgroup H with the property that G/H is projective (i.e., compact) is called
a parabolic subgroup.

Before we start the main discussion let us make a few preliminary remarks.

Lemma 1. (i) A Borel subgroup B of a connected algebraic group G contains the
solvable radical of G.

(ii) If G = G1 x G, is a product, a Borel subgroup B of G is a product By x B,
of Borel subgroups in the two factors.

Proof. (i) Let R be the solvable radical, a normal subgroup. Thus BR is a subgroup;
it is connected since it is the image under multiplication of B x R. Finally BR is
clearly solvable, hence BR = B.

(ii) If B is connected solvable, the two projections Bj, B, on the two factors
are connected solvable, hence B C B; x B,. If B is maximal, we have then
B = B x B,. O

In this way one reduces the study of Borel subgroups to the case of semisimple
groups.

Lemma 2. Let B be connected solvable and H a parabolic subgroup of G. Then B
is contained in a conjugate of H.
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Proof. By Borel'’s fixed point theorem, B fixes some point aH € G/H, hence
B CaHa™'. O

Theorem. For an algebraic subgroup H C G the following two conditions are
equivalent:

1. H is maximal connected solvable (a Borel subgroup).
2. H is minimal parabolic.

Proof. We claim that it suffices to prove that if B is a suitably chosen Borel subgroup,
then G/ B is projective, hence B is parabolic. In fact, assume for a moment that this
has been proved and let H be minimal parabolic. First, B C aHa~! for some a by
the previous lemma. Since a Ha™! is minimal parabolic, we must have B = aHa .
Given any other Borel subgroup B’, by the previous lemma, B’ C aBa~!. Since
aBa™! is solvable connected and B’ maximal solvable connected, we must have
B =aBa'.

Let us prove now that G/B is projective for a suitable connected maximal solv-
able B. Since B contains the solvable radical of G, we can assume that G is semisim-
ple. We do first the case G = G;(L), the simply connected group of a simple Lie
algebra L. Consider for B the subgroup with Lie algebra b*. We have proved in
Theorem 6.2 that B is the stabilizer of a line £ generated by a highest weight vector
in an irreducible representation M of G,(L) relative to a regular dominant weight.
We claim that the orbit G,(L)/B C P(M) is closed in this projective space, and
hence G;(L)/B is projective. Otherwise, one could find in its closure a fixed point
under B which is different from £. This is impossible since it would correspond to
a new highest weight vector in the irreducible representation M. Moreover, we also
see that the center Z of G,(L) is contained in B. In fact, since on any irreducible
representation the center of G,(L) acts as scalars, Z acts trivially on the projective
space. In particular, it is contained in the stabilizer B of the line €.

The general case now follows from 6.1. A semisimple group G is the quotient
G =[1]; Gs(L;)/Z, of aproduct [ |, Gs(L;) of simply connected groups with simple
Lie algebras L; by a finite group Z in the center. Taking the Borel subgroups B; in
G,(L;) we have that [], B; contains Z, B := [[; B;/Z is a Borel subgroup in G and
G/B =]; Gs(L;)/B;. O

Corollary of proof. The center of G is contained in all Borel subgroups.
All Borel subgroups are conjugate.
The normalizer of B is B.
A parabolic subgroup is conjugate to one and only one of the groups Py, J C A.

Proof. All the statements follow from the theorem and the previous lemmas. The
only thing to clarify is why two groups P; are not conjugate. Suppose gP;g~! = P;.
Since gBg™! is a Borel subgroup of P; there is an h € P; with hgBg~'h~™! = B.
Hence hg € B and P; = hgP;(hg)~' = hPh~! = Py. a

The variety G/B plays a fundamental role in the theory and, by analogy to the
linear case, it is called the (complete) flag variety.
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By the theory developed, G/B appears as the orbit of the line associated to a
highest weight vector for an irreducible representation V) when the weight A € A**
is strongly dominant, i.e., in the interior of the Weyl chamber C (cf. §2.4).

The other varieties G/ P; also play an important role and appear as the orbit of
the line associated to a highest weight vector for an irreducible representation V)
when the weight A is in a given set of walls of C.

6.4 Bruhat Decomposition

Let L be a simple Lie algebra, t a maximal toral subalgebra, ®* a system of positive
roots, b* X the corresponding Borel subalgebra, and u™ its nilpotent radical. We need
to make several computations with the Weyl group W and with its lift W generated
by the elements s; in the groups SL;(2, C). In order to avoid unnecessary confusion
let us denote by o; the simple reflections in W lifting to the elements s; € W.

For any algebraic group G with Lie algebra L we have that G,(L) - G —
G,(L) (G is between the simply connected and the adjoint groups). In G we have
the subgroups T, B, U, i.e., the torus, Borel group, and its unipotent radical with Lie
algebras t, bt, ut, respectively. Let W be the Weyl group.

Proposition 1. The map T x U — B, (t, u) > tu is an isomorphism.

Proof. Take a faithful representation of G and a basis of eigenvectors for T, ordered
such that U acts as strictly upper triangular matrices. Call D the diagonal and V the
strictly upper triangular matrices in this basis. The triangular matrices form a product
D x V inside which T x U is closed. Since clearly the image TU C B C DV is
also open in B, we must have TU = B and the map is an isomorphism. O

First, a simple remark:

Definition-Proposition 2. A maximal solvable subalgebra of L is called a Borel sub-
algebra. A Borel subalgebra b is the Lie algebra of a Borel subgroup.

Proof. Let B be the Lie subgroup associated to b. Thus B is solvable. By Proposi-
tion 3 of Chapter 7, §3.5, the Zariski closure of B is solvable and connected so B is
algebraic and clearly a Borel subgroup. 0

Consider the adjoint action of G,(L) on L.
Lemma 1. The stabilizer of b+ and u* under the adjoint action is B.

Proof. Clearly B stabilizes b, ut. If the stabilizer were larger, it would be one of
the groups P;, which is impossible. |

Remark. According to Chapter 7, we can embed G/ B in a Grassmann variety. We let
N = dimu" (the number of positive roots) and consider the line A" ut ¢ A" L.
The orbit of this line is G/B. Now clearly a vector in /\N ut is a highest weight
vector of weight ).+ @ = 2p. It remains puzzling to understand if there is also
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a more geometric interpretation of the embedding of G/B associated to p. This in
fact can be explained using a theory that we will develop in Chapter 11, §7. The
adjoint group G = G, (L) preserves the Killing form and the subspace u™ is totally
isotropic. If we embed u* in a maximal totally isotropic subspace we can apply to it
the spin formalism and associate to it a pure spinor. We leave to the reader to verify
(using the theory of Chapter 7) that this spinor is a highest weight vector of weight .

We want to develop some geometry of the varieties G/ P. We will proceed in a
geometric way which is a special case of a general theory of Bialynicki-Birula [BB].

Let us consider C* acting linearly on a vector space V. Denote by p : C* —
GL(V) the corresponding homomorphism. p is called a 1-parameter group. De-
compose V according to the weights V = 3. V.., V,,, = {v € V[p()v = t™v}.
The action induces an action on the projective space of lines P(V'). A point p € P(V)
isaline Cv C V, and it is a fixed point under the action of C* if and only if v is an
eigenvector.

Given a general point in P(V) corresponding to the line through some vector
v =)V, € Vy, wehave p(t)v = ), t™v;. In projective space we can deho-
mogenize the coordinates and choose the index i/ among the ones for which v; # 0
and for which the exponent m; is minimum. Say that this happens fori = 1. Choose a
basis of eigenvectors among which the first is vy, and consider the open set of projec-
tive space in which the coordinate of v; is nonzero and hence can be normalized to 1.
In this set, in the affine coordinates chosen, we have p(1)v = vy + ), " ",
Therefore we have lim,_,¢ p(f)v = v;. We have thus proved in particular:

Lemma 2. For a point p € P(V) the limit lim,_, p(¢) p exists and is a fixed point of
the action.

Remark. f W C P(V) is a T-stable projective subvariety and p € W, we have
clearly lim, o p(#)p € W. We will apply this lemma to G/B embedded in a G-
equivariant way in the projective space of a linear representation V.

We want to apply this to a regular 1-parameter subgroup of T . By this we mean
a homomorphism p : C* — T with the property that if « # g are two roots,
considered as characters of T, we have that @ o p # B o p. Then we have the
following simple lemma.

Lemma 3. A subspace of L is stable under p(C*) if and only if it is stable under T .

Proof. A subspace of L is stable under p(C*) if and only if it is a sum of weight

spaces; since p(C*) is regular, its weight spaces coincide with the weight spaces
of T. D

We now introduce some special Borel subalgebras. For any choice W of the set
of positive roots, we define by =t P L. In particular, let ¥ = w(d*) be a
choice of positive roots.

We know in fact that such a W corresponds to a Weyl chamber and by Theorem
2.3 3), the Weyl group acts in a simply transitive way on the chambers. Thus we have
defined algebras indexed by the Weyl group and we set b,, = t ® P, o+ Luw@-

ac¥
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Lemma 4. Let A C ® be a set of roots satisfying the two properties:
S) a,fEA, a+Bed — a+BEA.

(M xeA, = —adA

Then A C w(®T) for some w € W.

Proof. By the theory of chambers, it suffices to find a regular vector v such that
(a,v) > 0, Vo € A. In fact, since the regular vectors are dense and the previous
condition is open, it suffices to find any vector v such that (&, v) > 0, Yo € A. We
proceed in three steps.

(1) We prove by induction on m that given a sequence o1, . . ., &, of m elements
in A, we have oy + a2 + -+ - + &, # 0. For m = 1 it is clear. Assume it form — 1.
If —a; =a+ -+ a,, we have (—ay, 02 - - - + &) > 0; thus, for some j > 2, we
have (a1, ¢j) < 0. By Lemma 2.2, o} + «; is a root, by assumption in A, so we can
rewrite the sum as a shorter sum (or; + a;) + Zi#ly joi = 0, a contradiction.

(2) We find a nonzero vector v with (o, v) > 0, Yo € A. In fact, assume by
contradiction that such a vector does not exist. In particular this implies that given
o € A, thereisa B € A with (¢, 8) < 0, and hence o + § € A. Starting from
any root g € A we find inductively an infinite sequence B; € A, such that a; 1 =
Bi +a; € A. By construction o; = ap + 1 + B2 + -+ - + Bi—1, Vi. For two distinct
indices i < j we must have «; = o, and hence 0 = Zi:i +1 Bns contradicting 1.

(3) By induction on the root system induced on the hyperplane H, :=
{x|(x,v) = 0}, we can find a vector w with (¢, w) > 0, Vo € AN H,. If we
take w sufficiently close to 0, we can still have that (8, v+ w) > 0, V8 € A — H,.
The vector v + w solves our problem. a

Lemma 5. Let A C ® be a set of roots. ) := t ® @, L« is a Lie algebra if and
only if A satisfies the property (S) of Lemma 4.
Furthermore Yy is solvable if and only if A satisfies the further property (T).

Proof. The first part follows from the formula [L,, Lg] = L. For the second, if
a, —a € A, we have inside §j a copy of sI(2, C) which is not solvable. Otherwise,
we can apply the previous lemma and see that § C b, for some w. O

Proposition 3. (i) A Borel subalgebra by is stable under the adjoint action of T if and
onlyift C h.
(ii) The Borel subalgebras containing t are the algebras b,,, w € W.

Proof. (i) If a subalgebra § is stable under T, it is stable under the adjoint action of t.
Hence §’ := b+t is a subalgebra and § is an ideal in ly. So, if §) is maximal solvable,
we have that £ C b. The converse is clear.

(i) Since b is T-stable we must have h = t ® @4 Lo satisfies the hypotheses
of Lemma 5, and hence it is contained in a b,,. Since h is maximal solvable, it must
coincide with b,,. |
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From Theorem 6.3 and all the results of this section we have:

Theorem 1. The set of Borel subalgebras of L is identified under the adjoint action
with the orbit of b and with the projective homogeneous variety G/B. The fixed
points under T of G/ B are the algebras b,, indexed by W.

We want to decompose G /B according to the theory of 1-parameters subgroups
now. We choose a regular 1-parameter subgroup of T' with the further property that
if & is a positive root, ¢(p(t)) = t™=, m, < 0. From Lemma 3, it follows that the
fixed points of p(C*) on G/B coincide with the T fixed points b,,. We thus define

(6.4.1) Cy = {p € G/B|limp()p =bu}.

From Lemma 2 we deduce:

Proposition 4. G/ B is the disjoint union of the sets C,,, w € W.

w?

We need to understand the nature of these sets C,,. We use Theorem 2 of §3.5 in
Chapter 4. First, we study G/B in a neighborhood of B = b, taking as a model the
variety of Borel subalgebras. We have that u™, the Lie algebra of the unipotent group
U™, is a complement of b™ in L, so from the cited theorem we have that the orbit
map restricted to U~ givesamapi : U~ — G/B, u > Ad(u)(b) which is an open
immersion at 1. Since U~ is a group and i is equivariant with respect to the actions
of U™, we must have that i is an open map with an invertible differential at each
point. Moreover, i is an isomorphism onto its image, since otherwise an element of
U~ would stabilize b, , which is manifestly absurd. In fact, U~ N B = 1 since itis a
subgroup of U~ with trivial Lie algebra, hence a finite group. In a unipotent group the
only finite subgroup is the trivial group. We have thus found an open set isomorphic
to U~ in G/B and we claim that this set is in fact C,. To see this, notice that U~ is
T -stable, so G/B — U~ is closed and T'-stable. Hence necessarily C; C U~ . To see
that it coincides, notice that the T -action on U~ is isomorphic under the exponential
map to the T-action on u~. By the definition of the 1-parameter subgroup p, all the
eigenvalues of the group on u~ are strictly positive, so for every vector u € u~ we
have lim,_,¢ p(¢t)u = 0, as desired.

Let us look now instead at another fixed point b,,. Choose a reduced expression
of w and correspondingly an element s,, = s;;s;, ...5;, € G as in Section 3.1, 5; €

SL;(2, C) the matrix 1 . We have that b,, = 5,,(b) has as an open neighborhood

0

-1 0
the orbit of the group s,,(U™)s;!, which by the exponential map is isomorphic to
the Lie algebra u, = )", 4- Lu. This neighborhood is thus isomorphic, in a T-
equivariant way, to u,, with the adjoint action of T. On this space the 1-parameter
subgroup p has positive eigenvalues on the root spaces L) for the roots o < 0
such that w(a) < 0 and negative eigenvalues for the roots o < 0 such that w(«) > 0.
Clearly the Lie algebra of the unipotent group U, := U~ Ns,(U7)s,, lis the sum
of the root spaces Lg, where 8 < 0, w™!(8) < 0. We have:

Lemma 6. C,, is the closed set U, b,, of the open set s,(U™)s; b, = 5,(U™b).
The orbit map from U to C, is an isomorphism.
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We need one final lemma:

Lemma 7. Decompose u = u; & uy as the direct sum of two Lie subalgebras,
say w; = Lie(U;). The mapi : Uy x Uy — U,i : (x,y) +> xy and the map
Jiur@uy — U, j(a,b) = expl(a) exp(b) are isomorphisms of varieties.

Proof. Since U; is isomorphic to u; under the exponential map, the two statements
are equivalent. The Jacobian of j at 0 is the identity, so the same is true for i. i is
equivariant with respect to the right and left actions of U,, U, so the differential
of i is an isomorphism at each point.!%! Moreover, i is injective since otherwise, if
X1¥1 = Xy we have xz_lxl = yzyl_1 € U; N Us. This group is a subgroup of a
unipotent group with trivial Lie algebra, hence it is trivial. To conclude we need a
basic fact from affine geometry. Both Uy x U, and U are isomorphic to some affine
space C™. We have embedded, via i, U; x U, into U. Suppose then that we have an
open set A of C™ which is an affine variety isomorphic to C™. Then A = C™. To see
this, observe that in a smooth affine variety the complement of a proper affine open
set is a hypersurface, which in the case of C™ has an equation f(x) = 0. We would
have then that the function f(x) restricted to A = C™ is a nonconstant invertible
function. Since on C” the functions are the polynomials, this is impossible. o

Given a w € W we know by 2.3 that if w = sy, ...s;, is a reduced expression,
the set B, := {8 € ®* |w™!(B) < 0} of positive roots sent into negative roots by
w~! is the set of elements B, = SiySiy - - S, (i), B = 1,..., k. Let us define
the unipotent group U, as having Lie algebra @ e, Lp- Foraroota let Uy be the
additive group with Lie algebra L,,.

Corollary. Let w = s, ...5s;, be a reduced expression. Then the group U, is the
product UﬁIUﬂz v Uﬂk = UﬂkUﬂk—l - Uﬂl‘

Proof. We apply induction and the fact which follows by the previous lemma that
U, is the product of Uus, with Ug,. |

In particular it is useful to write the unipotent group U as a product of the root
subgroups for the positive roots, ordered by a convex ordering. We can then complete
our analysis.

Theorem (Bruhat decomposition). The sets C,, are the orbits of B~ acting on
G/B.

Each C;; = U,by, is a locally closed subset isomorphic to an affine space of
dimension £(wwg) where wy is the longest element of the Weyl group.

The stabilizer in B~ of b,, is B~ N s,(B)s;' = TU,, where U,, = U™ N
sw(U)s," has Lie algebra @, q- w-layed+ La-

101 Tt is not known if this is enough. There is a famous open problem, the Jacobian conjecture,
stating that if we have a polynomial map C" — C" with everywhere nonzero Jacobian, it
is an isomorphism.
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Proof. Most of the statements have been proved. It is clear that sw(B)sl;1 is the
stabilizer of b,, = Ad(s,,)(b) in G. Hence B~ N s, (B)s,, ! is the stabilizer in B~ of
by,. This is a subgroup with Lie algebra

b~ Nb, =t®d @ L,.
acd™
w"(w)e(lYr

We have a decomposition

b =to P Lo P Lo

acd” acd”
w N (a)edt w N (@)ed™
which translates in groups as B~ = TU U, = U, TU,, (the products giving iso-
morphisms of varieties). Hence B~b,, = U, TU, )b, = U b, =C,. O

Some remarks are in order. In a similar way one can decompose G/B into B-
orbits. Since B = s,,B s, |, we have that

G/B = 5u,Cy = | Bsuobw = | Bbugu-

weW weW weW

Set Uy, = sy, Uy, ,50). The cell

WoWw ™ Wy

C} = 5uCiy = SunUppubugw = Uubu,

Wow

with center by, is an orbit under B and has dimension £(w).

U, is the unipotent group with Lie algebra €D, s, L« Where

B, :={Bed |wl(B) <0

Finally C} = {p € G/B| lim,;_.o p(t)p = by).

We have a decomposition of the open set U, = C, x C;} . The cells are called
Bruhat cells and form two opposite cell decompositions.

Second, if we now choose G to be any algebraic group with Lie algebra L and
G,(L) = G/Z where Z is the finite center of G, we have that:

Proposition 5. The preimage of a Borel subgroup B, of G,(L) is a Borel subgroup
B of G. Moreover there is a canonical 1-1 correspondence between the B-orbits on
G/ B and the double cosets of B in G, hence the decomposition:

(6.4.2) G= |_| Bs,B = L_I Uysey B, (Bruhat decomposition).

weW weW

The obvious map U, X B — Uys,, B is an isomorphism.

Proof. Essentially everything has already been proved. Observe only that G/B em-
beds in the projective space of an irreducible representation. On this space Z acts as
scalars, hence Z acts trivially on projective space. It follows that Z C B and that
G/B = G,(L)/B,. 0
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The fact that the Bruhat cells are orbits (under B~ or B™) implies immediately
that:

Proposition 6. The closure S, := C,, of a cell C,, is a union of cells.
Definition. S, is called a Schubert variety.

The previous proposition has an important consequence. It defines a partial order

inWgivenbyx <y < C} C 6;. This order is called the Bruhat order. It can
be understood combinatorially as follows.

Theorem (on Bruhat order). Given x,y € W we have x < y in the Bruhat order if
and only if there is a reduced expression 'y = s;,5;, . . . Siyx such that x can be written
as a product of some of the s;, in the same order as they appear in y.

We postpone the proof of this theorem to the next section.

6.5 Bruhat Order

Let us recall the definitions and results of 6.2. Given a subset J of the nodes of

the Dynkin diagram, we have the corresponding root system &, with simple roots

as those corresponding to the nodes not in J. Its Weyl group W, is the subgroup

generated by the corresponding simple reflections s;, i ¢ J (the stabilizer of a point

in a suitable stratum of the closure of the Weyl chamber). We also have defined a

parabolic subalgebra p; and a corresponding parabolic subgroup P = P;.
Reasoning as in 6.4 we have:

Lemma. P is the stabilizer of p; under the adjoint action.
G/ P can be identified with the set of parabolic subalgebras conjugate to p ;.
The parabolic subalgebras conjugated to p; and fixed by T are the ones contain-
ing tare in 1-1 correspondence with the cosets W/ W.

Proof. Let us show the last statement. If g is a parabolic subalgebra containing t,
a maximal solvable subalgebra of q is a Borel subalgebra of L containing t, hence
is equal to b,,. This implies that for some w € W we have that ¢ = s,(p,). The
elements s,, are in the group W such that W/W N'T = W. One verifies immediately
that the stabilizer in W of p is the preimage of W, and the claim follows. O

Theorem. (i) We have a decomposition P = | |, y, Uy swB-

(ii) The variety G/ P has also a cell decomposition. Its cells are indexed by ele-
ments of W/ W;, and in the fibration ® : G/N -> G/P, we have that T[_ICXW] =
l_]wexWJ C'U‘

(iii) The coset xW; has a unique minimal element in the Bruhat order whose
length is the dimension of the cell C.w,.

(iv) Finally, the fiber P /B over the point P of this fibration is the complete flag
variety associated to the Levi factor L.
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Proof. All the statements follow easily from the Levi decomposition. Let L be the
Levi factor, B the standard Borel subgroup, and R the solvable radical of P. We
have that L N B is a Borel subgroup in L and we have a canonical identification
L/L N B = P/B. Moreover, L differs from L, by a torus part in B. Hence we have
also P/B = L;/B,, with B; = BN L; a Borel subgroup in L ;. The Weyl group of
L, is W, so the Bruhat decomposition for L ; induces a Bruhat decomposition for P
given by 1).

By the previous lemma, the fixed points (G/P)" are in 1-1 correspondence with
W/ W;. We thus have a decomposition into locally closed subsets C,, a € W/ W;
as for the full flag variety. O

A particularly important case of the previous analysis for us is that of a minimal
parabolic. By this we mean a parabolic P associated to the set J of all nodes except
one i. In this case the root system ®; is a system of type A, and thus the semisimple
Levi factor is the group SL(2, C). The Bruhat decomposition for P, which we denote
P (i), reduces to only two double cosets P(i) = B LI Bs; B and P(i)/B = P! (C) is
the projective line, a sphere. The two cells are the affine line and the point at infinity.

We pass now to the crucial combinatorial lemma.

Bruhat lemma. Let w € W and s, = s;,5, ...Si4x be associated to a reduced
expression of w = 0,0y, ...0;+x. Let us consider the element s; associated to a
simple reflection o;. Then

Bs, BBs, B — Bs;s, B if £(o;w) (w) +
Bs;sy,BU Bs, B ifL{o;w) = £(w) — 1.

Proof. For the first part it is enough to see that s; Bs,,B C Bs;s,, B. Since si2 eT

this is equivalent to proving that s; Bs;s;s,, B C Bs;sy, B. We have (by the Corollary

of the previous section), that 5; Bs; C BU_,, and

-1
U—g;8i8w = 8iSu(8iSw) ™ U—g;5i5w = U_y-15,(0)Si5w = Un-1(¢)SiSw-

Since £(o;w) = &(w) + 1 we have w™!(e;) > 0, and so Uy1@) C B.

In the other case w™!(e;) < 0. Set w = o;u. By the previous case Bs,B =
Bs;Bs, B. Let us thus compute Bs; BBs; B. We claim that Bs;BBs;B = Bs; B U B.
0 1
-1 0
since in this case BsB U B = SL(2,C), and 1 = (=1)s’> € BsBBsB and s €

BsBBsB since
0 1) |1 1;]0 1{|—=1 —=1]|0 1}j1 1
—1 0/ {0 1/|-1 0{| 0 —1||—1 0}i0 1|°

For the general case we notice that this is a computation in the minimal parabolic
associated to i. We have that all the double cosets contain the solvable radical and
thus we can perform the computation modulo the radical, reducing to the previous
special case. O

This will prove the claim. Clearly this is true if G = SL(2,C) ands; = s =

]
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Geometric lemma. Let w = o;u, £(w) = £(u) + 1. Then S, = PS, where P D B
is the minimal parabolic associated to the simple reflection s;.

Proof. Since P = Bs; BU B, from Bruhat’s lemma we have PC, = C,,UC,. More-
over, from the proof of the lemma, it follows that C, is in the closure of C,,; thus by
continuity C,, C PS, C §,,. Thus it is sufficient to prove that PS, is closed. By the
Levi decomposition for P using SL(2, C) C P, we have that PS, = SL(2,C)S,.
In SL(2, C) every element can be written as product ab with a € SU(2,C), and b
upper triangular, hence in B N SL(2, C). Thus PS, = SL(2,C)S, = SU2,O)P.
Finally since SU (2, C) is compact, the action map SU (2, C) x S, — G/ B is proper
and so its image is closed. O

Remark. With a little more algebraic geometry one can give a proof which is valid
in all characteristics. One forms the algebraic variety P x g S, whose points are pairs
(p,v), p € P,v € §,, modulo the identification (pb, v) = (p, bv), Yv € §,,.

The action map factors through a map P x5 S, — S, which one proves to be
proper. This in fact is the beginning of an interesting construction, the Bott—Samelson
resolution of singularities for S,,,.

Proof (of the theorem on Bruhat order stated in §6.4). Lety € W and T, := U, ,C,,
where < is the Bruhat order. We have to prove that T, = S,. We work by induction
on the length of y. Let y = s;u, £(y) = £(u) + 1. By induction S, is the union
of the cells C, where x is obtained from the reduced expressions of u, deleting
some factors. Given this we have by the Bruhat decomposition of P that PS, =
(BU Bs;, B)S, = §, U Bs;, S,. Now if x < u in the Bruhat order, we have that also
x, s;,x precede y. This shows that §,, C T,,. Conversely, let x < y. Then we have
a reduced expression y = s;,5;,...5;, = s;w and x is obtained by dropping some
of the factors; hence either x < worx = sjlx’ and x’ < w. The same argument as
before shows that C, C §,. o

Remark. The theory we have discussed holds in any characteristic, and in fact also
over finite fields, where it gives the basic ingredients for the representation theory of
the finite Chevalley groups. For instance, in the case of a finite field F with g ele-
ments, one takes the flag variety as basis of a permutation representation C[G/B].
One applies next the discussion of Chapter 1, §3.2, where we showed that the en-
domorphism algebra of C[G/B] is the Hecke algebra of double cosets. The the-
ory of Bruhat implies that this algebra has a basis T}, indexed by w € W and that
T, T, = Ty, if £(uv) = £(u)+£(v), while Ts2 = (¢ —1)T,,+q for a simple reflection.
This is the beginning of a rather deep theory.

Remark. Given a representation Vy, A = Y, m;w; such that the stabilizer of the
highest weight vector vy is P;, J = {i |m; # 0}, the set of T fixed points in the
orbit GCvy = G/ P; C P(V,) is the set of lines of the highest weight vectors for the
various algebras b,,. These vectors are called the extremal weight vectors and their
weights (the W orbit of 1) the extremal weights. There are (very few) representations
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which are particularly simple, and have the extremal weight vectors as basis; these
are called minuscule. Among them we find the exterior powers /\k V for type A,
and, as we will see, the spin representations.

Examples. In classical groups we can represent the variety G/B in a more concrete
way as a flag variety. We have already seen the definition of flags in Chapter 7,
§4.1 where we described Borel subgroups of classical groups as stabilizers of totally
isotropic flags.

Examples of fixed points Let us understand in this language which points are the
T-fixed points. A flag of subspaces V; of the defining representation is fixed under
T if and only if each V; is fixed, i.e., it is a sum of eigenspaces. For SL(n, C),
where T consists of the diagonal matrices, the standard basis ey, ..., ¢, is a basis
of distinct eigenvalues, so a T-stable space has as basis a subset of the e;. Thus a
stable flag is constructed from a permutation o as the sequence of subspaces V; 1=
{es1), - -+ » €a(i)). We see concretely how the fixed points are indexed by S,.

Exercise. Prove directly the Bruhat decomposition for SL(n, C), using the method
of putting a matrix into canonical row echelon form.

For the other classical groups, the argument is similar. Consider for instance the
symplectic group, with basis ¢;, f; of eigenvectors with distinct eigenvalues. Again a
T-stable space has as basis a subset of the ¢;, f;. The condition for such a space to be
totally isotropic is that, for each 7, it should contain at most one and not both of the
elements ¢;, f;. This information can be encoded with a permutation plus a sequence
of £1, setting +1 if ¢; appears, —1 if f; appears. It is easily seen that we are again
encoding the fixed flags by the Weyl group. The even orthogonal group requires a
better analysis. The problem is that in this case, the set of complete isotropic flags
is no longer an orbit under SO(2n, C). This is explained by the familiar example
of the two rulings of lines in a quadric in projective 3-space (which correspond to
totally isotropic planes in 4 space). In group theoretical terms this means that the set
of totally isotropic spaces of dimension n form two orbits under SO (2n, C). This
can be seen by induction as follows. One proves:

I. f m = dimV > 2, the special orthogonal group acts transitively on the set of
nonzero isotropic vectors.

2. If e is such a vector the orthogonal e' is an m — 1-dimensional space on which
the symmetric form is degenerate with kernel generated by e. Modulo e, we have
an m — 1-dimensional space U := e+ /Ce. The stabilizer of e in SO (V) induces
on U the full special orthogonal group.

3. By induction, two k-dimensional totally isotropic spaces are in the same orbit
fork <m/2.

4. Finally SO(2, C) is the subgroup of SL(2, C) stabilizing the degenerate conic
{xe+yf|xy =0}. SO(2, C) consists of diagonal matrices ¢ > te, f > 71 f.
There are only two isotropic lines x = 0, y = 0. This analysis explains why the
fixed flags correspond to the Weyl group which has n!2"~! elements.
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Now let us understand the partial flag varieties G/P with P a parabolic sub-
group. We leave the details to the reader (see also Chapter 13).

For type A, with group SL(V), a parabolic subgroup is the stabilizer of a partial
flag Vi C Vp--- C V, with dimV; = h;. The dimensions h; correspond to the
positions, in the Dynkin diagram A,, of the set J of nodes that we remove.

In particular, a maximal parabolic is the stabilizer of a single subspace, for in-
stance, in a basis ey, ..., ¢,, the k-dimensional subspace spanned by ey, ..., e. In
fact, the stabilizer of this subspace is the stabilizer of the line through the vector
etANeyN---Aeg € /\k V. The irreducible representation /\k V is a fundamental
representation with weight w;. The orbit of the highest weight vector e; A - -+ A ey is
the set of decomposable exterior vectors. It corresponds in projective space to the set
of k-dimensional subspaces, which is the Grassmann variety, isomorphic to G/ Py,
bg g withAak xk
matrix. We plan to return to these ideas in Chapter 13, where we will take a more
combinatorial approach which will free us from the characteristic O constraint.

where the parabolic subgroup is the group of block matrices

Exercise. Show that the corresponding group Wiy, is S¢ x S,41—. The fixed points
correspond to the decomposable vectors e;; A e, A--- Aey, iy <l < - - <.
For the other classical groups one has to impose the restriction that the subspaces
of the flags be totally isotropic. One can then develop a parallel theory of isotropic
Grassmannians. We have again a more explicit geometric interpretation of the fun-
damental representations. These representations are discussed in the next chapter.

Exercise. Visualize, using the matrix description of classical groups, the parabolic
subgroups in block matrix form.

For the symplectic and orthogonal group we will use the Theorems of Chapter 11.

For the symplectic group of a space V, the fundamental weight w; corresponds
to the irreducible representation /\g(V) C /\k(V) consisting of traceless tensors. Its
highest weight vectoris e; A e A ... A ¢ (cf. Chapter 11, §6.7).

In /\k V, the orbit under Sp(V) of the highest weight vector e; A- - - Aey is the set
of decomposable exterior vectors which are traceless. The condition to be traceless
corresponds to the constraint, on the corresponding k-dimensional subspace, to be
totally isotropic. This is the isotropic Grassmann variety. It is then not hard to see
thattoaset J = {ji, j2,-... , jx} of nodes corresponds the variety of partial isotropic
flags V; C'V;, C--- CV, dimVj, = j.

Exercise. Prove that the intersection of the usual Grassmann variety, with the pro-
jective subspace P( /\S(V)) is the isotropic Grassmann variety.

For the orthogonal groups we have, besides the exterior powers /\k(V) which
remain irreducible, also the spin representations.

On each of the exterior powers /\k(V) we have a quadratic form induced by the
quadratic formon V.

Exercise. Prove that a decomposable vector u := v; A V2 A ... A v; corresponds
to an isotropic subspace if and only if it is isotropic. The condition that the vector u
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corresponds to a totally isotropic subspace is more complicated although it is given
by quadratic equatlons In fact one can prove that it is: u®u belongs to the irreducible
representation in /\ V®2 of the orthogonal group, generated by the highest weight
vector.

Finally for the maximal totally isotropic subspaces we should use, as fundamen-
tal representations, the spin representations, although from §6.2 we know we can
also use twice the fundamental weights and work with exterior powers (cf. Chap-
ter 11, §6.6). The analogues of the decomposable vectors are called in this case pure
spinors.

6.6 Quadratic Equations

E. Cartan discovered that pure spinors, as well as the usual decomposable vectors
in exterior powers, can be detected by a system of quadratic equations. This phe-
nomenon is quite general, as we will see in this section. We have seen that the
parabolic subgroups P give rise to compact homogeneous spaces G/P. Such a va-
riety is the orbit, in some projective space P(V}), of the highest weight vector. In
this section we want to prove a theorem due to Kostant, showing that, as a subvari-
ety of P(V,), the ideal of functions vanishing on G/ P is given by explicit quadratic
equations.

Let v, be the highest weight vector of V,. We know by §5.2 Proposition 3 that
vy ® v, is a highest weight vector of V5, C Vi ® Vi and V), ® Vy, = Vo, B

If v € Vj is in the orbit of v, we must have that v ® v € Vy;.

The theorem we have in mind is proved in two steps.

u<2A

1. One proves that the Casimir element C has a scalar value on Vs, which is differ-
ent from the values it takes on the other V,, of the decomposition and interprets
this as quadratic equations on G/P.

2. One proves that these equations generate the desired ideal.

As a first step we compute the value of C on an irreducible representation V;,
or equivalently on v,. Take as basis for L the elements (&, a)ey /2, fo for all posi-
tive roots, and an orthonormal basis &; of . From 1.8.1 (computing the dual basis
Ja, (@, )eq /2, k;)

= ) (@, 0)(eafut fuea)/2+ Zk2

aed+

We have

Juean =0,  eq favi = [€q; falvr = hava = A(ha)va = (| @)y,
(cf. 1.8.1). Finally, Y, k?v; = 3, Alk;)?vy = (A, A)v, by duality and:
Lemma 1. C acts on V, by the scalar

Cy =Y )+ AN =020+ RN =0+p1r+p) = (00

aedt
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We can now complete step 2.
Lemma 2. If u < X is a dominant weight, we have C(u) < C(A).

Proof. C(A) —C(u) = (A +p, A+ p) —(u+p, u+ p). Write u = & — y with y
a positive combination of positive roots. Then (A + p, A+ p) — (u +p, u + p) =
A+ 1+ 2p, y). Since A + u + 2p is a regular dominant weight and y a nonzero
sum of positive roots, we have (A + u + 2p, y) > 0. u]

Corollary. V3, ={a € V, @ Vi |Ca = C(2X)a}.

Proof. The result follows from the lemma and the decomposition V, ® Vi =
Vo @, <0 Vi, Which shows that the summands V), are eigenspaces for C with
eigenvalue strictly less than the one obtained on V3;. O

Let us now establish some notations. Let R denote the polynomial ring on the
vector space V. It equals the symmetric algebra on the dual space which is V,,, with
©w = —wp(L), by Proposition 5.3. Notice that —wg(p) = p and (u, n) = (A, 1), s0o
C) =Cw).

The space R; of polynomials of degree 2 consists (always, by §5.3) of v, over
which the Casimir element has value C(2u) and lower terms. Let X denote the affine
cone corresponding to G/ P C P(V,). X consists of the vectors v which are in the G-
orbit of the multiples of v,. Let A be the coordinate ring of X whichis R/1, where I
is the ideal of R vanishing on X. Notice that since X is stable under G, [ is also stable
under G, and A = @k Ay is a graded representation. Since v, @ vy € Vo, x ® x €
Vo for each element x € X. In particular let us look at the restriction to X of the
homogeneous polynomials R, of degree 2 with image A;. Let O C R; be the kernel
of the map R, — A;. Q is a set of quadratic equations for X. From the corollary
it follows that Q equals the sum of all the irreducible representations different from
Vs, in the decomposition of R; into irreducibles. Since V7, is irreducible, A; is dual
to V7, and so it is isomorphic to V,,. The Casimir element C = Zi a;b; acts as
a second order differential operator on R and on A, where the elements of the Lie
algebra a;, b; act as derivations.

Theorem (Kostant). Ler J be the ideal generated by the quadratic equations Q
in R.

(i) R/J = A, J is the ideal of the definition of X.
(ii) The coordinate ring of X, as a representation of G, is B, Viu-

Proof. Let R/J = B. The Lie algebra L acts on R by derivations and, since J
is generated by the subrepresentation Q, L preserves J and induces an action on
B. The corresponding simply connected group acts as automorphisms. The Casimir
element C = ), a;b; acts as a second order differential operator on R and B. Finally,
B =V, B=V,,.

Letx,y € By. Then, xy € B, = V5, hence C(x) = C(A)x, Clxy) = C(2A)xy.
On the other hand, C(xy) = C(x)y +xC(y) + >, ai(x)b;(y) +b;(x)a; (y). We have
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hence ), a; (x)bi(y) + bi(x)a;(y) = [C2A) — 2C(M)]xy = (24,2p) + 4(A, A) —
2[(A, 20) + (&, )] = 2(X, A). On an element of degree k we have

k
Clxp...x5) = lexz...C(xi)...xk +ZZx1x2...ahx,- coobpx X
i=1

i<j h
k
+ x1x2...bpx; .. .apx;j .. .Xk:[kC()»)-*-z(Z)(}», Axixg ... xg.

Now [kC(A) + 2 (’5) (A, A)] = C(kA). We now apply Lemma 2. By is a quotient of
Vf’k, and on B we have that C acts with the unique eigenvalue C(kA); therefore we
must have that B, = Vj, is irreducible. We can now finish. The mapn : B — A is
surjective by definition. If it were not injective, being L-equivariant, we would have
that some By maps to 0. This is not possibie since if on a variety all polynomials
of degree k vanish, this variety must be 0. Thus J is the defining ideal of X and
B = @, Vi, is the coordinate ring of X. O

Corollary. A vector v € V, is such that v ® v € Vyy, if and only if a scalar multiple
of v is in the orbit of v,.

Proof. Infact v ® v € V3, if and only if v satisfies the quadratic relations Q. a

Remark. On V; ® V, the Casimir operator is C, @ 1 + 1 ® C; + 2D, where
D=7 (0,0 ® fut fu®e)/24 ) ki ®ki.

acdt i
Thus a vectora € V, @ Vy isin Vs ifand only if Da = (A, Ma.
The equation D{(v ® v) = (A, A)v ® v expands in a basis to a system of quadratic
equations, defining in projective space the variety G/ P.

Examples. We give here a few examples of fundamental weights for classical groups.
More examples can be obtained from the theory to be developed in the next chapters.

1. The defining representation.

For the special linear group acting on C" = V,,, there is a unique orbit of nonzero
vectors and so X = C". V,,, = $2(C™), the symmetric tensors, and the condition
u®u e S2(C") is always satisfied.

For the symplectic group the analysis is the same.

For the special orthogonal group it is easily seen that X is the variety of isotropic
vectors. In this case the quadratic equations reduce to (u, u) = 0, the canonical
quadric.

2. For the other fundamental weights in /\k C", the variety X is the set of de-
composable vectors, and its associated projective variety is the Grassmann variety.
In this case the quadratic equations give rise to the theory of standard diagrams. We
refer to Chapter 13 for a more detailed discussion.

For the other classical groups the Grassmann variety has to be replaced by the
variety of totally isotropic subspaces. We discuss in Chapter 11, §6.9 the theory
of maximal totally isotropic spaces in the orthogonal case using the theory of pure
spinors.
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6.7 The Weyl Group and Characters

We now deduce the internal description of the Weyl group and its consequences for
characters.

Theorem 1. The normalizer Nt of the maximal torus T is the union | ), oy $uT. We
have an isomorphism W = Nt /T.

Proof. Clearly Nr O |J,cw swT. Conversely, let a € Nr. Since a normalizes T it
permutes its fixed points in G/B. In particular we must have that for some w € W
the element s, 'a fixes b*. By Lemma 1 of 6.4, this implies that s, 'a € B. If we have
anelementtu € B, t € T, u € U in the normalizer of T we also have u € Nr. We
claim that Nz N U = 1. This will prove the claim. Otherwise Ny N U is a subgroup
of U which is a unipotent group normalizing 7. Recall that a unipotent group is
necessarily connected. The same argument of Lemma 3.6 of Chapter 7 shows that
N7 N U must commute with 7. This is not possible for a nontrivial subgroup of U,
since the Lie algebra of U is a sum of nontrivial eigenspaces for 7. |

We collect another result which is useful for the next section.

Proposition. If G is a semisimple algebraic group, then the center of G is contained
in all maximal tori.

Proof. From the corollary of 6.3wehave Z C B =TU.Ifwehadz € Z,z = tu, we
would have that u commutes with 7. We have already remarked that the normalizer
of T in U is trivial so u = | and z € T. Since maximal tori are conjugate, Z is in
every one of them. O

We can now complete the proof of Theorem 1, Chapter 8, §4.1 in a very precise
form. Recall that an element ¢ € T is regular if it is not in the kernel of any root
character. We denote by 77 this set of regular elements. Observe first that a generic
element of G is a regular element in some maximal torus 7.

Lemma. Themapc: G x T™8 — G, c: (g,t) — gtg~! has surjective differential
at every point. Its image is a dense open set of G.

Proof. Since the map ¢ is G-equivariant, with respect to the left action on G x T
and conjugation in G, it is enough to compute it at some element (1, #o) where the
tangent space is identified with L & t. To compute the differential we can compose
with L1 and consider separately the two maps g > £, 'gtog™" and t > 1. The first
map is the composition g — (2, Letg, g7 D) ty lgtog™!, and so it has differential
a— Ad(ty 1)(a) — a; the second is the identity of {. Thus we have to prove that the
map (a, u) — [Ad(y Y Na+uis surjective. Since by hypothesis Ad(¢; 1y does
not possess any eigenvalue 1 on the root subspaces, the image of L under Ad(#, -1
is @,ep La- We can then conclude that the image of ¢ is open; since it is algebraic
it is also dense. O
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Theorem 2. Let G be a simply connected semisimple group.

(i) The ring of regular functions, invariant under conjugation by G, is the polyno-
mial ring C[x,,] in the characters x,, of the fundamental representations.
(ii) The restriction to a maximal torus T of the irreducible characters x;, A € AT
forms an integral basis of the ring Z[f”]w of W-invariant characters of T.
(iii) Z[f’]w = ZlXw> - - - » Xo, ] is a polynomial ring over Z generated by the restric-
tions of the characters X, of the fundamental representations.

Proof. From the previous theorem the restriction to T of a function on G, invariant
under conjugation, is W-invariant. Since the union of all maximal tori in G is dense
in G we have that this restriction is an injective map. The rings Z[A], C[A] are
both permutation representations under W. From Theorem 2.4, every element of A
is W-conjugate to a unique element A € A™. Therefore if we set S,, A € A1, tobe
the sum of all the conjugates under W of A € A™, we have that

(6.7.1) zn=@p,_,. 25

From the highest weight theory it follows that the restriction to a maximal torus T" of
the irreducible character x;, A € A™, which by abuse of notation we still denote by
Xa, 18 of the form
Xi = S}\ + ZC#-AS#
HU<A

for suitable positive integers ¢, . (which express the multiplicity of the space of
weight u in V3 ). In particular, we deduce that the irreducible characters x;, A € AT,
form an integral basis of the ring Z[T1¥ of W-invariant characters of T. Writing
a dominant character & = ) ;_, n;w;, n; € N we see that x, and [];_, x/; have

the same leading term S, (in the dominance order) and thus Z[f]w is a polynomial
ring over Z generated by the restrictions of the characters yx,, of the fundamental
representations.

The statement for regular functions over C follows from this more precise anal-
ysis. a

The reader will note the strong connection between this general theorem and var-
ious theorems on symmetric functions and conjugation invariant functions on matri-
ces.

6.8 The Fundamental Group

We have constructed the group G (L) with the same representations as a semisimple
Lie algebra L. We do not yet know that G,(L) is simply connected. The difficulty
comes from the fact that we cannot say a priori that the simply connected group asso-
ciated to L is a linear group, and so it is obtained by integrating a finite-dimensional
representation. The next theorem answers this question. In it we will use some basic
facts of algebraic topology for which we refer to standard books, such as [Sp], [Hal.
We need to know that if G is a Lie group and H a closed subgroup, we have a locally
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trivial fibration H — G — G/H. To any such fibration one has an associated long
exact sequence of homotopy groups. This will allow us to compute 7, (G) for G an
adjoint semisimple group. The fibration we consider is B — G — G/B. In order to
compute the long exact sequence of this fibration we need to develop some topology
of B and of G/B.

First, let us analyze B. Let T, be the compact torus in 7.

Proposition. The inclusion of T, C T C B is a homotopy equivalence. m\(T,;) =
homy (T, Z).

Proof. We remark that B = TU is homotopic to the maximal torus T since U is
homeomorphic to a vector space. T = (C*)" is homotopic to (S!)" = R"/Z". The
homotopy groups are m;(R"/Z") = 0,Vi > 1, m;(R"/Z") = Z". The homotopy
group of (§')” is the free abelian group generated by the canonical inclusions of S’
in the n factors. In precise terms, in each homotopy class we have the loop induced
by a 1-parameter subgroup pu:

Sl—u—>TC

cr Lt T
More intrinsically 7 (T) is identified with the group homz(f", Z) of 1-parameter
subgroups. D

By the Bruhat decomposition G/ B is a union of even-dimensional cells. In order
to apply the standard theory of CW-complexes we need more precise information.
Let (G/B); be the union of all the Schubert cells of complex dimension < h. We
need to show that (G/B)y, is the 2h-dimensional skeleton of a CW complex and that
every Schubert cell of complex dimension 4 is the interior of a ball of real dimen-
sion 2h with its boundary attached to (G/B);_;. If we can prove these statements,
we will deduce by standard theory that 7;(G/B) = 1, 7(G/B) = Hy(G/B, Z)
having as basis the orientation classes of the complex 1-dimensional Schubert vari-
eties, which correspond to the simple reflections s; and are each homeomorphic to a
2-dimensional sphere.

Let us first analyze the basic case of SL(2, C). We have the action of SL(2, C)
on P!, and in homogeneous coordinates the two cells of P! are py := {(1,0)},
C :={a, 1}, a € C. The map

is the parametrization we have used for the open cell.
Consider the set D of unitary matrices:

o-|

0
1

a

1

1 a
01

se? r
—i6

i +st=1,r15>0, 0e[0,271]}.
—r se
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Setting se’® = x + iy we see that this is in fact the 2-cell x> + y> +r2 =1, r > 0,
with boundary the circle with r = 0. When we apply these matrices to py, we see
that the boundary 9D fixes pg and the interior D of the cell maps isomorphically to
the open cell of P!.

If By denotes the subgroup of upper triangular matrices in SL(2, C), we have,
comparing the actions on P! that

bB() = BysBy, dD C By.

We can now use this attaching map to recursively define the attaching maps for the
Bruhat cells. For each node i of the Dynkin diagram, we define D; to be the copy of
D contained in the corresponding group SU; (2, C).

Proposition. Given w = 0;,0,...0;, € W a reduced expression, consider the 2k-
dimensional cell D, = D;, x D;, x --- x D;,. The multiplication map:

Di1 X D,'2 X - X Dik — DiIDiz'“DikB

has image S,,. The interior of D,, maps homeomorphically to the Bruhat cell C,,
while the boundary maps to S,, — C,,.

Proof. Let u = o;,w. By induction we can assume the statement for u. Then by
induction D;, (S, — C,) C (S, — Cy) and 9D; S, C S, since dD;; C B. It
remains to prove only that we have a homeomorphism D x C, — C,. By the
description of the cells, every element x € C,, has a unique expression as x = as;,c
where a is in the root subgroup Uy, , and ¢ € C,. We have that as;, = db, fora
unique elementd € D and b € SL; (2, C) upper triangular. The claim follows. O

We thus have:

Corollary. G/B has the structure of a CW complex, with only even-dimensional
cells D, of dimension 2¢(w) indexed by the elements of W.

Each Schubert cell is a subcomplex.

If w = s;u, £(w) = L) + 1, then S, is obtained from S, by attaching the
cell D,,.

m1(G/B)=0, H;(G/B,Z)=01if i is odd, while Hy(G/B, Z) =)=+ Z[Dw],
where D, is the homology class induced by the cell D,,.

m2(G/B) = Hy(G/B, Z).

Proof. These statements are all standard consequences of the CW complex structure.
The main remark is that in the cellular complex which computes homology, the odd
terms are 0, and thus the even terms of the complex coincide with the homology.
Given that 7,(G/B) = 0, n,(G/B) = H;(G/B,Z) is the Hurewicz iso-
morphism. O

For us, the two important facts are that 7;(G/B) = 0 and m2(G/B,Z) =
@si Z[Dy,], a sum on the simple reflections.
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Theorem 1. Given a root system ®, if G;(L) is as in §6.1 then G;(L) is simply
connected.

Moreover, its center Z is isomorphic tohomz(A/A,, Q/Z) where A is the weight
lattice and A, is the root lattice.

Finally, Z = m\(G), where G .= G,(L) is the associated adjoint group.

Proof. Given any dominant weight A and the corresponding irreducible represen-
tgtion Vi, by Schur’s lemma, Z acts as some scalars which are elements ¢, of
Z = hom(Z, C*). Since Z is a finite group, any such homomorphism takes vai-
ues in the roots of 1, which can be identified with Q/Z. By §5.2 Proposition 3, we
have that ¢, 1, = ¢, ¢,. Hence we get a map from A to Z. If this mapping were not
surjective, we would have an elementa € Z, a # 1 in the kernel of all the ¢;,. This is
impossible since by definition G,(L) has a faithful representation which is the sum
of the V,,. Since Z C T and Z acts trivially on the adjoint representation, we have
that the homomorphism factors to a homomorphism of A/A, to Z.

Apply the previous results to G = G,(L). We obtain that the long exact sequence
of homotopy groups of the fibration B —~» G — G/ B gives the exact sequence:

6.8.1) 0 - m(G) > Hy(G/B,Z) —> homZ(f', Zy - m(G) — 0.

It is thus necessary to understand the mapping H>(G/B, Z) — homz(f”, 7).
Next we treat SL(2, C). In the diagram

U(1,C) —— SUR,C) —— P

| ! !

B — SL22,C) —— P!

the vertical arrows are homotopy equivalences. We can thus replace SL(2, C) by
SU2,0).

We have the homeomorphisms SU (2, C) = S°, (Chapter 5, §5.1) U(1,C) =
§!, P! = $2. The fibration §' — §* — 2 is called the Hopf fibration.

Since 7,(S%) = m,(8%) = 0 we get the isomorphism 71(S!) = Hy(5%,Z). A
more precise analysis shows that this isomorphism preserves the standard orienta-
tions of S1, §2.

The way to achieve the general case, for each node ¢ of the Dynkin diagram we
embed SU2,C)in SL;(2,C) < Gs,(L) -» G = G,(L) and we have a diagram

U(l,C) —— SUQ2,C) —— P!
il | i|
B ——s G —— G/B

The mapping i of S = U(1,C) into the maximal torus 7 of G is given by
eV s V-1 Ag g homotopy class in hom(f”, Z)y = hom(A,, Z) it is the ele-
ment which is the evaluation of 8 € A, at h;. From 1.8.1 this value is (8 | o;).
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Next j maps P! to the cell D;,.

We see that the homology class [ D, ] maps to the linear function 7; ehom(A,, Z),
T; 1 B (B ;). By 2.4.2 these linear functions are indeed a basis of the dual of the
weight lattice and this completes the proof that

(6.8.2) homgz(A/A,, Q/Z) = homz(A,, Z)/ homz(A, Z) = 7,(G).

Now we have a mapping on the universal covering group G of G to Gy(L),
which maps surjectively the center of G, identified to homz(A/A,, Q/Z), to the
center Z of G;(L). Since we have seen that Z has a surjective homomorphism to
homz(A/A,, Q/Z) and these are all finite groups, the map from G to G4(L) is an
isomorphism. O

By inspecting the Cartan matrices and computing the determinants we have the
following table for A/A,:

A,: A/A, =Z/(n +1).In fact the determinant of the Cartan matrix is n + 1
but SL(n + 1, C) has as center the group of (n + 1) roots of 1.

For G,, Fy, Eg the determinant is 1. Hence A/A, = 0, and the adjoint groups
are simply connected.

For E;, D,, B, we have A/A, =Z/(2). For E¢, A/A, = Z/(3), by the compu-
tation of the determinant.

For type D, the determinant is 4. There are two groups of order 4, Z/(4) and
Z/(2) x Z/(2). A closer inspection of the elementary divisors of the Cartan matrix
shows that we have Z/(2) x Z/(2) when n is even and Z/(4) when »n is odd.

6.9 Reductive Groups

We have seen the definition of reductive groups in Chapter 7 where we proved that
a reductive group is linearly reductive, modulo the same theorem for semisimple
groups. We have now proved this from the representation theory of semisimple Lie
algebras. From all the work done, we have now proved that if an algebraic group is
semisimple, that is, if its Lie algebra g is semisimple, then it is the quotient of the
simply connected semisimple group of g modulo a finite subgroup of its center. The
simply connected semisimple group of Lie algebra g is the product of the simply
connected groups of the simple Lie algebras g; which decompose g.

Lemma. Let G be a simply connected semisimple algebraic group with Lie algebra
g and H any algebraic group with Lie algebra b. If ¢ : g — b is a complex lin-
ear homomorphism of Lie algebras, ¢ integrates to an algebraic homomorphism of
algebraic groups.

Proof. Consider a faithful linear representation of H < GL(n, C). When we inte-
grate the homomorphism ¢, we are in fact integrating a linear representation of g.
We know that these representations integrate to rational representations of G. O
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Given a connected reductive group G, let Z be the connected component of its
center. We know that Z is a torus. Decompose the Lie algebra of G as @Bg; & 3
where 3 is the Lie algebra of Z and the algebras g; are simple. Let G; be the simply
connected algebraic group with Lie algebra g;. The previous lemma implies that for
each i, there is an algebraic homomorphism ¢; : G; — G inducing the inclusion of
the Lie algebra. Thus we deduce amap ¢ : [ |, G; x Z — G which is the identity on
the Lie algebras. This is thus a surjective algebraic homomorphism with finite kernel
contained in the product [[; Z; x Z, where Z; is the finite center of G;. Conversely:

Theorem. Given simply connected algebraic groups G; with simple Lie algebras
and centers Z;, a torus Z and a finite subgroup A C [, Z; x Z with ANZ =1, the
group [1; Gi x Z/A is reductive with Z as its connected center.

In this way all reductive groups are obtained and classified.

The irreducible representations of [|; G; x Z/A are the tensor products
®; Vi, ® x with x a character of Z with the restriction that A acts trivially.

6.10 Automorphisms

The construction of Serre (cf. §3.1) allows us to also determine the entire group
of automorphisms of a simple Lie algebra L. Recall that since all derivations are
inner, the adjoint group is the connected component of the automorphism group.
Now let ¢ : L — L be any automorphism. We use the usual notations t, @, &t fora
maximal toral subalgebra, roots and positive roots. Since maximal toral subalgebras
are conjugate under the adjoint group, there is an element g of the adjoint group such
that g(t) = ¢(t). Thus setting ¥ := g~ !¢, we have ¥ (t) = t. From Proposition 3
of §5.4 we have that ¥(b*) = b,, for some w € W. Hence s;,'¢(b7) = b*. The
outcome of this discussion is that we can restrict our study to those automorphisms
¢ for which ¢ (t*) = t7 and ¢ (b+) = b+.

One such automorphism permutes the roots preserving the positive roots, and
hence it induces a permutation of the simple roots, hence a symmetry of the Dynkin
diagram. On the other hand, we see immediately that the group of symmetries
of the Dynkin diagram is Z/(2) for type A,,n > 1 (reversing the orientation),
Dy, n > 4 (exchanging the two last nodes n — 1, n), Es. It is the identity in cases
B,. C,, Gy, Fy, E7, Fg. Finally, D4 has as a symmetry group the symmetric group
S3 (see the triality in the next Chapter 7.3). Given a permutation o of the nodes of the
Dynkin diagram we have that we can define an automorphism ¢, of the Lie algebra
by @5 (hi) = he), Polei) = €54y, ¢o(fi) = f5@- This is well defined since the
Serre relations are preserved. We finally have to understand the nature of an auto-
morphism fixing the roots. Thus ¢ (h;) = h;, ¢(e;) = «;e;, for some numbers ;. It
follows that ¢ (f;) = o ! £, and that ¢ is conjugation by an element of the maximal
torus, of coordinates «;.

Theorem. The full group Aut(L) of automorphisms of the Lie algebra L is the
semidirect product of the adjoint group and the group of symmetries of the Dynkin
diagram.
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Proof. We have seen that we can explicitly realize the group of symmetries of the
Dynkin diagram as a group S of automorphisms of L and that every element of
Aut(L) is a product of an inner automorphism in G,(L) and an element of §. It
suffices to see that S N G,(L) = 1. For this, notice that an element of S N G,(L)
normalizes the Borel subgroup. But we have proved that in G,(L) the normalizer of
Bis B.Itisclearthat BN S = 1. g

Examples. In A,, as an outer automorphism we can take x +— (x~ .
In D,, as an outer automorphism we can take conjugation by any improper or-
thogonal transformation.

7 Compact Lie Groups
7.1 Compact Lie Groups

At this point we can complete the classification of compact Lie groups. Let X be a
compact Lie group and £ its Lie algebra. By complete reducibility we can decompose
t as a direct sum of irreducible modules, hence simple Lie algebras. Among simple
Lie algebras we distinguish between the 1-dimensional ones, which are abelian, and
the nonabelian. The abelian summands of £ add to the center 3 of &.

The adjoint group is a compact group with Lie algebra the sum of the nonabelian
simple summands of £. First, we study the case 3 = 0 and K is adjoint. On £ there is a
K -invariant (positive real) scalar product for which the elements ad(a) are skew sym-
metric. For a skew-symmetric real matrix A we see that A? is a negative semidefinite
matrix, since (A%v, v) = —(Av, Av) < 0. For a negative semidefinite nonzero ma-
trix, the trace is negative and we deduce

Proposition 1. The Killing form for the Lie algebra of a compact group is negative
semidefinite with kernel the Lie algebra of the center.

Definition. A real Lie algebra with negative definite Killing form is called a compact
Lie algebra.

Before we continue, let L be a real simple Lie algebra; complexify L to L ® C.
By Chapter 6, §3.2 applied to L as a module on the algebra generated by the elements
ad(a), a € L, we may have that either L ® C remains simple or it decomposes as
the sum of two irreducible modules.

Lemma. Let L be a compact simple real Lie algebra. L ® C is still simple.

Proof. Otherwise, in the same chapter the elements of ad(L) can be thought of as
complex or quaternionic matrices (hence also complex).

If a real Lie algebra has also a complex structure we can compute the Killing form
in two ways, taking either the real or the complex trace. A complex n x n matrix A
is a real 2n x 2n matrix. The real trace trr(A) is obtained from the complex trace
as 2 Re(trc A) twice its real part. Given a complex quadratic form, in some basis it
is a sum of squares Y, (x4 + iyy)?, its real part is ¥, x? — y?. This is indefinite,
contradicting the hypotheses made on L. O
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Propeosition 2. Conversely, if for a group G the Killing form on the Lie algebra is
negative definite, the adjoint group is a product of compact simple Lie groups.

Proof. If the Killing form (a, a) is negative definite, the Lie algebra, endowed with
—(a, a) is a Euclidean space. The adjoint group G acts as a group of orthogonal
transformations. We can therefore decompose L = @B, L; as a direct sum of orthog-
onal irreducible subspaces. These are necessarily ideals and simple Lie algebras.
Since the center of L is trivial, each L; is noncommutative and, by the previous
proposition, L; ® C is a complex simple Lie algebra. We claim that G is a closed
subgroup of the orthogonal group. Otherwise its closure G has a Lie algebra bigger
than ad(L). Since clearly G acts as automorphisms of the Lie algebra L, this im-
plies that there is a derivation D of L which is not inner. Since L @ C is a complex
semisimple Lie algebra, D is inner in L ® C, and being real, it is indeed in L. There-
fore the group G is closed and the product of the adjoint groups of the simple Lie
algebras L;. Each G; is a simple group. We can quickly prove at least that G; is sim-
ple as a Lie group, although a finer analysis shows that it is also simple as an abstract
group. Since G; is adjoint, it has no center, hence no discrete normal subgroups. A
proper connected normal subgroup would correspond to a proper two-sided ideal of
L;. This is not possible, since L; is simple. O

To complete the first step in the classification we have to see, given a complex
simple Lie algebra L, of which compact Lie algebras it is the complexification. We
use the theory of Chapter 8, §6.2 and §7.1. For this we look first to the Cartan
involution.

7.2 The Compact Form

We prove that the semisimple groups which we found are complexifications of com-
pact groups. For this we need to define a suitable adjunction on the semisimple Lie
algebras. This is achieved by the Carran involution, which can be defined using the
Serre relations. Let L be presented as in §3.1 from a root system.

Proposition 1. There is an antilinear involution w, called the Cartan involution, on
a semisimple Lie algebra which, on the Chevalley generators, acts as

(7.2.1) w(e) = fi, wlh;) = h;.

Proof. To define w means to define a homomorphism to the conjugate opposite al-
gebra. Since all relations are defined over Q@ the only thing to check is that the

relations are preserved. This is immediate. For instance &;;4; = w(le:, f;1) =
[w(f}), w(e;)] = [e;, fi]. The fact that w is involutory is clear since it is so on
the generators. O

We now need to show that:

Theorem 1. The real subalgebra t := {a € L|w(a) = —a} gives a compact form
for L.
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Clearly for each a € L we have a = (a + w(a))/2 + (a — w(a))/2,
(@~ w(@)/2 € &, (a+ w(a))/2 € /-1t Since w is an antilinear involution,
we can easily verify that for the Killing form we have (w(a), w(b)) = (a, b). This
gives the Hermitian form {a, b) := (a, w(b)). We claim it is positive definite. Let
us compute {(a,a) = (a, w(a)) using the orthogonal decomposition for the Killing
form L = t® P,cp+ (La ® L_o). On t = E¢, with E the real space generated by
the elements A;, fora € E, o« € C we have (a ® o, a @ @) = (a, a)|a|* > 0.

For Ly & L_, one should first remark that the elements s; which lift the simple
reflections preserve the Hermitian form. Next, one can restrict to Ce; @ Cf; and
compute

(ae; + bf;, w(ae; + bf,)) = (ae; + bfi,af; + be;)
= (ad + bb)(e;, f;) = 2(aa@ + bb)/(w;, a;) > 0.

In conclusion we have a self-adjoint group and a compact form:

Propeosition 2. {(a, b) is a Hilbert scalar product for which the adjoint of ad(x), x €
L is given by ad(w(x)).
t is the Lie algebra of the unitary elements in the adjoint group of L.

Proof. We have just checked positivity. For the second statement, notice that since
[x, w(b)] = —w[w(x), b], we have

(ad(x)(a), b) = (a, —ad(x)(w (D)) = (a, w(ad(w(x)) (b))
(7.2.2) = (a, ad(w(x))(b)).
The last statement follows from the previous ones. a

We have at this point proved that the adjoint group of a semisimple algebraic
group is self-adjoint for the Hilbert structure given by the Cartan involution. In par-
ticular, it has a Cartan decomposition G = K P with K a maximal compact sub-
group. If the Lie algebra of G is simple, G is a simple algebraic group and K a
simple compact group. Let us pass now to the simply connected cover G,(L). Let
K be the preimage of K in G,(L).

Proposition 3. K is connected maximal compact and is the universal cover of K.
K is Zariski dense in G;(L).

Proof. Since the map n : G,(L) — G is a finite covering, the map K; — K is also
a finite covering. The inclusion of K in G is a homotopy equivalence. In particular, it
induces an isomorphism of fundamental groups. Thus K is connected compact and
the universal cover of K. If it were not maximal compact, we would have a larger
compact group with image a compact group strictly larger than K. The first claim
follows.

The Zariski closure of K; is an algebraic subgroup H containing K. Its image
in G contains K, so it must coincide with G. Since the kernel of 7 is in H we must
have G,(L) = H. m]
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From Proposition 2, Chapter 8, §6.1 we have:

Theorem 2. Given any rational representation M of G;(L) choose a Hilbert space
structure on M invariant under K;. Then G,(L) is self-adjoint and K is the sub-
group of unitary elements.

In the correspondence between a compact K and a self-adjoint algebraic group
G, we have seen that the algebraic group is topologically G = K x V with V affine
space. Thus G is simply connected if and only if K is simply connected.

Remark. At this point we can complete the analysis by establishing the full classi-
fication of compact connected Lie groups and their algebraic analogues, the linearly
reductive groups. Summarizing all our work we have proved:

Theorem 3. There is a correspondence between connected compact Lie groups and
reductive algebraic groups, which to a compact group K associates its algebraic
envelope defined in Chapter 8, §7.2.

Conversely, to a reductive group G we associate a maximal compact subgroup
K unique up to conjugacy.

In any linear representation of G, a Hilbert metric invariant under K makes G
self-adjoint.

G has a Cartan decomposition relative to K.

Then Theorem 6.9 becomes the classification theorem for connected compact Lie
groups:

Theorem 4. Given simply connected compact groups K; with simple Lie algebras
and centers Z;, a compact torus T and a finite subgroup A C []; Z; x T with
ANT =1, the group [ 1; K; x T/A is compact with Z as its connected center.

In this way all connected compact groups are obtained and classified.

Proof. The compact group [ ], K; x T /A is the one associated to the reductive group
I1: Gi x Z/A, where G,; is the complexification of K; and Z the complexification
of T. O

From these theorems we can also deduce the classification of irreducible repre-
sentations of reductive or compact Lie groups. For G = ([]; G; x Z)/A, we must
give for each i an irreducible representation V,, of G; and also a character x of Z.
The representations ®; Vi, ® x are the list of irreducible representations of [ [; Gi x Z.
Such a representation factors through G if and only if A acts trivially on it. For each
i, A; induces a character on Z; which we still call A;. Thus the condition is that the
character [, A; x should be trivial on A.

7.3 Final Comparisons

We have now established several correspondences. One is between reductive groups
and compact groups, the other between Lie algebras and groups. In particular we
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have associated to a complex simple Lie algebra two canonical algebraic groups, the
adjoint group and the simply connected group, their compact forms and the compact
Lie algebra. Several other auxiliary objects have appeared in the classification, and
we should compare them all.

First, let us look at tori. Let L be a simple Lie algebra, t a Cartan subalge-
bra, G,(L), Gs(L) the adjoint and simply connected groups. G,(L) = G(L)/Z,
where Z is the center of G;(L). Consider the maximal tori T, T; associated to t in
G,4(L), Gs(L), respectively. From §7.8, it follows that Z C T. Since T; and T, have
the same Lie algebra it follows that T, = T, /Z. Since the exponential from the nilpo-
tent elements to the unipotents is an isomorphism of varieties, the unipotent elements
of G;(L) are mapped isomorphically to those of G,(L) under the quotient map. For
the Borel subgroup associated to positive roots we thus have T,U™* in G,(L) and
T,U* in G4(L); for the Bruhat decomposition we have

Guly= | |UksuLU*,  Gu(L)= | | UFsuT.U".

weW weW

A similar argument shows that the normalizer of T; in G.(L) is Ny, =
Llwew swTs and Ny, /Z = Nr,. In particular N7,/ Ty = N,/ T, = W. Another sim-
ple argument, which we leave to the reader, shows that there is a 1-1 correspondence
between maximal tori in any group with Lie algebra L and maximal toral subalgebras
of L. In particular maximal tori of G are all conjugate (Theorem 3.2).

More interesting is the comparison with compact groups. In this case, the second
main tool, besides the Cartan decomposition, is the Iwasawa decomposition. We
explain a special case of this theorem. Let us start with a very simple remark. The
Cartan involution, by definition, maps u™ to u™ and t into itself.

Let £ be the compact form associated to the Cartan involution. Let us look first
at the Cartan involution on t. From formulas 7.2.1 we see that t. := t N € is the real
space with basis i h;. It is clearly the Lie algebra of the maximal compact torus T in
T, and T has a Cartan decomposition.

Proposition 1. (i) t = t. ® m where m := {a — w(a), a € u™ }.
(i) L=%¢+bT, t.=tNbt.
(iii) If K is the compact group BN K =T,.

Proof. (1) The first statement follows directly from the formula 7.2.1 defining w
which shows in particular that w(u™) = u*, w(t) = t. It follows that every element
of tis of the form —w(a) +t +a,t €t., a e u™.

(ii) Since b = t@ut anyelementx =a+t+b,acut,tet,beu inL
equals a + w(b) +t + b — w(b),a + wd) +1t € b+, b — w(b) € ¥ showing that
L=t+b"

Consider now an element —w(a) +t +a € twitht € t.,a € u™. If we have
t+ (a —w(a)) € b¥ sincet € b™ we have a — w(a) € b*. This clearly implies that
a=20.

For the second part, we have from the first part that B N K is a compact Lie
group with Lie algebra t.. Clearly B N K D T.. Thus it suffices to remark that T is
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maximal compact in B. Let H D T, be maximal compact. Since unitary elements
are semisimple we have that H N U™ = 1. Hence in the quotient, H maps injectively
into the maximal compact group of T. This is 7,.. Hence H = T,. O

The previous simple proposition has a very important geometric implication. Let
K be the associated compact group. We can assume we are working in the adjoint
case. As the reader will see, the other cases follow. Restrict the orbit map of G to
G/ B to the compact group K. The stabilizer of [B] € G/B in K is then, by Lemma
1 of 6.4 and the previous proposition, B N K = T,. The tangent space of G/B in
B is L/b". Hence from the same proposition the Lie algebra of € maps surjectively
to this tangent space. By the implicit function theorem this means that the image of
K under the orbit map contains an open neighborhood of B. By equivariance, the
image of K is open. Since K is compact the image of K is also closed. It follows
that K[B] = G/B and:

Theorem 1. K B = G and the homogeneous space G/B can also be described in
compact formas K/ T..

It is interesting to see concretely what this means at least in one classical group.
For SL(n, C), the flag variety is the set of flags V; C V, C --- C V,, = V. Fixing
a maximal compact subgroup is like fixing a Hilbert structure on V. When we do
this, each V; has an orthogonal complement L; in V;4;. The flag is equivalent to
the sequence Ly, L, ..., L, of mutually orthogonal lines. The group SU (n, C) acts
transitively on this set and the stabilizer of the set of lines generated by the standard
orthonormal basis ¢; in SU(n, C) is the compact torus of special unitary diagonal
matrices.

Consider next the normalizer N7, of the compact torus in K. First, let us recall
that for each / in the Dynkin diagram, the elements s; inducing the simple reflections
belong to the corresponding SU; (2, C) € SL;(2, C). In particular ail the elements s;
belong to K. We have.

Proposition 2. Ny, = K N Ny. Moreover N1, /T, = Np/T = W.

Proof. If a € Nr, since T, is Zariski dense in 7 we have a € Nr, hence the first
statement. Since the classes of the elements s; € Ny, generate W = Nr/T, the
second statement follows. ]

We have thus proved that the Weyl group can also be recovered from the compact
group. When we are dealing with compact Lie groups the notion of maximal torus is
obviously that of a maximal compact abelian connected subgroup (Chapter 4, §7.1).
Let us see then:

Theorem 2. In a compact connected Lie group K all maximal tori are conjugate.
Every element of K is contained in a maximal torus.

Proof. Let Z be the connected part of the center of K. If A is a torus, it is clear
that AZ is also a compact connected abelian group. It follows that all maximal tori
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contain Z. Hence we can pass to K /Z and assume that K is semisimple. Then X is
a maximal compact subgroup of a semisimple algebraic group G. We use now the
identification G/B = K /T, where T, is the compact part of a maximal torus in G.
Let A be any torus in K. Since A is abelian connected, it is contained in a maximal
connected solvable subgroup P of G, that is a Borel subgroup of G. From the theory
developed, we have that P has a fixed point in G/B, and hence A has a fixed point
in K/T,. By the fixed point principle A is conjugate to a subgroup of 7. If A is a
maximal torus, we must have A conjugate to 7.

For the second part, every element of G is contained in a Borel subgroup, but a
Borel subgroup intersects K in a maximal torus. O

One should also see [A] for a more direct proof based on the notion of degree of
a map between manifolds.

Remark. In the algebraic case it is not true that every semisimple element of G is
contained in a maximal torus!

In the description K /T, we lose the information about the B-action and the al-
gebraic structure, but we gain a very interesting topological insight.

Proposition 3. Let n € Nyp. Given a coset kT, k € K the coset kn™'T, is well

defined and depends only on the class of n in W. In this way we define an action of
Won K/T.,.

Proof. If t € T, we must show that kn='T, = ktn™'T,. Now ktn™'T, =
kn='ntn='T, = kn~'T, since ntn~! € T,. It is clear that the formula, since it is
well defined, defines an action of N7, on K/T,.. We have to verify that T. acts triv-
ially, but this is clear. ]

Example. Inthe case of SU (n, C) where K /T, is the set of sequence L1, Ly, ..., L,
of mutually orthogonal lines and W is the symmetric group, the action of a permuta-
tion o on a sequence is just the sequence L1y, L), - - - Lo(m)-

Exercise. Calculate explicitly the action of S; = Z/(2) on the flag variety of
SL(2, C) which is just the projective line. Verify that it is not algebraic.

The Bruhat decomposition and the topological action of W on the flag variety
are the beginning of a very deep theory which links geometry and representations
but goes beyond the limits of this book.





