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Theory of Algebraic Forms

Summary. This is part of classical invariant theory, which is not a very appropriate name, re-
ferring to the approach to invariant theory presented in Hermann Weyl’s The Classical Groups
in which the connection between invariant theory, tensor algebra, and representation theory is
stressed. One of the main motivations of Weyl was the role played by symmetry in the devel-
opments of quantum mechanics and relativity, which had just taken shape in the 3040 years
previous to the appearance of his book.

Invariant theory was born and flourished in the second half of the 19™ century due to the
work of Clebsch and Gordan in Germany, Cayley and Sylvester in England, and Capelli in
Italy, to mention some of the best known names. It was developed at the same time as other
disciplines which have a strong connection with it: projective geometry, differential geometry
and tensor calculus, Lie theory, and the theory of associative algebras. In particular, the very
formalism of matrices, determinants, etc., is connected to its birth.

After the prototype theorem of L.T., the theory of symmetric functions, 19%_century I.T.
dealt mostly with binary forms (except for Capelli’s work attempting to lay the foundations of
what he called Teoria delle forme algebriche). One of the main achievements of that period
is Gordan’s proof of the finiteness of the ring of invariants. The turning point of these devel-
opments has been Hilbert’s theory, with which we enter into the methods that have led to the
development of commutative algebra. We shall try to give an idea of these developments and
how they are viewed today.

In this chapter we will see a few of the classical ideas which will be expanded on in the
next chapters. In particular, polarization operators have a full explanation in the interpretation
of the Cauchy formulas by representation theory; cf. Chapter 9.

1 Differential Operators

1.1 Weyl Algebra

On the polynomial ring C[x,, ..., x,] acts the algebra of polynomial differential op-
erators, W{n) := (C[xl, ey Xy 3%, e, a%],” which is a noncommutative alge-

bra, the multiplication being the composition of operators.

1t This is sometimes known as the Weyl algebra, due to the work of Weyl on commutation
relations in quantum mechanics.
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In noncommutative algebra, given any two elements a, b, one defines their com-
mutator [a, b] = ab — ba, and says that ab = ba + [a, b] is a commutation relation.
The basic commutation relations for W (n) are

a 9 a ;
1.1.1 x,x;]=}—,— | =0, —.x; | =6/
( ) Lxi. 3] [Bxi ij] [Bxi j} !
In order to study W (n) it is useful to introduce a notion called the symbol. One starts
k kn
by writing an operator as a linear combination of terms x{” coexn gxll e gxn' The

symbol o (P) of a polynomial differential operator P is obtained in an elementary
way by taking the terms of higher degree in the derivatives and substituting commu-
tative variables &; for the operators %,

J

k k,
By hal g fn

0'(1 ...xn”a_m...axn)_xl _x g . E

In a more formal way, one can filter the algebra of operators by the degree in the
derivatives and take the associated graded algebra. Let us recall the method.

Definition 1. A filtration of an algebra R consists of an increasing sequence of sub-
spaces0 =Ry C R C R, C--- C R; C--- C such that

o0
| JR =R, RR; CRuyj.

Given a filtered algebra R, one can construct the graded algebra Gr(R) =
@24 Ri+1/Ri. The multiplication in Gr(R) is induced by the product R;R; C R;;,
sothatif a € R;, b € R;, the class of the product ab in R;;/R;, ;| depends only
on the classes of a modulo R;_; and of » modulo R;_;. In this way Gr(R) becomes a
graded algebra with R;/ R;_; being the elements of degree i. For a filtered algebra R
and an element a € R, one can define the symbol of a as an element o (a) € Gr(R)
as follows. We take the minimum 7 such that a € R; and set o (@) to be the class of a
in Ri/R,'__l .

In W(n) one may consider the filtration given by the degree in the derivatives for
which

ki kn
(1.1.2) W (n); ._< Ryl on o |Zk <1>

" 8x1 ax,,

Let us denote by S(n) the resulting graded algebra and by &; := o( ) € S(n), the
symbol. We keep for the variables x; the same notation for their symbols since they
are in Ry = Sp. From the commutation relations 1.1.1, it follows that the classes &;
of 387‘ and of x; in S(n) commute and we have:

Proposition 1. S(n) is the commutative algebra of polynomials:

Sn) :=Clxy, ..., x5, &1, ..., &]
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Proof. The easy proof is left to the reader. One uses the fact that the monomials in
the % are a basis of W (n) as a module over the polynomial ring C[x;, ..., x,]. O

There is a connection between differential operators and group actions. Consider
in fact the linear group G L (n, C) which acts on the space C" and on the algebra of
polynomials by the formula f¢(x) = f(g~'x).Ifg € GL(n,C) and P € W(n),
consider the operator

PE(f(x) i=4(PE (f(x))), ¥f € Clxy, ... x,].

In other words, if we think of g : Clx,...,x,] — C[x,...,x,] as a linear map,
we have P = go Pog™!.

It is clear that the action on linear operators is an automorphism of the algebra
structure, and we claim that it transforms W (n) into itself. Since W (n) is generated
by the elements x;, Bix,-’ it is enough to understand how G L(n, C) acts on these ele-
ments. On an element x;, it will give a linear combination g(x;) = > i i X As for
g(a%i), let us first remark that this operator acts as a derivation.

We will investigate derivations in the following chapters but now give the defini-

tion:
Definition 2. A derivation of an algebra R is a linear operator D : R — R such that

(1.1.3) D(ab) = D(a)b + aD(b).

A direct computation shows that if ¢ : R — R is an algebra automorphism and
D : R — R aderivation, then ¢ o D o ¢! is also a derivation.

In particular, we may apply these remarks to go 8-81(-, og LLetg™ (x)) = X, bjix;.
We have that

b i d
—_ - i) = R b =bt
8° 95 °8 (xj)) =go ox, (Eh h,xh) j

Proposition 2. We have g o % og = 2 bija%-

Proof. A derivation of C[xy, ..., x,] is completely determined by its values on the
variables x;. By the above formulas, g o % o gf‘(xj) =b; = Zk bik%(xj); hence
the statement. a

The above formulas prove that the space of derivatives behaves as the dual of
the space of the variables and that the action of the group is by inverse transpose.
This of course has an intrinsic meaning: if V is a vector space and P(V) the ring of
polynomials on V, we have that V* C P(V) are the linear polynomials. The space
V can be identified intrinsically with the space spanned by the derivatives. lf v € V,
we can define the derivative D, in the direction of v in the usual way:

d
(1.1.4) D,f(x):= E;f(x + tv),—0.
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Intrinsically the algebra of differential operators is generated by V, V*, with the
commutation relations:

(1.1.5) eV, veV, [¢p,v]l=—(¢]|v).

The action of GL(V) preserves the filtration, and thus the group acts on the graded
algebra S(n). We may identify this action as that on the polynomials on V & V*, (cf.
Chapter 9).

Remark. The algebra of differential operators is a graded algebra under the follow-
ing notion of degree. We say that an operator has degree k if it maps the space
of homogeneous polynomials of degree h to the polynomials of degree h + k for
every h. For instance, the variables x; have degree 1 while the derivatives % have

degree —1. In particular we may consider the differential operators of degree 0.

For all i, let C[xy, ..., x,]; be the space of homogeneous polynomials of de-
greei.

Exercise. Prove that over a field F of characteristic 0, any linear map from the
space F[xi, ..., x,]; to the space F[xy, ..., x,]; can be expressed via a differential
operator of degree j — i.

2 The Aronhold Method, Polarization

2.1 Polarizations

Before proceeding, let us recall, in a language suitable for our purposes, the usual
Taylor—Maclaurin expansion.

Consider a function F(x) of a vector variable x € V. Under various types of
assumptions we have a development for the function F (x+y) of two vector variables.

For our purposes, we may restrict our considerations to polynomials and develop
Fx+y):= Z?io F;(x, y), where by definition F;(x, y) is homogeneous of degree
i in y (of course for polynomials the sum is really finite). Therefore, for any value of
a parameter A, we have F(x + Ay) := Y o A Fi(x, ).

If F is also homogeneous of degree k we have

D NF(y) =M Fa+y) = FAx+y) = FOx +iy) = Y A F(x,y),
i=0 i=0

and we deduce that F;(x, y) is also homogeneous of degree k — i in x.
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Given two functions F, G, we clearly have that

o0

Fx+y)GEr+y =Y Y Fux,)Gy(x,y)
i=0 a+b=i
is the decomposition into homogeneous components relative to y.

The operator D = D, , defined by the formula D, , F(x) := Fi(x, y) is clearly
linear, and also by the previous formula we have D(FG) = D(F)G + F D(G).
These are the defining conditions of a derivation.

If we use coordinates x = (x1, x3,...,x,) and y = (y1, y2, ..., ¥n), We have

3
that Dy« = 30y Vig, -
Definition. The operator D, , =Y "/_, v % is called a polarization operator.

The effect of applying D, , to a bihomogeneous function of two variables x, y is to
decrease by one the degree of the function in x and raise by one the degree in y.

Assume we are now in characteristic 0, we have then the standard theorem of
calculus:

Theorem. F(x +y) =Y 0, %D;‘XF(x) (=202 Filx, y).

Proof. We reduce to the one variable theorem and deduce that

F(x +iy) = 2 Hd—)i"F(x + Ay)i=o-
Then
Fi(x, y) = .liF(x + Ay)i=0,
itda
and this is, by the chain rule, equal to %D;'X F(x). |

2.2 Restitution

Suppose now that we consider the action of an invertible linear transformation on
functions. We have (gF)(x + y) = F(g~'x + g~ 'y). Hence we deduce that the
polarization operator commutes with the action of the linear group. The main conse-
quence is:

Propeosition. If F(x) is an invariant of a group G, so are the polarized forms
Fi(x, y).

Of course we are implicitly using the (direct sum) linear action of G on pairs of
variables.

Let us further develop this idea. Consider now any number of vector variables
and, for a polynomial function F, homogeneous of degree m, the expansion

Fxi+xa+-+x,) = Z Fuihge b (X1, X2, 00y X)),
hy ko, B
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where Y h; = m, and the indices h; represent the degrees of homogeneity in the
variables x;. A repeated application of the Taylor-Maclaurin expansion gives

1
(221) Fh],hz ‘‘‘‘ hm(XI,Xz, ey xm) = mDﬁ:xDi’;X e D)}::XF(X)

In particular, in the expansion of F(x; + x; - - - + x,,,) there will be a term which is
linear in all the variables x;.

Definition. The term F;__;(xi, ..., x,,) multilinear in all the variables x; is called
the full polarization of the form F.

Let us write PF := Fy . 1(x1,...,X,) to stress the fact that this is a linear
operator. It is clear that if o € S, is a permutation, then

Fxp+x- -+ x0) = Fxo1 + X2+ + Xon)-
Hence we deduce that the polarized form satisfies the symmetry property:
PF(xy,....,xn)=PF(x51,...,Xgm)-
We have thus found that:

Lemma. The full polarization is a linear map from the space of homogeneous forms
of degree m to the space of symmetric multilinear functions in m (vector) variables.

Now let us substitute for each variable x; the variable A;x (the A;’s being distinct
numbers). We obtain:

i+ Az )" F(x) = F((A + 227+ Am)X)
=F(hx +dx -4 Apx)

D Fuygey (X, A2, o AX)

hy kg, Ry
h h2 h
E )\. ‘)» )\m"'FhI,hz,"”hm(x,X,...,X).
hyhy, b,

Comparing the coefficients of the same monomials on both sides, we get

m
(hlhz...hm>F(x) Fyhg.h (X0 X5 0y X).

In particular,
m!F(x) = PF(x,x,...,x).

Since we are working in characteristic zero we can also rewrite this identity as

1
F(x)=—PF(x,x,...,x).
m!
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For a polynomial G(xy, x3, ..., Xx,,) of m vector variables, the linear operator

1
R:Gxy,x,...,%xm) — —'G(x,x,...,x)
m!

is called the restitution in the classical literature. We have:

Theorem. The maps P, R are inverse isomorphisms, equivariant for the group of all
linear transformations, between the space of homogeneous forms of degree m and
the space of symmetric multilinear functions in m variables.

Proof. We have already proved that RPF = F. Now let G(x1,x2,...,%n) be a
symmetric multilinear function. In order to compute PRG we must determine the
multilinear part of %G(Zx,», Yo Xivo.oh 2 Xi).

By the multilinearity of G we have that

G (Zx,», in,...,Zx,-) = ZG(xil,xiz, ce Xin s

where the right sum is over all possible sequences of indices iyi; - - - i,, taken out
of the numbers 1, ..., m. But the multilinear part is exactly the sum over all of the
sequences without repetitions, i.e., the permutations. Thus

1
PRG = ~ Z G (Xo1s Xo2s - - s Xom)-

' ageS,
Since G is symmetric, this sum is in fact G. g

Remark. We will mainly use the previous theorem to reduce the computation of
invariants to the multilinear ones. At this point it is not yet clear why this should
be simpler, but in fact we will see that in several interesting cases this turns out to
be true, and we will be able to compute all of the invariants by this method. This
sequence of ideas is sometimes referred to as Aronhold’s method.

2.3 Multilinear Functions

In order to formalize the previous method, consider an infinite sequence of n-dimen-
sional vector variables x1, x3, . .., X, - . .. We usually have two conventions: each x;
is either a column vector xi;, X3, ..., Xp; OT @ TOW Vector x;i, X2, . .., Xin. In other
words we consider the x;; as the coordinates of the space of n x oo or of 00 X n
matrices or of the space of sequences of column (resp. row) vectors.

Let A := C[x;;] be the polynomial ring in the variables x;;. For the elements of A
we have the notion of being homogeneous with respect to one of the vector variables
x;, and A is in this way a multigraded ring.\

We denote by Ay, p,....4,.... the multihomogeneous part relative to the degrees
hi,hy, ..., h;, ..., in the vector variables xy, x2, ..., Xj, .. ..

12 Notice that we are not considering the separate degrees in all of the variables x;;.
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We have of course the notions of multihomogeneous subspace or subalgebra. For
each pair i, j of indices, we consider the corresponding polarization operator

n n
B ]
2.3.1) D;; = E Xpi—, or D = E X;n ——, in row notation.
Y =1 ’Bxhj Y =1 ‘ ijh

We view these operators as acting as derivations on the ring A = Clx;;].

Given a function F homogeneous in the vector variables x1, x2, ..., xm of de-
grees hy, hy, ..., hy, we can perform the process of polarization on each of the vari-
ables x; as follows: Choose from the infinite list of vector variables m disjoint sets X;
of variables, each with h; elements. Then fully polarize the variable x; with respect
to the chosen set X;.

The result is multilinear and symmetric in each of the sets X;. The function F is
recovered from the polarized form by a sequence of restitutions.

We should remark that a restitution is a particular form of polarization since, if a
function F is linear in the variable x;, the effect of the operator Dj; on F is that of
replacing in F the variable x; with x;.

Definition. A subspace V of the ring A is said to be stable under polarization if it
is stable under all polarization operators.

Remark. Given a polynomial F, F is homogeneous of degree m with respect to the
vector variable x; if and only if D;; F = mF.

From this remark one can easily prove the following:

Lemma. A subspace V of A is stable under the polarizations D;; if and only if it is
multihomogeneous.

2.4 Aronhold Method

In this section we will use the term multilinear function in the following sense:

Definition. We say that a polynomial F € A is multilinear if it is homogeneous of
degree 0 or 1 in each of the variables x;.

In particular we can list the indices of the variables iy, ..., i; in which F is linear
(the variables which appear in the polynomial) and say that F' is multilinear in the x;,.

Given a subspace V of A we will denote by V,, the set of multilinear elements
of V.

Theorem. Given two subspaces V, W of A stable under polarization and such that
Vi C W, wehave V.C W.

Proof. Since V is multihomogeneous it is enough to prove that given a multiho-
mogeneous function F in V, we have F € W. We know that F can be obtained
by restitution from its fully polarized form F = RPF. The hypotheses imply that
PF € V and hence PF € W. Since the restitution is a composition of polariza-
tion operators and W is assumed to be stable under polarization, we deduce that
FeWw. o
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Corollary. Iftwo subspaces V, W of A are stable under polarization and V,, = W,
thenV = W.

We shall often use this corollary to compute invariants. The strategy is as follows.
We want to compute the space W of invariants in A under some group G of linear
transformations in n-dimensional space. We produce a list of invariants (which are
more or less obvious) forming a subspace V closed under polarization. We hope to
have found all invariants and try to prove V = W. If we can do it for the multilinear
invariants we are done.

3 The Clebsch—Gordan Formula

3.1 Some Basic Identities
We start with two sets of binary variables (as the old algebraists would say):

= (x1,x2); Y= (Y1, y2)

In modern language these are linear coordinate functions on the direct sum of two
copies of a standard two-dimensional vector space. We form the following matrices
of functions and differential operators:

3 3

(X1 xz) axy 3—Y_I . (Axx Axy>
a2 ] \A, A,/
yi »n i yx yy

We define

9
6x1

a 09 a 9

Q = det —_
8x1 By,  0x; 0y

(x,y) ~det( )=X1)’2— yix2
3
T
s
2

axz

Since we are in a noncommutative setting the determinant of the product of two ma-
trices need not be the product of the determinants. Moreover, it is even necessary to
specify what one means by the determinant of a matrix with entries in a noncommu-
tative algebra.

A direct computation takes care of the noncommutative nature of differential
polynomials and yields

A +1 Ay

3.1.D) (x,y)Q:det(
Ayx Ay

) = (A + DA, — Ay Ay

This is a basic identity whose extension to many variables is the Capelli identity on
which one can see the basis for the representation theory of the linear group.
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Now let f(x, y) be a polynomial in xy, x5, y1, y2, homogeneous of degree m in
x and n in y. Notice that

(3.1.2) Awx flx, ) =mf(x,y), Ay flx,y)=nf(x,y),
(3.1.3) Ay, f(x, y) has bidegree (m — 1, n + 1),
A,y f(x, y) has bidegree (m + 1,n — 1).

Observe that (A, + 1)A,, f(x, y) = (m + Dnf(x, y); thus the identity

(3.14) (YIRS (x, y) = (m+ Daf(x, y) — Ay Ay f(x, y).

The identity 3.1.4 is the beginning of the Clebsch—~Gordan expansion.
We have some commutation rules:

[€, Ayx] = [, Axy] =0, [2,An]=Q =[S, Ayy]v
(3.1.5) [(x, y), Ayx] = [(x, ¥)s Axy] =0,
[, ¥), Asx] = = (x, y) = [(x, ¥), Ayl

Finally
(3.1.6) QUx,y) —(x, =24+ A + Ay,
In summary: In the algebra generated by the elements

Axx’ Axy, AyX1 Ayy»

the elements A,, + A,, and the elements Qk(x, y)" are in the center.
The Clebsch—Gordan expansion applies to a function f(x, y) of bidegree (m, n),
say n < m:

Theorem (Clebsch—Gordan expansion).

n

(3.1.7) FE =D Chmnlr, ) AN f(x, y)
h=0

with the coefficients cy p , to be determined by induction.

Proof. The proof is a simple induction on n. Since Qf(x,y) has bidegree
(m —1,n—1) and A, f(x, y) has bidegree (m + 1,n — 1) we have by induction
onn

n—1

@ Y) =06 Y . Chmetaa (5, Y ALTTEATTT QS (1, )
h=0

n—1

Ary fG,¥) = Chmern1 (6, WAL TPATITRQR AL £ (x, ).
h=0
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Now using 3.1.4 and 3.1.5 we obtain

n—1

> Chmrna1 G, YT AT ARG £(x y)
h=0
n—1
= (m+Drfx,y) = Y chmirao1 (6 DAL AL f(x, y),
h=0
SO
(m+Drf0e,y) =Y chotm 1aa1 (6, ) ALFATIQ F(x, )
h=1
n—1
+ ) Chmitaa (6, Y ATEALIQ £ (x, )
h=0
=(m+ Dnf(x,y).
Thus, ¢pmn = m[ch—l,m—l,n—l + Chmatn-1]- o

We should make some comments on the meaning of this expansion, which is
at the basis of many developments. As we shall see, the decomposition given by
the Clebsch—Gordan formula is unique, and it can be interpreted in the language of
representation theory.

In Chapter 10 we shall prove that the spaces P,, of binary forms of degree m
constitute the full list of the irreducible representations of S/(2). In this language the
space of forms of bidegree (m, n) can be thought of as the tensor product of the two
spaces P,,, P, of homogeneous forms of degree m, n, respectively.

The operators Ay, Ay, and 2, (x, y) are all SI(2)-equivariant.

Since f(x,y) has bidegree (m,n) the form AZ"Q" f(x,y) is of bidegree
(m+n —2h,0), ie.,itis an element of Py1,_2s.

We thus have the SI(2)-equivariant operator

ATMQR Py ® Py = Prinoon.
Similarly, we have the S/(2)-equivariant operator
0, )AL Pugnoon = Pu ® Pa.

Therefore the Clebsch—Gordan formula can be understood as the expansion of an
element f in P, ® P, in terms of its components in the irreducible representations
Prmtn-21n, 0 < h < min(m, n) of this tensor product

min(m,n)

Pm®Pn: h=0

Py an.

At this point the discussion can branch. Either one develops the basic algebraic
identities for dimension greater than two (Capelli’s theory), or one can enter into
the developments of the theory of binary forms, i.e., the application of what has
been done in the invariant theory of the group S/(2). In the next section we discuss
Capelli’s theory, leaving the theory of binary forms for Chapter 15.
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4 The Capelli Identity

4.1 Capelli Identity

Capelli developed the algebraic formula generalizing the Clebsch—Gordan expan-
sion, although, as we shall see, some of the formulas become less explicit.
In order to keep the notations straight we consider in general m, n-ary variables:

X, =X X oo Xy i =1,0..,m,

which we can view as rows of an m x n matrix of variables:

X1t X12 ... Xin
(411) X = Xi1 X2 ... Xin
Xml Xm2 ... Xmn

In the same way we form an n x m matrix of derivative operators:

8 3 2

dxpy Ixzt X1

| 2 8 2

(4.12) v=| & & ... &
3 3 9

xi,  dx2e T B

The product XY is a matrix of differential operators. In the i, j position it has the
. . . n a
polarization operator A; ; 1= ), _, Xih gy .
Now we want to repeat the discussion on the computation of the determinant of
the matrix XY = (A, ;). For an m x m matrix I{ in noncommutative vatiables u; ;,
the determinant will be computed multiplying from left to right as

“4.1.3) det(Uf) := Z €U (HU2,6(2) " * Um.o(m)-

oS,

In our computations we shall take the elements u; ; = A, ; if i # j, while u;; =
A;; +m —i. Taking this we find the determinant of the matrix

Appr+m-—1 A2 Ajm-1 AN
A2,1 Aoor+m— 2 ... Ay m—1 Ao
4.1.4)
Ap1 Ap12 oo Aplima 1l Apam

Am,l Am,2 e Am.m~1 Am,m



4 The Capelli Identity 49

We let C = C,, be the value of this determinant computed as previously ex-
plained and call it the Capelli element. We have assumed on purpose that m, n are
not necessarily equal and we will get a computation of C similar to what would hap-
pen in the commutative case for the determinant of a product of rectangular matrices.

Rule. When we compute such determinants of noncommuting elements, we should
remark that some of the usual formal laws of determinants are still valid:

(1) The determinant is linear in the rows and columns.
(2) The determinant changes sign when transposing two rows.

Note that property (2) is NOT TRUE when we transpose columns!

In fact it is useful to develop a commutator identity. Recall that in an associative
algebra R the commutator [r, s] := rs — sr satisfies the following (easy) identity:

k
(4.1.5) [r.s152 5] = Zsl coesiclr silsivr sk

i=1
A formula follows:

Proposition.
4.1.6) [r, det)] = Z det@;),
i=1

where U; is the matrix obtained from U by replacing its i W column ¢; with [r, ¢;).

There is a rather peculiar lemma that we will need. Given an m x m matrix I{ in
noncommutative variables u; ;, let us consider an integer k, and forallt =1, ..., m,
let us set U, « to be the matrix obtained from I{ by setting equal to O the first k£ entries
of the ' row.

Lemma. >, det(; ;) = (m — k) det(l4).

Proof. By induction on k. For k = 0, it is trivial. Remark that:

uir .. uig—1 00wk o0 Uim
PSR R /P S S TP (N PR
det(l; ) = det(U4; 4—1)—det 0 ... 0 Up g 0 .. 0
Urpl 1 - Wipth=1 O Wepiag1l -+ Ureim
Uyl  Umo 0 cee Upp

Thus
> det@h ) = > detUsi1) — detU) = (m — k + 1) det@) — det@)
t=1 =1

= (m — k) det@U{). =
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Theorem. The value of the Capelli element is given by

0 ifm>n,
C = { det(X) det(Y) ifm=n,
D iiy iy <izn Xirizoin Virizooiy ifm <n (Binet’s form),

where by X, ,..i,, respectively Y, ., , we mean the determinants of the minors
formed by the columns of indices i} < i, < -+ < iy of X, respectively by the
rows of indices i) <iy <--- < i, ofY.

Proof. Let us give the proof of Capelli’s theorem. It is based on a simple computa-
tional idea. We start by introducing a new m x n matrix Z of indeterminates &; ;,
disjoint from the previous ones, and perform our computation in the algebra of dif-
ferential operators in the variables x, £. Consider now the product EY . It is a product
of matrices with elements in a commutative algebra, so one can apply to it the usual
rules of determinants to get

(4.1.7)
0, ifm > n,
det(EY) = | det(E) det(Y) ifm =n,
D i<ty <iy iy <n Bbrigein Virigi ifm <n (Binet’s form).

The matrix EY is an m x m matrix of differential operators. Let us use the nota-
tions:

- d u d 1 d
14 = S’h——_a J/i,' = Xih > Di.' = Sh_-'
! hzzlz ax ! ; hafjh ! Z C g

We now apply to both sides of the identity 4.1.17 the product of commuting
differential operators y; 1= y;; = Y ,_; Xin ag The operator y;, when applied to a
function linear in é has the effect of replacing §l with x;. In particular we can apply
the operators under consideration to functions which depend only on the x and not
on the §. For such a function we get

[T ¥ Y oes, €aMohl2e@ Mnomf (X)) =0 ifm > n,
det(X) det(Y) £ (x) ifm = n,

lei1<i2<~-~<im§n Xiliz'"im Yilir"imf(l) fm < n.
So it is only necessary to show that
1_[ Yi Z €EsNo(HN2,6(2) nn,a(n)f()i) = Cf()ﬁ)
i=l o0€eS,

We will prove this formula by induction, by introducing the determinants Cy_; of the
matrices:
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Aj+m—1 A, A1 Aip

Coy = Ap_11 coo Dpggrt+m—k+1 - Ag_im
o Mk,1 M,2 Mke,m—1 Nke,m
Nm,1 NMm,2 e Nm.m—1 Nm.m

We want to show that for every &:

k
1—[ Vi Z €aNLo2,002) *** Moo | (X)) = Ci f(0).

i=1 oceS,

By induction, this means that we need to prove

(4.1.8) VCio1 f() = G f (0).

Since y; f (x) = O this is equivalent to proving that [y, Ck_l]f(g) = Cy f(x).
By 4.1.6 we have [yx, Ci—1] = 37| Cj_, where Cj_, is the determinant of the
matrix obtained from Cy_; by substituting its j™ column ¢; with the commutator

(v, ;1.
In order to prove 4.1.8 we need the following easy commutation relations:

is i = 8, Aix — 84 Dnis iy D] = —8} Vi

Thus we have

0 —Yik

0 .

: —Yk—1,k

[ve, ¢i1= A . J #Ek, [V, ekl = [Agk — D] -

kj D

) — Dtk

0 :
"'Dmk

By the linearity in the rows we see that [y, Ci_1]1f(x) = (Cr + U) f (x), where U is
the determinant of the matrix obtained from C;_; by substituting its k™ column with

—Vik

—Vk-1,k
—(m — k) - Dkk -

—Dyi1x

_Dmk
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We need to show that U f(x) = 0. In the development of U f (x), the factor Dy is
applied to a function which does not depend on gk and so it produces 0. We need to

analyze the determinants (s = 1,...,k—1, j=1,...,m—k):
A1,1 +m-—1 A]'z 0 Al,m
ce ce —Vs.k .
U, 1= Ap-11 R | A Vs ,
k.1 M2 0 Nk,m
0
Nm,1 Nm,2 0 Nm.m
Ag+m—1 A, 0 Aim
Ul = AVERR 0 Ai_1m
! k.1 M2 --- 0 cee Miem
~Diyjx
Nm.1 Mm2 - 0 e Num

For the first Uy, exchange the k and s rows, changing sign, and notice that in the
development of U; f(x) the only terms that intervene are the ones in which the factor
¥s.k is followed by one of the 5, since the other terms do not depend on §,. For
these terms y, , commutes with all factors except for 7y, and the action of y; x 1k ;,
is the same as of Ay,

For the last U]-’ , exchange the k and k + j rows, changing sign, and notice that in
the development of U ]’ f(x), the only terms that intervene are the ones in which the
factor Dy« is followed by one of the 7, since the other terms do not depend on
§,. For these terms Dy j, commutes with all factors except for n.,;, and the action
of Dy, j i, is the same as that of 7, ;,. We need to interpret the previous terms.
Let A be the matrix obtained from C;_; dropping the k™ row and k™ column, and A
its determinant. We have that

k1 m—k
Uf @) = —(m —Af () + (Z U+ U;)f(z)-
=1

s+1 j=

We have then that the determinants U, U ]’ are the m — 1 terms det(A, ;) which sum
to (m — k) A, and thus by the previous lemma we finally obtain O. O

In 5.2 we will see how to obtain a generalization of the Clebsch—Gordan formula
from the Capelli identities.

5 Primary Covariants

5.1 The Algebra of Polarizations

We want to deduce some basic formulas which we will interpret in representation
theory later. The reader who is familiar with the representation theory of semisim-
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ple Lie algebras will see here the germs of the theory of highest weights, central
characters, the Poincaré-Birkhoff-Witt, the Peter-Weyl and Borel-Weil theorems.
The theory is due to Capelli and consists in the study the algebra of differential
operators Uy (n), generated by the elements A;; = Y, x,-ha)%, i,j=1,...,m.
A similar approach can also be found in the book by Deruyts ([De]).
One way of understanding U, (n) is to consider it as a subalgebra of the alge-
bra Clxis, %] i,j=1,....,m, h,k = 1,...,n, of all polynomial differential
operators. The first observation is the computation of their commutation relations:

(5.1.1) [Aij, Aped = 8 Aig — 81 A,

In the language that we will develop in the next chapter this means that the m? opera-
tors A;; span a Lie algebra (Chapter 4, 1.1), in fact the Lie algebra g/,, of the general
linear group.

As for the associative algebra U,,(n), it can be thought of as a representation of
the universal enveloping algebra of gl,, (Chapter 5, §7).

If we list the m? operators A; j as Uy, Uz, ..., Uy in some given order, we see

. . . . . h .
immediately by induction that the monomials u'l"ug2 .--u.n are linear generators

m2
of U,,.
. h ) .
Theorem. Ifn > m, the monomials u}l"ug2 -+-u, " are a linear basis of Un(n)."

Proof. We can prove this theorem using the method of computing the symbol of a

differential operator. The symbol of a polynomial differential operator in the vari-

ables x;, % is obtained in an elementary way, by taking the terms of higher degree
7

in the derivatives and substituting for the operators 52— the commutative variables
&;. In a more formal way, one can filter the algebra of ojperators by the degree in the
derivatives and take the associated graded algebra. The symbol of A;;is Y ,_; Xin&jn.
If n > m these polynomials are algebraically independent and this implies the linear
independence of the given monomials. O

Remark. 1f n < m, the previous theorem does not hold. For instance, we have the
Capelli element which is 0. One can analyze all of the relations in a form which is
the noncommutative analogue of determinantal varieties.

The previous theorem implies that as an abstract algebra, U, (n) is independent
of n, for n > m. We will denote it by U,,. U,, is the universal enveloping algebra of
glm (cf. Chapter 5, §7).

5.2 Primary Covariants

Let us now introduce the notion of a primary covariant."* We will see much later
that this is the germ of the theory of highest weight vectors.
Let X be as before a rectangular m x n matrix of variables.

13 This implies the Poincaré~Birkhoff-Witt theorem for linear Lie algebras.
14 The word covariant has a long history and we refer the reader to the discussion in Chap-
ter 15.
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Definition. A k x k minor of the matrix X is primary if it is extracted from the first
k rows of X. A primary covariant is a product of determinants of primary minors of
the matrix X.

Let us introduce a convenient notation for the primary covariants. Given a num-
ber p < m and pindices | < i} < i < --- < i, < n, denote by the symbol
i1, i2, ..., ip| the determinant of the p x p minor of the matrix X extracted from
the first p rows and the columns of indices i;, i3, ..., i,. By definition a primary
covariant is a product of polynomials of type |i}, iz, ..., ip].

If we perform on the matrix X an elementary operation consisting of adding to
the i row a linear combination of the preceding rows, we see that the primary co-
variants do not change. In other words primary covariants are invariant under the
action of the group U~ of strictly lower triangular matrices acting by left multipli-
cation. We shall see in Chapter 13 that the converse is also true: a polynomial in the
entries of X invariant under U~ is a primary covariant.

Then, the decomposition of the ring of polynomials in the entries of X as a repre-
sentation of GL(m) x GL(n), together with the highest weight theory, explains the
true nature of primary covariants.

Let f(x;, x5, ..., x,,) be afunction of the vector variables x;, such that f is mul-
tthomogeneous of degrees i := (hy, hy, ..., h;y). Let us denote by U, the algebra
generated by the operators A; ;, i, j < m.

Lemma. Ifi # j < p, then A;; commutes with |iy, iz, ..., I,| while
Ajiliv, iy, ooy ipl = iy, B2, ooy Bpl (1 + Ay
Proof. Immediate. o

Theorem (Capelli-Gordan expansion). Given a multidegree h, there exist ele-
ments C;(h), D;(h) € U, depending only on the multidegree h, such that for any
Sunction f of multidegree h we have

(5.2.1) f=) CwDMf.

Moreover, for all i, the polynomial D;(h) f is a primary covariant.

Proof. We apply first induction on the total degree. For a fixed total degree N, we
apply induction on the set of multidegrees ordered opposite to the lexicographic or-
der. Thus the basis of this second induction is multidegree (N, 0,0, ..., 0), i.e., for
a function only in the variable x, which is clearly a primary covariant. In general,
assume that the degrees h; = 0 fori > k. For hy = p, we apply the Capelli identities
expressing the value of the Capelli determinant C,, (associated to the A; ;, i, j < p).
If p > n, we get 0 = C, f, and developing the determinant C,, from right to left we
get a sum



5 Primary Covariants 55

O=An+p—D--(Ap)f+ Y AjAipf

i<p

P
= n(hi +p—-Df+ Z AijAip f,
i=l1 i<p
where the A;, are explicit elements of U4,. The functions A;, f have multidegree
higher than that of f, and we can apply induction.
If p < n we also apply the Capelli identity, but now we have

Z Xivigiy Yisigiy f = (B +p =D - (App) f + Z AijAip f

I<ii<iy<-<ip<n i<p
from which
P
f = 1—[(/’1, +p— i)_1< z Xiliz---ipYiliz-'-ipf - Z A,'pAipf).
i=1 I<ij<iy<--<ip=<n i<p

Now the induction can be applied to both the functions A;;, f and ¥;j,.., f. Next one
has to use the commutation rules of the elements X hizeiy with the A;;, which imply
that the elements X ivip-i, contribute determinants which are primary covariants. 0O

A classical application of this theorem gives another approach to computing in-
variants. Start from a linear action of a group G on a space and take several copies
of this representation. We have already seen that the polarization operators commute
with the group G and so preserve the property of being invariant. In Section 2.4 we
have discussed a possible strategy of computing invariants by reducing to multilinear
ones with polarization.

The Capelli-Gordan expansion offers a completely opposite strategy. In the ex-
pansion 5.2.1, if f is a G-invariant so are the primary covariants D;(h) f. Thus we
deduce that each invariant function of several variables can be obtained under polar-
ization from invariant primary covariants, in particular, from invariants which depend
at most on n vector variables. We will expand on these ideas in Chapter 11, §1 and
§5, where they will be set forth in the language of representation theory.

5.3 Cayley’s @ Process

There is one more classical computation which we shall reconsider in the represen-
tation theory of the linear group.

Let us take m = n so that the two matrices X, Y defined in 4.1 are square matri-
ces.

By definition, D := det(X) = |1,2,...,n|, while det(Y) is a differential
operator classically denoted by Q and called Cayley’s Q2 process. We have C =
I1,2,...,n|Q = DQ.

From Lemma 5.2 we have the commutation relations:

(5.3.1) [A;j,D1=0, i #j, [Ay, D]=D.

‘We have a similar result for :
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Lemma. Ifi # j, then A;; commutes with Q, while

(5.32) A=A - 1).

Proof. Let us apply 4.1.6. The operator A;; commutes with all of the columns of 2
except for the i column w; with entries %{ Now [A;;, 5)—?—{] = —%l, from which
[A;j, ;] = —w;. The result follows immediately. a

Let us introduce a more general determinant, analogous to a characteristic poly-
nomial. We denote it by C,,(p) = C(p) and define it as

A +m— 1+p AI,Z Al,m
Az Apr+m—2+p ... Ay
(5.3.3)
Am—l,I Am—1,2 o Am—1,m
Am,l Am,z e Am,m + P

We have now a generalization of the Capelli identity:
Proposition.

(534) QCH)=CEk+1)Q, [L2,....m|Ck)=Ck~-D1I1,2,...,m|,

(53.5)
DFQr = C(~(k — 1)C(=(k —2))---C(=1)C, QD' =Ck)Ck —1)---C(D).

Proof. We may apply directly 5.3.1 and 5.3.2 and then proceed by induction. O

We now develop C,,,(p) as a polynomial in p, obtaining an expression

m

(5.3.6) Cu(p) = p" + ) Kip"™".

i=1
Theorem.

(i) The elements K; generate the center of the algebra U, generated by the ele-
ments Aj;, i, j=1,...,m.

(ii) The operator C,(p) applied to the polynomial []_|11,2,...,i — 1, ik multi-
pliesitby [] ; (£; +m — j+ p), where the numbers £; are the multidegrees of the
given polynomial and €; =}, . k;.

Proof. To prove (i) we begin by proving that the K; belong to the center of U,.

From 5.3.1, 5.3.2, and 5.3.4 it follows that, for every k, the element C(k) is in the

center of U,,. But then this easily implies that all the coefficients of the polynomial

are also in the center. To prove that they generate the center we need some mere
theory, so we postpone the proof to Chapter 5, §7.2, only sketching its steps here.

Let o;j := Y ,_, xin&n be the symbol of A;;. We think of the o;; as coordinates of
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m x m matrices. One needs to prove first that the symbol of a central operator is an
invariant function under conjugation.

Next one shows that the coefficients of the characteristic polynomial of a matrix
generate the invariants under conjugation. Finally, the symbols of the Capelli ele-
ments are the coefficients of the characteristic polynomial up to a sign, and then one
finishes by induction.

Now we prove (ii). We have, by the definition of polarizations, that Ayg{1,2, ...,
i—1,il =0ifh < k,orif k > i, while Api1,2,...,i — 1L,i}/ = j|[1,2,...,
i —1,i|)/, h <i. Therefore it follows that

AhhH|1,2,...,i—1,i|k~'=<Zk,-)1"'[|1,2,...,i—1,i|"f

i>h
=€hnll,2,...,i—1,i|"".

The development of the determinant of 4.1.7 applied to H;":l 11,2,...,i —1,ilk
gives O for all of the terms in the upper triangle and thus it is equal to the expression

m m
H(Aii+m—i+p)n]1,2,...,i—l,i[k"
i=1 i=1

m m
=[Ji+m—i+o[]it2,....i —1,il% a
i=1

i=1

The significance of this theorem is that the polynomials we have considered
are highest weight vectors for irreducible representations of the group G L(m) over
which, by Schur’s lemma, the operators K; must act as scalars. Thus we obtain the
explicit value of the central character (cf. Chapter 11, §5).





