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Tensor Algebra

Summary. In this chapter we develop somewhat quickly the basic facts of tensor algebra,
assuming the reader is familiar with linear algebra. Tensor algebra should be thought of as a
natural development of the theory of functions in several vector variables. To some extent it is
equivalent, at least in our setting, to this theory.

1 Tensor Algebra

1.1 Functions of Two Variables

The language of functions is most suitably generalized into the language of tensor
algebra. The idea is simple but powerful: the dual V* of a vector space V is a space
of functions on V, and V itself can be viewed as functions on V*.

A way to stress this symmetry is to use the bra-ket { | ) notation of the physi-
cists:?’ given a linear form ¢ € V* and a vector v € V, we denote by {¢|v) := ¢ (v)
the value of ¢ on v (orof v on ¢ ).

From linear functions one can construct polynomials in one or several variables.
Tensor algebra provides a coherent model to perform these constructions in an in-
trinsic way.

Let us start with some elementary remarks. Given a set X (with n elements) and
a field F, we can form the n-dimensional vector space F*X of functions on X with
values in F.

This space comes equipped with a canonical basis: the characteristic functions
of the elements of X. It is convenient to identify X with this basis and write
Y cex f(x)x for the vector corresponding to a function f.

From two sets X, Y (with n, m elements, respectively) we can construct FX, FY,
and also FX*Y. This last space is the space of functions in two variables. It has
dimension nm.

27 This was introduced in quantum mechanics by Dirac.
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Of course, given a function f(x) € FX and a function g(y) € FY, we can
form the two variable function F(x, y) := f(x)g(y); the product of the given basis
elements is just xy = (x, y). A simple but useful remark is the following:

Proposition. Given two bases uy, ..., u, of FX and v, ..., v, of X the nm ele-
ments u;v; are a basis of F**Y.

Proof. The elements xy are a basis of FX*¥. We express x as a linear combination
oftheu;,...,u, and y asone of the vy, ..., v,.

We then see, by distributing the products, that the nm elements u;v; span the
vector space FX*Y. Since this space has dimension nm the u;v; must be a basis. O

1.2 Tensor Products

We perform the same type of construction with a tensor product of two spaces, with-
out making any reference to a basis. Thus we define:

Definition 1. Given 3 vector spaces U, V, W amap f(u,v) : U xV — Wis
bilinear if it is linear in each of the variables u, v separately.

IfU, V, W are finite dimensional we easily see that:

Proposition. The following conditions on a bilinear map f : U x V — W are
equivalent:

(i) There existbasesu, ..., u, of U andvy, ..., v, of V such that the nm elements
fui, vj) are a basis of W.
(ii) For all bases uy, ..., u, of U and vy, ..., vy of V, the nm elements f(u;, v;)

are a basis of W.

(iii) dim(W) = nm, and the elements f(u, v) span W.

(iv) Given any vector space Z and a bilinear map g(u, v) : U x V — Z there exists
a unique linear map G : W — Z such that g(u,v) = G(f(u, v)) (universal
property).

Definition 2. A bilinear map is called a tensor product if it satisfies the equivalent
conditions of the previous proposition.

Property (iv) ensures that two different tensor product maps are canonically iso-
morphic. In this sense we will speak of W as the tensor product of two vector spaces
which we will denote by U ® V. We will denote by 4 ® v the image of the pair (u, v)
in the bilinear (tensor product) map.

Definition 3. The elements 4 ® v are called decomposable tensors.

Example. The bilinear product F x U — U given by («, u) — ou is a tensor
product.
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1.3 Bilinear Functions

To go back to functions, we can again concretely treat our constructions as follows.
Consider the space Bil(U x V, F) of bilinear functions with values in the field F.
We have a bilinear map

F:U*xV*—=>Bil(U xV,F)

given by F (@, ¥)(u, v) := (p|u){¥{v). In other and more concrete words, the prod-
uct of two linear functions, in separate variables, is bilinear.

In given bases uy, ..., u, of U and vy, ..., v, of V we have for a bilinear func-
tion

(1.3.1) f(Zaiui,Z,ijj> =Zzai,3jf(ui»vj)-
i=1 =1

i=1 j=1

Let ¢"* be the bilinear function defined by the property

(1.3.2) eh"(Za,-u,»,Zﬂ,-v,-) = appr.
i=1 j=1

We easily see that these bilinear functions form a basis of Bil(U x V, F), and a
general bilinear function f is expressed in this basis as

(133)  f@,v)=Y > favpel@v), f=> Y flu,v)e’.

i=1 j=1 i=1 j=1

Moreover let 1’ and v/ be the dual bases of the two given bases. We see immediately
that e"* (u, v) = u” (u)v*(v). Thus we are exactly in the situation of a tensor product,
and we may say that Bil(U x V, F) = U* @ V*.

In the more familiar language of polynomials, we can think of n variables x; and
m variables y;. The space of bilinear functions is the span of the bilinear monomials
Xiyj.

jSince a finite-dimensional vector space U can be identified with its double dual
it is clear how to construct a tensor product. We may set?

U®V :=Bil(U* x V*, F).

1.4 Tensor Product of Operators

The most important point for us is that one can also perform the tensor product of
operators using the universal property.

28 Nevertheless, the tensor product construction holds for much more general situations than
the one we are treating now. We refer to N. Bourbaki for a more detailed discussion [B].
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If f:U — Viand g : U; - V, are two linear maps, the map U, x U, —
Vi® V, given by (u, v) — f(u) ® g(v) is bilinear. Hence it factors through a unique
linear map denoted by f ® g : U1 @ U, —» V| ® V.

This is characterized by the property

(1.4.1) (fO®u®v) = f(u) ®gv).

In matrix notation the only difficulty is a notational one. Usually it is customary
to index basis elements with integral indices. Clearly if we do this for two spaces,
the tensor product basis is indexed with pairs of indices and so the corresponding
matrices are indexed with pairs of pairs of indices.

Concretely, if f(u;) = }_; aj;u; and g(vy) = )_; bunv; we have

(1.42) (f ® )i ®u) = ) _ ajibiait] ® .
jk
Hence the elements g;; by, are the entries of the tensor product of the two matrices.

An easy exercise shows that the tensor product of maps is again bilinear and thus
defines a map

hom(Uy, V1) @ hom(U,, V2) — hom(U; ® U, Vi ® V).

Using bases and matrix notations (and denoting by M,,, ,, the space of m x n matrices),
we have thus a map

My, @My, —> Myp .y

We leave it to the reader to verify that the tensor product of the elementary ma-
trices gives the elementary matrices, and hence that this mapping is an isomorphism.
Finally we have the obvious associativity conditions. Given

U ! Vi é Wi

v, £ W,

U,

we have (h @ k)(f ® g) = hf ® kg. In particular, consider two spaces U, V and
endomorphisms f : U — U, g : V — V. We see that:

Proposition. The mapping (f, g) — f ® g is a representation of GL(U) x GL(V)
inGL(U ®YV).

There is an abstraction of this notion. Suppose we are given two associative al-
gebras A, B over F. The vector space A ® B has an associative algebra structure, by
the universal property, which on decomposable tensors is

(@a®b)(c®d)=ac®bd.

Given two modules M, N on A, and B respectively, M ® N becomes an A ® B-
module by

(@a®b)(m®n) =am Q bn.
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Remark. (1) Given two maps i, j : A, B — C of algebras such that the images
commute, we have an induced map AQ B — C givenbya ® b — i(a)jb).

This is a characterization of the tensor product by universal maps.

(2) If A is an algebra over F and G D F is a field extension, then A @ G can
be thought of as a G algebra.

Remark. Given an algebra A and two modules M, N, in general M ® N does not
carry any natural A-module structure. This is the case for group representations or
more generally for Hopf algebras, in which one assumes, among other things, to
have a homomorphism A : A — A ® A (for the group algebra of G it is induced by
g — g ® g), cf. Chapter 8, §7.

1.5 Special Isomorphisms

We analyze some special cases.
First, we can identify any vector space U with hom(F, U) associating to a map
f € hom(F, U) the vector f(1). We have also seen that FQU = U,and a®u = au.
We thus follow the identifications:

VU*=hom(F,V)®hom(U, F) =hom(F Q U,V ® F).
This last space is identified with hom(U, V).
Proposition. There is a canonical isomorphism V @ U* = hom(U, V).

It is useful to make this identification explicit and express the action of a decom-
posable element v ® ¢ on a vector u, as well as the composition law of morphisms.
Consider the tensor product map

hom(V, W) x hom(U, V) — hom(U, W).
With the obvious notations we easily find:
(1.5.1) V@) =viplu), w® Y ov®¢=wa (¥|v)e.

In the case of End(U) := hom(U, U), we have the identification End(U) = U®U™;
in this case we can consider the linear map Tr : U @ U* — F induced by the bilinear
pairing given by duality

(1.5.2) Tr(u ® @) == (plu).

Definition. The mapping Tr : End(U) — F is called the frace. In matrix notations,
if ¢; is a basis of U and ¢’ the dual basis, given a matrix A = > jaijei ® e’ we have

Tr(A) = 3 aijel e = 3, aui.
For the tensor product of two endomorphisms of two vector spaces one has
(1.5.3) Tr(A ® B) = Tr(A) Tr(B),

as verified immediately.
Finally, given linearmaps X : W - U, Y :V —»> Z, v®¢ : U — V we have

(1.5.4) Yov®¢poX =Yv®X'e.
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1.6 Decomposable Tensors

An immediate consequence of the previous analysis is:

Proposition. The decomposable tensors in V @ U* = hom(U, V) are the maps of
rank 1.

In particular this shows that most tensors are not decomposable. In fact, quite
generally:

Exercise. In a tensor product (with the notations of Section 1) a tensor ) a;;u; ® v;
is decomposable if and only if the n x m matrix with entries a;; has rank < 1.

Another important case is the sequence of identifications:
(1.6.1) U*® V* =hom(U, F) ® hom(V, F)
=hom(U®V,FQ®F) =hom(U ®V, F),

i.e., the tensor product of the duals is identified with the dual of the tensor product.
In symbols

Uevy=UreVv"

It is useful to write explicitly the duality pairing at the level of decomposable
tensors:

(1.6.2) (0 ® Ylu @ v) = (plu)(¥v).

In other words, if we think of U* ® V* as the space of bilinear functions f(u, v),
u € U, v € V the tensor a ® b is identified, as a linear function on this space and
as the evaluation f — f(a, b). The interpretation of U ® V as bilinear functions on
U* x V* is completely embedded in this basic pairing.

Summarizing, we have seen the intrinsic notion of U ® V as the solution of
a universal problem, as bilinear functions on U* x V*, and finally as the dual of
U* ® V*‘29

1.7 Multiple Tensor Product

The tensor product construction can clearly be iterated. The multiple tensor product
map

UxUyx+-xU,->U1QQU;, ®---Q U,
is the universal multilinear map, and we have in general the dual pairing:

UrQUI® - QU x U1 Uy ® -+ Q@ Uy — F

29 Of these three definitions, the solution of the universal problem is the one which admits the
widest generalizations.
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given on the decomposable tensors by

(1.7.1) P ®RP® @ Pulu1 ®uz ® -+ @ up) = [ [{eilus).

i=1

This defines a canonical identification of (U1 @ U, ®- - - Up,)* with U QU ®--- U,,.
Similarly we have an identification

hom(U1®U2®"'Um7V1 ®V2®Vm)
= hom(Uy, V1) ® hom(Us, V) ® - -+ ® hom(U,,, V,,).

Let us consider the self-dual pairing on End(U) given by Tr(A B) in terms of decom-
posable tensors. f A = v ® ¥ and B = u ® ¢ we have

(1.7.2) Tr(AB) =Tr(v ® ¥ o u ®@ ¢) = Tr((¥ |u)v ® @) = (plv)(¥lu).

We recover the simple fact that Tr(AB) = Tr(BA).
We remark also that this is a nondegenerate pairing, and End(U) = U ® U* is
identified by this pairing with its dual:

EndU)*=U QU =U*Q@U"* =U*®U XU QU*.

We identify an operator A with the linear function X — Tr(AX) = Tr(X A).

Since Tr([A, B]) = 0, the operators with trace 0 form a Lie algebra (of the group
SL(U)), called s{(U) (and an ideal in the Lie algebra of all linear operators).

For the identity operator in an n-dimensional vector space we have Tr(1) = n.

If we are in characteristic O (or prime with n) we can decompose each matrix as
A= @1 + Ao where Ag has zero trace. Thus the Lie algebra g/(U) decomposes
as the direct sum gl(U) = F @ sl(U), F being identified with the scalar matrices,
i.e., with the multiples of the identity matrix.

It will be of special interest to us to consider the tensor product of several copies
of the same space U, i.e., the tensor power of U, denoted by U®™. It is convenient
to form the direct sum of all of these powers since this space has a natural algebra
structure defined on the decomposable tensors by the formula

(WM QU@ Qup)(VI Qv ® --- ® vg)
SN RUR - QU QU RUQ - .

We usually use the notation

W) =P, U
This is clearly a graded algebra generated by the elements of degree 1.
Definition. 7' (U) is called the tensor algebra of U.

This algebra is characterized by the following universal property:
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Proposition. Any linear mapping j : U — R into an associative algebra R extends
uniquely to a homomorphism j : T(U) — R.

Proof. The mapping U x U x --- x U — R given by j(u;)j(uz) ... j(u) is mul-
tilinear and so defines a linear map U®* — R.

The required map is the sum of all these maps and is clearly a homomorphism
extending j; it is also the unique possible extension since U generates T(U) as an
algebra. O

1.8 Actions on Tensors

In particular, a linear automorphism g of U extends to an automorphism of the tensor
algebra which acts on the tensors U®™ as g®" '= ¢ Qg ®g- - ® g.
Thus we have:

Proposition. GL(U) acts naturally on T(U) as algebra automorphisms (preserving
the degree and extending the standard action on U ).

It is quite suggestive to think of the tensor algebra in a more concrete way. Let
us fix a basis of U which we think of as indexed by the letters of an alphabet A with
n letters.>

If we write the tensor product omitting the symbol ® we see that a basis of U®™
is given by all the n™ words of length m in the given alphabet.

The multiplication of two words is just the juxtaposition of the words (i.e., write
one after the other as a unique word). In this language we see that the tensor algebra
can be thought of as the noncommutative polynomial ring in the variables A, or the
free algebra on A, or the monoid algebra of the free monoid.

When we think in these terms we adopt the notation F{A) instead of T (U).

In this language the universal property is that of polynomials, i.e., we can evaluate
a polynomial in any algebra once we give the values for the variables.

In fact, since A is a basis of U, a linear map j : U — R is determined by
assigning arbitrarily the values for the variables A. The resulting map sends a word,
i.e., a product of variables, to the corresponding product of the values. Thus this map
is really the evaluation of a polynomial.

The action of a linear map on U is a special substitution of variables, a linear
substitution.

Notice that we are working in the category of all associative algebras and thus
we have to use noncommutative polynomials, i.e., elements of the free algebra.
Otherwise the evaluation map is either not defined or not a homomorphism.

Remark. As already mentioned the notion of tensor product is much more general
than the one we have given. We will use at least one case of the more general defi-
nition. If A is an algebra over a field k, M a right A-module, N a left A-module, we

30 Of course we use the usual alphabet, and so in our examples this restricts » artificially, but
there is no theoretical obstruction to think of a possibly infinite alphabet.
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define M ®4 N to be the quotient of the vector space M ® N modulo the elements
ma @ n — m @ an. This construction typically is used when dealing with induced
representations. We will use some simple properties of this construction which the
reader should be able to verify.

2 Symmetric and Exterior Algebras
2.1 Symmetric and Exterior Algebras

We can reconstruct the commutative picture by passing to a quotient.

Given an algebra R, there is a unique minimal ideal / of R such that R/I is
commutative. It is the ideal generated by all of the commutators [a, b] := ab — ba.

In fact, I is even generated by the commutators of a set of generators for the
algebra since if an algebra is generated by pairwise commuting elements, then it is
commutative.

Consider this ideal in the case of the tensor algebra. It is generated by the com-
mutators of the elements of degree 1, hence it is a homogeneous ideal, and so the
resulting quotient is a graded algebra, called the symmetric algebra on U.

It is usually denoted by S(U) and its homogeneous component of degree m is
called the m™ symmetric power of the space U and denoted S™(U).

In the presentation as a free algebra, to make F'{A) commutative means to impose
the commutative law on the variables A. This gives rise to the polynomial algebra
F[A] in the variables A. Thus S(U) is isomorphic to F[A].

The canonical action of GL(U) on T (U) clearly leaves invariant the commutator
ideal and so induces an action as algebra automorphisms on S(U). In the language
of polynomials we again find that the action may be realized by changes of variables.

There is another important algebra, the Grassmann or exterior algebra. It is de-
fined as T(U)/J where J is the ideal generated by all the elements u?foru e U.
It is usually denoted by A U.

The muitiplication of elements in A U is indicated by a A b. Again we have an
action of GL(U) on AU = & /\k U as automorphisms of a graded algebra, and
the algebra satisfies a universal property with respect to linear maps. Given a linear
map j : U — R into an algebra R, restricted by the condition j(u)? = 0,Vu € U,
we have that j extends to a unique homomorphism A U — R.

In the language of alphabets we have the following description. The variables in
A satisfy the rules:

anNb=—-bAa, ana=0.

We order the letters in A. A monomial M is 0 if it contains a repeated letter. Other-
wise reorder it in alphabetical order, introducing a negative sign if the permutation
used to reorder is odd; let us denote by a(M) this value.

Consider the monomials in which the letters appear in strict increasing order, and
we call these the strict monomials (if A has n elements we have () strict monomials
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of degree k for a total of 2" monomials). For example, from a basis ey, ..., e, of U
we deduce a basis

e, Nep, N Negp, I<ij<iz<--o<ip<n
of AU.

Theorem. The strict monomials are a basis of \ U.

Proof. We hint at a combinatorial proof. We construct a vector space with basis the
strict monomials. We then define a product by M A N := a(MN). A little com-
binatorics shows that we have an associative algebra R, and the map of A into R
determines an isomorphism of R with A U. O

For a different proof see Section 4.1 in which we generalize this theorem to
Clifford algebras.
In particular, we have the following dimension computations. If dim U = n,

. k ny ) n
dim \"U = (k) dim A\ U =2", dim /\"U = 1.
Let dim U = n. The bilinear pairing A* U x A" U — A" U induces a linear map

i Nv—=nom (N U N0) = Nue (N u),

j(ul/\~--/\uk)(v1/\~~v,,_k) =ULA AU NUVIAN - AN Vg

In a given basis ey, ..., e, we have j(e; A--- Aey)e; A--- Aej ) = 0if the
elements iy, ..., i, ji, ..., jn— are not a permutation of 1, 2, ..., n. Otherwise, re-
ordering, the value we obtain is €,¢; Aey . . . Ae,, where o is the (unique) permutation
that brings the elements iy, ..., i, ji, ..., j._k into increasing order and €, denotes
its sign.

In particular we obtain
Proposition. The map j : N\*U — \"U & ( /\""k U)* is an isomorphism.

This statement is a duality statement in the exterior algebra; it is part of a long
series of ideas connected with duality. It is also related to the Laplace expansion of
a determinant and the expression of the inverse of a given matrix. We leave to the
reader to make these facts explicit (see the next section).

2.2 Determinants

Given a linear map A : U — V, the composed map j : U — V — AV satisfies
the universal property and thus induces a homomorphism of algebras, denoted by
/\kA : AU = A V.Forevery k themap /\ A inducesalinearmap A\* A : \*U —
A"V with
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k
/\ A(Ur Ausg A~ Aug) = Aup A Aus A -+ A Aug.

In this way (A U, /\ A) is a functor from vector spaces to graded algebras (a similar
fact holds for the tensor and symmetric al%ebras).

In particular, for every k the space /A" U is a linear representation of the group
GL(U).

This is the proper setting for the theory of determinants. One can define the de-
terminant of a linear map A : U — U of an n-dimensional vector space U as the
linear map A\" A.

Since dim /\" U = 1 the linear map /\" A is a scalar. One can identify \" U
with the base field by choosing a basis of U; any other basis of U gives the same
identification if and only if the matrix of the base change is of determinant 1.

Definition. Given an n-dimensional space V, the special linear group SL(V) is the
group of transformations A of determinant 1, or \" A = 1.

Sometimes one refers to a matrix of determinant 1 as unimodular.

More generally, given bases uy, ..., u,, for U and vy, ..., v, for V, we have the
induced bases on the Grassmann algebra, and we can compute the matrix of A A
starting from the matrix a} of A. We have Au; = 3, ajv; and

k
/\ Ay A+~ ANuj) = Auj A+ A Aug,
_ i i i,
(et ) (St ) ron (Setn)
i i i

= Y AGL ikl JOV A A

Proposition. The coefficient A(iy, ..., | J1, - .., jx) is the determinant of the minor
of the matrix extracted from the matrix of A from the rows of indices iy, . .., iy and
the columns of indices ji, ..., jk.

Proof. By expanding the product and collecting terms. D

Given two matrices A, B with product BA, the multiplication formula of the
two matrices associated to two exterior powers, \*(BA) = A¥ B o A" 4, is called
Binet’s formula.

2.3 Symmetry on Tensors

The theory developed is tied with the concepts of symmetry. We have a canonical
action of the symmetric group S, on U®", induced by the permutation action on
U x U x --- x U. Explicitly,

U @ua® - Qun) =o-11 Uo12® - O Us-tp.
We will refer to this action as the symmetry action on tensors.>!

31 1t will be studied intensively in Chapter 9.



112 5 Tensor Algebra

Definition 1. The spaces X, (U), A, (U) of symmetric and antisymmetric tensors are
defined by

Z,(U) = {u e U o) = u}, A,(U) = {u € U®"|o(u) = €(0)u, Yo € Sy},
(e(o) indicates the sign of o).

In other words, the space of symmetric tensors is the sum of copies of the trivial
representation while the space of antisymmetric tensors is the sum of copies of the
sign representation of the symmetric group.

One can explicitly describe bases for these spaces along the lines of §1.

Fix a basis of U which we think of as an ordered alphabet, and take for a basis
of U®" the words of length n in this alphabet. The symmetric group permutes these
words by reordering the letters, and U®" is thus a permutation representation.

Each word is equivalent to a unique word in which all the letters appear in in-
creasing order. If the letters appear with multiplicity Ay, ha, ..., Ay, the stabilizer of
this word is the product of the symmetric groups Sy, X - -+ X Sp,. The number of
elements in its orbit is (, ," ).

The sum of the elements of such an orbit is a symmetric tensor denoted by
ep,, ..., ey, and these tensors are a basis of £,(U). For skew-symmetric tensors we
can only use words without multiplicity, since otherwise a transposition fixes such a
word but by antisymmetry must change sign to the tensor. The sum of the elements
of such an orbit taken with the sign of the permutation is an antisymmetric tensor,
and these tensors are a basis of A,(U).

Theorem. Ifthe characteristic of the base field F is 0, the projections of T (U) on the
symmetric and on the Grassmann algebra are linear isomorphisms when restricted
to the symmetric, respectively, the antisymmetric, tensors.

Proof. Take a symmetric tensor sum of (hl h: hk) elements of an orbit. The image
of all the elements in the same orbit in the symmetric algebra is always the same
monomial.

Thus the image of this basis element in the symmetric algebra is the correspond-
ing commutative monomial times the order of the orbit, e.g.,

aabb + abab + abba + baab + baba + bbaa — 6a’b*.

In char = 0, this establishes the isomorphism since it sends a basis to a basis. In

order to be more explicit, let us denote by ey, e, ..., e, a basis of U. The element
1
n! Z €ioiy @ Ciggy & * " iy
oS,

is a symmetric tensor which, by abuse of notation, we identify with the monomial

€€, ... €

n

to which it corresponds in the symmetric algebra.
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Now for the antisymmetric tensors, an orbit gives rise to an antisymmetric tensor
if and only if the stabilizer is 1, i.e., if all the #; = 1. Then the antisymmetric tensor
corresponding to a word a;a; . . . a, is

1
—‘ E €55(1)As(2) - - - Ao (n)-
n. oES,

This tensor maps in the Grassmann algebra to
ayNay N\...N\ay.

It is often customary to identify e, e;, ...e;, ora; Aa; A ... A a,, with the cor-
responding symmetric or antisymmetric tensor, but of course one loses the algebra
structure. ]

Let us now notice one more fact. Given a vector u € U the tensor u®" =
UQuRuU- - ®u is clearly symmetric and identified with " € S,(U). If
u =y, axex we have

h _h .
u®" = Z o) oy ey
hithotthn=n

We notice a formal fact. A homogeneous polynomial function f on U of degree
n factors through u +—> u®" and a uniquely determined linear map on X,(U). In
other words, with P,(U) the space of homogeneous polynomials of degree n on U,
we have:

Proposition. P, (U) is canonically isomorphic to the dual of %, (U).>
The identification is through the factorization
®n f n
U—— 5,U) = F, f@®™= Y  of'e?-apflen..n)
ity thg=n
One in fact can more generally define:

Definition 2. A polynomial map F : U — V between two vector spaces is a map
which in coordinates is given by polynomials.

In particular, one can define homogeneous polynomial maps. We thus have that the
map U — Z,(U) given by u > u®" is a polynomial map, homogeneous of degree
n and universal, in the sense that:

Corollary. Every homogeneous polynomial map of degree n from U to a vector
space V factors through the map u — u®", with a linear map ¥£,(U) — V.

In characteristic O we use instead u — u" as a universal map.

32 This will be useful in the next chapter.
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3 Bilinear Forms

3.1 Bilinear Forms

At this point it is important to start introducing the language of bilinear forms in a
more systematic way.

We have already discussed the notion of a bilinear mapping U x V — F.Letus
denote the value of such a mapping with the bra-ket notation (u|v).

Choosing bases for the two vector spaces, the pairing determines a matrix A with
entries a;; = (u;|v;). Using column notation for vectors, the form is given by the
formula

(3.1.1) (u,v) :==u'Av.

If we change the two bases with matrices B, C, and u = Bu', v = CV’, the corre-
sponding matrix of the pairing becomes B'AC.

If we fix our attention on one of the two variables we can equivalently think of
the pairing as a linear map j : U — hom(V, F) given by {j(u)|v) = (u|v) or
J@) v (ulv).

We have used the bracket notation for our given pairing as well as the duality
pairing, thus we can think of a pairing as a linear map from U to V*.

Definition. We say that a pairing is nondegenerate if it induces an isomorphism
between U and V*.

Associated to this idea of bilinear pairing is the notion of orthogonality. Given a
subspace M of U, its orthogonal is the subspace

Mt ={ve V|u) =0, Yu e M}.
Remark. The pairing is an isomorphism if and only if its associated (square) matrix
is nonsingular. In the case of nondegenerate pairings we have:

(a) dim(U) = dim(V).
(b) dim(M) + dim(M+) = dim(U); (M+)*+ = M for all the subspaces.

3.2 Symmetry in Forms

In particular consider the case U = V. In this case we speak of a bilinear form on
U. For such forms we have a further important notion, that of symmetry:

Definition. We say that a form is symmetric, respectively antisymmetric or symplec-
tic, if (u|uz) = (u|uy) or, respectively, (u;|uz2) = —(uz|uy), forall uy, u; € U.

One can easily see that the symmetry condition can be written in terms of the
associated map j : U — U™ : {(j@)|v) = (ulv).

We take advantage of the identification U = U™* and so we have the transpose
map j*: U™ =U — U*.
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Lemma. The form is symmetric if and only if j = j*. It is antisymmetric if and only
ifj=-J"

Sometimes it is convenient to give a uniform treatment of the two cases and use
the following language. Let € be 1 or —1. We say that the form is e-symmetric if

(3.2.1 (ur|ug) = €{ualur).

Example 1. The space End(U) with the form Tr(AB) is an example of a non-
degenerate symmetric bilinear form. The form is nondegenerate since it induces the
isomorphism between U* @ U and its dual U ® U* given by exchanging the two
factors of the tensor product (cf. 1.7.2).

Example 2. Given a vector space V we can equip V @ V* with a canonical symmetric
form, and a canonical antisymmetric form, by the formula

(3.2.2) {(v1, 1) [(v2, @2)) = (@1]v2) £ {@2]v1).

On the right-hand side we have used the dual pairing to define the form. We will
sometimes refer to these forms as standard hyperbolic (resp. symplectic) form. One
should remark that the group G L(V) acts naturally on V @ V* preserving the given
forms.

The previous forms are nondegenerate. For an ¢-symmetric form (, ) on V we
have

freViw,w)=0,VweVli={veVi(w,v)=0 Ywe V}.
This subspace is called the kernel of the form. The form is nondegenerate if and only

if its kernel is 0.

3.3 Isotropic Spaces

For bilinear forms we have the important notion of an isotropic and a totally isotropic
subspace.

Definition. A subspace V C U is isotropic if the restriction of the form to V is
degenerate and totally isotropic if the restricted form is identically O.

From the formulas of the previous section it follows:

Proposition. For a nondegenerate bilinear form on a space U, a totally isotropic
subspace V has dimension dim V < dimU/2.

In particular if dim U = 2m, a maximal totally isotropic subspace has at most
dimension m.
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Exercise.

(1) Prove that a nondegenerate symmetric bilinear form on a space U of dimension
2m has a maximal totally isotropic subspace of dimension m if and only if it is
isomorphic to the standard hyperbolic form.

(2) Prove that a nondegenerate antisymmetric bilinear form on a space U exists
only if U is of even dimension 2m. In this case, it is isomorphic to the standard
symplectic form.

The previous exercise shows that for a given even dimension there is only one sym-
plectic form up to isomorphism. This is not true for symmetric forms, at least if the
field F is not algebraically closed. Let us recall the theory for real numbers. Given
a symmetric bilinear form on a vector space over the real number R there is a basis
in which its matrix is diagonal with entries +1, —1, 0. The number of 0 is the di-
mension of the kernel of the form. The fact that the number of +1’s (or of —1’s) is
independent of the basis in which the form is diagonal is Sylvester’s law of inertia.
The form is positive (tesp. negative) definite if the matrix is 41 (resp. —1). Since
the positive definite form is the usual Euclidean norm, one refers to such space as
Euclidean space. In general the number of +1’s minus the number of —1’s is an
invariant of the form called its signature.

3.4 Adjunction

For a nondegenerate e-symmetric form we have also the important notion of adjunc-
tion for operators on U. For T € End(U) one defines T*, the adjoint of T', by

(3.4.1) (u, T*v) := (Tu, v).
Using the matrix notation (u, v) = u’ Av we have
3.4.2)
(Tu,v) = (Tu)'Av =u' T'Av = ' AA"'T"Av = W' AT*v = T* = A"'T'A.

Adjunction defines an involution on the algebra of linear operators. Let us recall the
definition:

Definition. An involution of an F-algebra R is a linear map r > r* satisfying:
(3.4.3) rs)" =s*r*, N =r.

In other words r + r* is an isomorphism between R and its opposite R° and it is of
order 2. Sometimes it is also convenient to denote an involution by r — 7.

Let us use the form to identify U with U* as in 3.1, by identitfying u with the
linear form (j (u)|v) = (u, v).

This identifies End(U) = U ® U* = U ® U. With these identifications we have:

wWvw=u, w), @®b)(c®d)=a® (b, c)d,
(3.4.4) @®b)*=¢eb®a,tr(a®b) = (b,a).

These formulas will be used systematically in Chapter 11.
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3.5 Orthogonal and Symplectic Groups

Another important notion is that of the symmetry group of a form. We define an
orthogonal transformation T for a form to be one for which

351D (u,v) = (Tu,Tv), forallu,v e U.

Equivalently T*T = TT* = 1 (if the form is nondegenerate), in matrix notations.
From 342 wehave A"'T'AT = TA 'T'A=1or T'AT = A, TAT'T' = A%

One checks immediately that if the form is nondegenerate, the orthogonal trans-
formations form a group. For a nondegenerate symmetric form the corresponding
group of orthogonal transformations is called the orthogonal group. For a nondegen-
erate skew-symmetric form the corresponding group of orthogonal transformations
is called the symplectic group.

We will denote by O(V), Sp(V) the orthogonal or symplectic group when there
is no ambiguity with respect to the form.

For explicit computations it is useful to have a matrix representation of these
groups. For the orthogonal group there are several possible choices, which for a non-
algebraically closed field may correspond to non-equivalent symmetric forms and
non-isomorphic orthogonal groups.

If A is the identity matrix we get the usual relation 7* = T". In this case the
orthogonal group is

O(n, F):={X € GL(n, F)| XX' = 1}.

It is immediate then that for X € O(n, F) we have det(X) = *1. Together with the
orthogonal group it is useful to consider the special orthogonal group:

SO, F)={X € O(n, F)| detX =1}.

Often one refers to elements in SO(n, F) as proper orthogonal transformations while
the elements of determinant —1 are called improper.

Consider the case of the standard hyperbolic form 3.2.2 where U = V @ V*,
dim(U) = 2m is even.

Choose a basis v; in V and correspondingly the dual basis v' in V*. We see that

(note that A = A™1).

the matrix of the standard hyperbolic formis A = 1(')"

L

It is useful to consider the orthogonal group for this form, which for non-
algebraically closed fields is usually different from the standard form and is called
the split form of the orthogonal group.

Similarly for the standard symplectic form we have A = 1 1(')" . Notice that
m
A7!' = —A = A’ The standard matrix form of the symplectic group is
(35.2) Sp(2m, F) :={X e GL(m, F) | X'AX = Aor XAX' = A}.

. .. . . a b
In the previous cases, writing a matrix 7 in block form \c d]’ we see that
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t 11

(3.5.3) T = i, ba, (hyperbolic adjoint)
t _pt

(3.54) T = _dc, al: (symplectic adjoint)

One could easily write the condition for a block matrix to belong to the corre-
sponding orthogonal or symplectic group. Rather we work on the real or complex
numbers and deduce the Lie algebras of these groups. We have that (e/¥)* = €'X",
(e*)"! = ¢7'X hence:

Proposition. The Lie algebra of the orthogonal group of a form is the space of
matrices with X* = —X.

From the formulas 3.5.3 and 3.5.4 we get immediately an explicit description of
these spaces of matrices, which are denoted by so(2n, F), sp(2n, F).

(3.5.5) so(2n, F) = { Z g i b, ¢ skew-symmetric]
(3.5.6) sp(2n, F) := [ i _atl b,c symmetric].

Thus we have for their dimensions:
dim(so(2n, F)) = 2n* — n, dim(sp(2n, F)) = 2n* +n.

We leave it to the reader to describe so(2n + 1, F). The study of these Lie algebras
will be taken up in Chapter 10 in a more systematic way.

3.6 Pfaffian

We want to complete this treatment recalling the properties and definitions of the
Pfaffian of a skew matrix.

Let V be a vector space of dimension 2n with basis e;. A skew-symmetric form
wa on V corresponds to a 2n x 2n skew-symmetric matrix A defined by a; ; =
[OF (e,~ s ej).

According to the theory of exterior algebras we can think of w, as the 2-
covector” givenby ws =", _;a; ;¢ Nel =1/23, ja;je' Nl

Definition. We define Pf(A) through the formula

(3.6.1) o =n! Pf(A)e' Ae* A-- A e

33 One refers to an element of /\k V* as a k-covector.



3 Bilinear Forms 119

Theorem.

(i) For any invertible matrix B we have

(3.6.2) Pf(BAB') = det(B)Pf(A).
(i) det(A) = Pf(A).

Proof. (i) One quickly verifies that wpss = (A2B)(wy4). The identity (i) follows
since the linear group acts as algebra automorphisms of the exterior algebra.

The identity (ii) follows from (i) since every skew matrix is of the form BJ, B',
where Ji is the standard skew matrix of rank 2k given by the direct sum of k blocks

of size 2 x 2 (_?1 (1)) The corresponding covector is 2, = Zle et A e,

@, =0, ifk<n, Q) =nle'ne?r--ne”, Pf() =1
The identity is verified directly. |
From formula 3.6.2 it follows that the determinant of a symplectic matrix is 1.

Exercise. Let x;; = —x;;, i, j = 1....,2n, be antisymmetric variables and X the
generic antisymmetric matrix with entries x;;. Consider the symmetric group Sz,
acting on the matrix indices and on the monomial x;,%34...X2,_12,- Up to sign
this monomial is stabilized by a subgroup H isomorphic to the semidirect product
Sq X Z/(2)". Prove that

PFX)= ) €oXoyo@Xo@ o - - Xoan-1)oCn)-
OESZ,,/H

Prove that the polynomial Pf(X) (in the variables which are the coordinates of a
skew matrix) is irreducible.

There is another interesting formula to point out. We will return to this in Chap-
ter 13.

Let us introduce the following notation. Given X as before, k¥ < n, and indices
1 <i; < iy < -+ < iy < 2n we define the symbol [i1, iz, ..., ix] to be the
Pfaffian of the principal minor of X extracted from the rows and the columns of
indices i; < iy < -+ < in.fwy := ij x; je; A ej, we have

(3.6.3) explwx) = Z Z [i1, 0, ..oy loklei, A€y Avvs Aepy | Aeiy,.
k

I <ip<-<lpg

3.7 Quadratic Forms

Given a symmetric bilinear form on U, we define its associated quadratic form by
Qu) = (ulu). We see that Q(u) is a homogeneous polynomial of degree 2. We
have Q(u + v) = (u + vlu + v) = Q) + Q(v) + 2{(ujv) by the bilinearity and
symmetry properties. Thus (if 2 is invertible):
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Q@ +v) — Q) — Q) = (ulv).

Notice that this is a very special case of the theory of polarization and restitution,
thus quadratic forms or symmetric bilinear forms are equivalent notions (if 2 is in-
vertible).>*

Suppose we are now given two bilinear forms on two vector spaces U, V. We
can then construct a bilinear form on U ® V which, on the decomposable tensors, is

(u1 @ viluy @ vz} = {uyluz){v|v2).

We sec immediately that if the forms are €, €;-symmetric, then the tensor product is
€1 €2-symmetric.
One easily verifies that if the two forms are associated to the maps

J:U—> U k: V> V¥,

then the tensor product form corresponds to the tensor product of the two maps. As
a consequence we have:

Proposition. The tensor product of two nondegenerate forms is nondegenerate.

Iterating the construction we have a bilinear function on U®™ induced by a bilin-
ear formon U.

If the form is symmetric on U, then it is symmetric on all the tensor powers, but
if it is antisymmetric, then it will be symmetric on the even and antisymmetric on the
odd tensor powers.

Example. We consider the classical example of binary forms ([Hilb]).

We start from a 2-dimensional vector space V with basis ey, e;. The element
€1 A e; can be viewed as a skew-symmetric form on the dual space.

The symplectic group in this case is just the group SL(2, C) of 2 x 2 matrices
with determinant 1.

The dual space of V is identified with the space of linear forms in two variables
x,y where x, y represent the dual basis of ¢;, e5.

A typical element is thus a linear form ax + by. The skew form on this space is

[ax + by, cx + dy] := ad — bc = det

a b

c d ’ )

This skew form determines corresponding forms on the tensor powers of V*. We
restrict such a form to the symmetric tensors which are identified with the space of
binary forms of degree n. We obtain on the space of binary forms of even degree,
a nondegenerate symmetric form and, on the ones of odd degree a nondegenerate
skew-symmetric form.

The group SL(2, C) acts correspondingly on these spaces by orthogonal or sym-
plectic transformations.

34 The theory in characteristic 2 can be developed but it is rather more complicated.
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One can explicitly evaluate these forms on the special symmetric tensors given
by taking the power of a linear form

MOUR..u, @V - ®uv]=[u,v]"
Ifu=ax+by, v=cx+dy, weget
{Z (’f)an—ibixn-iyi, Z (n.)cn—jdjxn-jyji| = (ad — be)".
iz \! j=0 M
Setting u;; == [x""'y', x"7/ y/] we get
3 (") 3 (",)m ja e idl =3 (n)(—l)k(ad)k(bc)"'k .
i=0 \/ Gz N par S

Comparing the coefficients of the monomials we finally have
n -1
Ujj =0,ifi+j#n, ujpi= (—l)n_l(_> .
i

3.8 Hermitian Forms

When one works over the complex numbers there are several notions associated with
complex conjugation.®

Given a vector space U over C one defines the conjugate space U to be the group
U with the new scalar multiplication o defined by

o OoU =CqU.

A linear map from A : U — V to another vector space V, is the same as an antilinear
map from U to V, i.e., a map A respecting the sum and for which A(ou) = aA(u).
The most important concept associated to antilinearity is perhaps that of a Her-
mitian form and Hilbert space structure on a vector space U.
From the algebraic point of view:

Definition. An Hermitian form is a bilinear map U x U — C denoted by (u, v)
with the property that (besides the linearity in # and the antilinearity in v) one has

(v,u) = (u,v), Vu,ve U.

An Hermitian form is positive if |ju||? := (u, u) > 0 forall u # 0.
A positive Hermitian form is also called a pre-Hilbert structure on U.

33 One could extend several of these notions to automorphists of a field, or automorphisms
of order 2.
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Remark. The Hilbert space condition is not algebraic, but is the completeness of U
under the metric ||#|] induced by the Hilbert norm.

In a finite-dimensional space, completeness is always ensured. A Hilbert space
always has an orthonormal basis u; with (;, u;) = §;;. In the infinite-dimensional
case this basis will be infinite and it has to be understood in a topological way
(cf. Chapter 8). The most interesting example is the separable case in which any
orthonormal basis is countable.

A pre-Hilbert space can always be completed to a Hilbert space by the standard
method of Cauchy sequences modulo sequences converging to 0.

The group of linear transformations preserving a given Hilbert structure is called
the unitary group. In the finite-dimensional case and in an orthonormal basis it is
formed by the matrices A such that AA =1.

The matrix A" is denoted by A* and called the adjoint of A. It is connected with
the notion of adjoint of an operator T which is given by the formula (Tu,v) =
(u, T*v). In the infinite-dimensional case and in an orthonormal basis the matrix of
the adjoint of an operator is the adjoint matrix.

Given two Hilbert spaces H;, H, one can form the tensor product of the Hilbert
structures by the obvious formula (¥ ® v, w ® x) := (u, w){(v, x). This gives a pre-
Hilbert space H; ® H,; if we complete it we have a complete tensor product which
we denote by H,Q H,.

Exercise. If #; is an orthonormal basis of H, and v; an orthonormal basis of H,,
then u; ® v; is an orthonormal basis of H;® H,.

The real and imaginary parts of a positive Hermitian form (u, v) := S(u, v) +
i A(u, v) are immediately seen to be bilinear forms on U as a real vector space.
S(u, u) is a positive quadratic form while A(u, v) is a nondegenerate alternating
form.

An orthonormal basis u, ..., u, for U (as Hilbert space) defines a basis for U
as real vector space given by uy, ..., up, iuy, ..., iu, which is an orthonormal basis
for S and a standard symplectic basis for A, which is thus nondegenerate.

The connection between S, A and the complex structure on U is given by the
formula

Alu,v) = S, iv), Su,v) = —A(u, iv).

3.9 Reflections

Consider a nondegenerate quadratic form Q on a vector space V over a field F of
characteristic # 2. Write [[v]|? = Q(v), (v, w) = 3(Q +w) — Q(v) — Q(w)).
If v € Vand Q(v) # 0, we may construct the map s, : w = w — 28’(‘”";)1).
Clearly s,(w) = w if w is orthogonal to v, while s, (v) = —v.
The map s, is called the orthogonal reflection relative to the hyperplane orthog-

onal to v. It is an improper orthogonal transformation (of determinant —1) of order
two (s2 = 1).
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Example. Consider the hyperbolic space V of dimension 2. In a hyperbolic basis the

matrices ] ab ‘ of the orthogonal transformations satisfy

0 1
1 0

a ¢
b d

‘(1) (l)l = ac=bd =0, cb+ad = 1.

a

. . 0
From the above formulas one determines the proper transformations 0 !

, and

. . al .. .
improper transformations ‘ which are the reflections s(_, 1).

0
al 0

Theorem (Cartan-Diendonné). Ifdim V = m, every orthogonal transformation of
V is the product of at most m reflections.

Proof. Let T : V — V be an orthogonal transformation. If T fixes a non-isotropic
vector v, then T induces an orthogonal transformation in the orthogonal subspace
v+, and we can apply induction.

The next case is when there is a non-isotropic vector v such that u := v — T(v)
is non-isotropic. Then (v, u) = (v,v) — (v, T(W)), (u,u) = (v,v) — (v, T(W)) —
(T),v) + (T@), Tw®) = 2((v,v) — (v, T(v))) so that %“7”)2 = 1and s,(v) =
T (v). Now s, T fixes v and we can again apply induction.

This already proves the theorem in the case of a definite form, for instance for
the Euclidean space.

The remaining case is that in which every fixed point is isotropic and for every
non-isotropic vector v we have u := v — T (v) is isotropic. We claim that if dim V >
3, then:

(1) v — T (v) is always isotropic.
(2) V has even dimension 2m.
(3) T is a proper orthogonal transformation.

Lets :=1— T, and let V| = kers be the subspace of vectors fixed by T.

Let v be isotropic and consider v which is a space of dimensionn — 1 > n/2.
Thus v contains a non-isotropic vector w, and also Av — w is non-isotropic for all
A. Thus by hypothesis

0=Q0@Gw) =Q-w)=Q0((-v-w).
From these equalities follows
0= Q@)+ 26(w)) —2(s), s(w)) = A(s(@)) — 2(s(v), s(w)),
0=0Gw)+ 2(s(w)) + 2(s(v), s(w)) = A(s(v)) + 2(s(v), s(w)).

Hence Q(s(v)) = 0. From (v — T(v), v — T(v)) = 0 for all v follows (v — T (v),
w — T (w)) = 0 for all v, w. From the orthogonality of T follows that

W,2w)+ @, -Tw) + v, =T lw) =0
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forallv,wor2—T — T ' =0.Hence 2T — T2 =1 =0o0rs?=(1-T)2=0.

We have, by hypothesis, that Vi = kers is a totally isotropic subspace, so
2dimV; < dim V. Since s> = 0 we have that s(V) C V;, thus s(V) is made of
isotropic vectors. Since dim V = dims(V) + dim(kers), it follows that V; = s(V)
is a maximal totally isotropic subspace and V is of even dimension 2m. We have that
T =1+ s has only 1 as an eigenvalue and so it has determinant 1, and is thus a
proper orthogonal transformation. If S, is any reflection, we have that S,,7 cannot
satisfy the same conditions as T, otherwise it would be of determinant 1. Thus we
can apply induction and write it as a product of < 2m reflections, but this number
must be odd, since S, T has determinant — 1. So S,, T is a product of < 2m reflections
hence T = S,,(S,,T) is the product of < 2m reflections.

In the case dimV = 2, we may assume that the space has isotropic vectors.
Hence it is hyperbolic, and we have the formulas of the example. The elements

0 a . .
ol ol & reflections, and clearly the proper transformations are products of two

reflections. O

3.10 Tepology of Classical Groups

Over the complex or real numbers, the groups we have studied are Lie groups. In
particular it is useful to understand some of their topology. For the orthogonal groups
we have just one group O(n, C) over the complex numbers. Over the real numbers,
the group depends on the signature of the form, and we denote by O(p, ¢; R) the
orthogonal group of a form with p entries +1 and g entries —1 in the diagonal
matrix representation. Let us study the connectedness properties of these groups.
Since the special orthogonal group has index 2 in the orthogonal group, we always
have for any form and field O(V) = SO(V)USO(V)n where n is any given improper
transformation. Topologically this is a disjoint union of closed and open subsets, so
for the study of the topology we may reduce to the special orthogonal groups.

Let us remark that if 7), T, can be joined by a path to the identity in a topological
group, then so can 7773. In fact if ¢;(z) is a path with ¢; (0) = 1, ¢;(1) = T;, we
take the path ¢ ()¢ (2).

Proposition. The groups SO(n, C), SO(n, R) are connected.

Proof. It is enough to show that any element T can be joined by a path to the identity.
If we write T as a product of an even number of reflections, it is enough by the
previous remark to treat a product of two reflections. In this case the fixed vectors
have codimension 2, and the transformation is essentially a rotation in 2-dimensional
space. Then for the complex groups these rotations can be identified (in a hyperbolic
basis) with the invertible elements of C which is a connected set. SO(2, R) is the
circle group of rotations of the plane, which is clearly connected. O

Things are different for the groups SO(p, g; R). For instance SO(1, 1; R) = R*
has two components. In this case we claim that if p, g > 0, then SO(p, ¢; R) has two
components. Let us give the main ideas of the proof, leaving the details as exercise.
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Suppose p = 1. The quadratic form can be written as Q(x, y) := x> — le yi2.

The set of elements with x> — "7, y? = 1 has two connected components. The
group SO(1, g; R) acts transitively on these vectors, and the stabilizer of a given
vector is SO(g; R) which is connected.

If p > 1, the set of elements f_l sz = 1+)_7_| y?is connected. The stabilizer

of a vector is SO(p — 1, g; R) so we can apply induction.

Exercise. Prove that the groups GL(n, C), SL(n, C), SL(n, R) are connected while
G L(n, R) has two connected components.

More interesting is the question of which groups are simply connected. We have
seen in Chapter 4, §3.7 that SL(n, C) is simply connected. Let us analyze SO(n, C)
and Sp(2n, C). We use the same method of fibrations developed in Chapter 4, §3.7.
Let us treat Sp(2n, C) first. As for SL(n, C), we have that Sp(2n, C) acts transitively
on the set W of pairs of vectors u, v with [u, v} = 1. The stabilizer of ey, f; is
Sp(2(rn — 1), C). Now let us understand the topology of W. Consider the projection
(#, v) — u which is a surjective map to C>* — {0} with fiber at e; the set f; +ae; +
Y .., aie; + b; f;, a contractible space.

This is a special case of Chapter 4, §3.7.1 for the groups Sp(2(n—1),C) C H C
Sp(2n, C) where H is the stabilizer, in Sp(2n, C), of the vector e;.

Thus 7, (Sp(2n, C)) = 11 (SpQ2(n — 1), €)). By induction we have:

Theorem. Sp(2n, C) is simply connected.

As for SO(n, C) we make two remarks. In Chapter 8, §6.2 we will see a
fact, which can be easily verified directly, implying that SO(n, C) and SO(n, R)
are homotopically equivalent. We discuss SO(n, R) at the end of §5, proving that
(SO, R)) =Z/(2).

At this point, if we restrict our attention only to the infinitesimal point of view
(that is, the Lie algebras), we could stop our search for classical groups.

This, on the other hand, misses a very interesting point. The fact that the special
orthogonal group is not simply connected implies that, even at the infinitesimal level,
not all the representations of its Lie algebra arise from representation of this group.

In fact we miss the rather interesting spin representations. In order to discover
them we have to construct the spin group. This will be done, as is customary, through
the analysis of Clifford algebras, to which the next section is devoted.

4 Clifford Algebras

4.1 Clifford Algebras

Given a quadratic form on a space U we can consider the ideal J of T(U) generated
by the elements u®? — Q(u).

Definition 1. The quotient algebra T(U)/J is called the Clifford algebra of the
quadratic form.
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Notice that the Clifford algebra is a generalization of the Grassmann algebra, which
is obtained when Q = 0. We will denote it by Cly(U) or by CI(U) when there is no
ambiguity for the quadratic form.

By definition the Clifford algebra is the universal solution for the construction of
an algebra R and a linear map j : U — R with the property that j (¢)> = Q(u). Let
us denote by (x, v) := 1/2(Qu + v) — Q(u) — Q(v)) the bilinear form associated
to Q. We have in the Clifford algebra:

4.1.1) v,wel, = vw+wv=w+w)?—-v?—w?=2,w).

In particular if v, w are orthogonal they anticommute in the Clifford algebra vw =
—wv.

If G O F is a field extension, the given quadratic form @ on U extends to a
quadratic form Q¢ on Ug := U ®f G. By the universal property it is easy to verify
that

Clg,(Ug) = Clg(U) ®r G.

There are several efficient ways to study the Clifford algebra. We will go through
the theory of superalgebras ([ABS]).

One starts by remarking that, although the relations defining the Clifford algebra
are not homogeneous, they are of even degree. In other words, decompose the tensor
algebra T(U) = To(U) & T1(U), where Ty(U) = & ®* U, T1(U) = &, **' U,
as a direct sum of its even and odd parts. The ideal / defining the Clifford algebra
decomposes also as I = Iy @ I} and CI(U) = To(U)/1lp & T1(U)/1;. This suggests
the following:

Definition 2. A superalgebra is an algebra A decomposed as Ag @ Ay, with A;A; C
Ay, where the indices are taken modulo 2.3

A superalgebra is thus graded modulo 2. For a homogeneous element a, we set
d(a) to be its degree (modulo 2). We have the obvious notion of (graded) homomor-
phism of superalgebras. Often we will write Ag = A™, A = A™.

Given a superalgebra A, a superideal is an ideal I = Iy @ I, and the quotient is
again a superalgebra.

More important is the notion of a super-tensor product of associative superalge-
bras.

Given two superalgebras A, B we define a superalgebra:

A®B = (A)@By® A ® B)) ® (Ao ® B1 & A ® By),
(412) (@®b)(c®d) = (=1)®4gc @ bd.

It is left to the reader to show that this defines an associative superalgebra.

36 Superalgebras have been extensively used by physicists in the context of the theory of
elementary particles. In fact several basic particles like electrons are Fermions, i.e., they
obey a special statistics which is suitably translated with the spin formalism. Some further
proposed theories, such as supersymmetry, require the systematic use of superalgebras of
operators.
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Exercise. A superspace is just a Z/(2) graded vector space U = Uy @ U;, we can
grade the endomorphism ring End(U) in an obvious way:

End(U)o = End(Uyp) ® End(Uy), End(U); = hom(Up, U;) @ hom(U,, Uyp).

Prove that, given two superspaces U and V, we have a natural structure of superspace
on U ® V such that End(U ® V) is isomorphic to End(U Y® End(V) as superalgebra.

In this vein of definitions we have the notion of a supercommutator, which on
homogeneous elements is

(4.1.3) {a,b) = ab — (—1)1@4®)pq.

Definitions 4.1.2,3 are then extended to all elements by bilinearity.

Accordingly we say that a superalgebra is supercommutative if {a, b} = 0 for all
the elements. For instance, the Grassmann algebra is supercommutative.37

The connection between supertensor product and supercommutativity is in the
following:

Exercise. Given two graded maps i, j : A, B — C of superalgebras such that the
images supercommute we have an induced map AQB — C givenby a ® b —
i(a) j(b).

Exercise. Discuss the notions of superderivation (D(ab) = D(a)b + (—1)4@
a D(b)), supermodule, and super-tensor product of such supermodules.

We can now formulate the main theorem:

Theorem 1. Given a vector space U with a quadratic form and an orthogonal de-
composition U = U, @ U,, we have a canonical isomorphism

(4.1.4) CI(U) = C{U)&® CL(U»).

Proof. First consider the linear map j : U — Cl(U)& CI(Up) which on U, is
Jup):=u;®landon U is j(uy) = 1 @ uy.

It is easy to see, by all of the definitions given, that this map satisfies the uni-
versal property for the Clifford algebra and so it induces a map o ClU) >
Cl(U)& CI(Uy).

Now consider the two inclusions of U;, U; in U which define two maps CI(U;) —
Cl(U), Cl(Up) - CUU).

It is again easy to see (since the two subspaces are orthogonal) that the images
supercommute. Hence we have a map i : CI(U;)® CI(U,) — CLU).

On the generating subspaces U, U, ® 1 ® 1® U,, the maps J, i are isomorphisms
inverse to each other. The claim follows. O

37 Sometimes in the literature just the term commutative, instead of supercommutative, is used
for superalgebras.
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For a 1-dimensional space with basis u and Q(u) = «, the Clifford algebra has basis
1, u with u? = «.
Thus we see by induction that:

Lemma 1. If we fix an orthogonal basis ey, . .., e, of the vector space U, then the
2" elements e; e;, .. .e;, | <iy <...< I give abasis of CI(U).

For an orthogonal basis ¢; we have the defining commuting relations e =

Qle;), e;e; = —eje;, i # j. If the basis is orthonormal we have also e,?‘ = 1.

It is also useful to present the Clifford algebra in a hyperbolic basis, t.e., the
Clifford algebra of the standard quadratic form on V @ V* which is convenient to
renormalize by dividing by 2, so that Q((v, ¢)) = (¢ | v). If V = C" we denote this
Clifford algebra by Cy,,.

The most efficient way to treat C,, is to exhibit the exterior algebra /\ V as an
irreducible module over CI(V & V*), so that CKV & V*) = End(/\ V). This is
usually called the spin formalism.

For this let us define two linear maps i, j from V, V* to End(/A V) :

iy ) :=vAu,
k
@15  j@@ Av. Av) =Y (=D T Hpludv Ava T A,
=1

where v, means that this term has been omitted.

Notice that the action of i (v) is just the left action of the algebra A\ V while j(¢)
is the superderivation induced by the contraction by ¢ on V.

One immediately verifies

(4.1.6) i =j@? =0, ij)+ j@i®) = ().

Theorem 2. The map i+ j : V@®V* — End(/\ V) induces an isomorphism between
the algebras CI(V & V*) and End(\ V) (as superalgebras).

Proof. From 4.1.6 we have that i + j satisfies the universal condition defining the
Clifford algebra for 1/2 of the standard form.

To prove that the resulting map is an isomorphism between CI(V & V*) and
End(/\ V) one has several options. One option is to show directly that /\ V is an
irreducible module under the Clifford algebra and then remark that, if n = dim(V)
then dim Cl(V @ V*) = 22" = dimEnd(/\ V). The second option is to analyze
first the very simple case of dimV = 1 where we verify the statement by direct
inspection. Next we decompose the exterior algebra as the tensor product of the
exterior algebras on 1-dimensional spaces. Each such space is a graded irreducible 2-
dimensional module over the corresponding Clifford algebra, and we get the identity
by taking super-tensor products. O

The Clifford algebra in the odd-dimensional case is different. Let us discuss the
case of a standard orthonormal basis, e[, e;, ..., e2,41. Call this Clifford algebra
C2n+l'
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Lemma 2. The element ¢ 1= eye . .. ey, is central and ¢* = (—1)".

Proof. From the defining commutation relations we immediately see that.

i—1 2 .
eic=eeey...e_1€ ...y 1 =(=1)""eex...ei_1€; ... €m11;

— 2n+1—i 2
ce; = €1€2...€;1€6; ...€41€6; = (—1) " 16162 c. €16 ... €241,
As for ¢?, we have again by commutation relations:
2
€1€2...€2p11€1€3...€6254] = €]€2...€2141€2...€2n4]

2
=€2...€2p41€2...€2p4] = —€3€3...€2741€3...€2m4]
— — n [m]
= —€3...€441€3...€62p41 = ... = (—1) .

Take the Clifford algebra C,, on the first 2n basis elements. Since ez, =
€m€m—1 - . - €1¢, we see that Cy, 11 = Cy, + Cy,c. We have proved that:

Theorem 3. Cy,, | = C2, ®f Flcl. If F[c] = F & F, which happens if (~1)" has a
square root in F, then Cy,] is isomorphic to Cy, @ Cyy,.

4.2 Center

One may apply the previous results to have a first study of Clifford algebras as fol-
lows. Let U be a quadratic space of dimension n over a field F and let G = F be
an algebraic closure. Then U ®F F is hyperbolic, so we have that Clg(U) ®F G is
the Clifford algebra of a hyperbolic form. Thus if n = 2k is even, Clp(U) ®r G =
M (G) is the algebra of matrices over G, while if n = 2k + 1 is odd, we have
Clog(U) ®r G = Mx(G) & Mx(G). We can draw some consequences from this
statement using the following simple lemma:

Lemma. Let R be an algebra over a field F with center Z and let G be a field
extension of F. Then the center of R®r G is Z Qr G.

Proof. Letu; be abasis of G over F. Consider an elements := Y, 7;,®Qu; € R®rG.
To say that it is in the center implies that for r € R we have 0 = rs — sr =
Y i(rri —rir) ® u;. Hence rr; — rir = 0foralli and r; € Z for all i. The converse
is also obvious. O

As a consequence we have that:

Proposition. The center of Clo(U) is F if n is even. If n = 2k + 1, then the center is
F + cF, where ¢ := uiu, ... Uy, for any orthogonal basis uy, uz, . .., usy41 of U.

Proof. First, one uses the fact that the center of the algebra of matrices over a field
is the field itself. Second, up to multiplying ¢ by a nonzero scalar, we may assume
that the basis is orthonormal. Finally we are reduced to the theory developed in the
previous paragraph. o

Remark. In the case of odd dimension the center may either be isomorphic to F & F
or to a quadratic extension field of F. This depends on whether the element ¢ € F*
is a square or not (in F*).
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4.3 Structure Theorems

It is also important to study the Clifford algebras C(n), C’(n) over R for the negative
and positive definite forms — Y7 x2, 37 x2.
Forn = 1wegetC(1) :=Rx]/(x2+1) = C,C’'(1) := R[x]/(x*~1) = ROR.
Forn = 2 we get C(2) := H, the quaternions, since setting i := ey, j := ey, the

defining relations are i = —1, j2 = —1,ij = —ji.
C’(2) is isomorphic to M,(R), the 2 x 2 matrices over R. In fact in this case the
defining relations are i2 = 1, j?> = 1, ij = — ji, which are satisfied by the matrices:
l'_l 0 .10 1 .10 1
Sl ST oo TVEYTE | o

To study Clifford algebras in general we make a remark. Let O be a nondegen-
erate quadratic form on the space U. Decompose U into an orthogonal direct sum
U = U & U,, with dim U; = 2. Denote by Q;, (> the induced quadratic forms on
Uy, Us.

Fix an orthogonal basis u, v of U; and an orthogonal basis ey, . .., e, of U,. Let
w =a, vP =B, A = el.2 = (f(e;) and set § := af #* 0, since the form is
nondegenerate. We have the commutation relations:

ue; = —e;ju, ve; = —ve;, UVe; = UV, UV = —VU, (uv)2 = —4.

Moreover, uuv = —uvu, vuv = —uvv. If we set f; := uve; we deduce the follow-
ing commutation relations:

fifi=—fifui#j f=-8ki ufi=fui vfi=fiv.

From these commutation relations we deduce that the subalgebra F(fi, ..., fi)
of the Clifford algebra generated by the elements f; is a homomorphic image of the
Clifford algebra on the space U, but relative to the quadratic form -3 Q,. Moreover,
this subalgebra commutes with the subalgebra F(u, v) = Clg,(U;). We have thus a
homomorphism:

Clg,(Uy) ® Cl_s9,(Uy) = Cly(U).

Proposition. The map i is an isomorphism.

Proof. Since the dimensions of the two algebras are the same, it is enough to show
that the map is surjective, i.e., that the elements u, v, f; generate Co(U). This is
immediate since ¢; = —8 " 'uvf;. o

We can apply this proposition to the Clifford algebras C(n), C'(n) over R for the
negative and positive definite quadratic form. In this case § = 1, so we get

Cm)=H®Cn-2), Ch=MREChHh-2).
Iterating, we get the recursive formulas:
C(n) = C(4k) ® C(n — 4k), C'(n) = C'(4k) @ C'(n — 4k).

In order to complete the computations we need the following simple facts:
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Lemma.

(1) If A, B are two F-algebras and My(A), M, (B) denote matrix algebras (over
A, B respectively), we have

My(A) @ My(B) = My (A ®F B).
(2) Her H=M;R), HQrC=M(QC).

Proof. (1) is an easy exercise. (2) can be shown as follows. We have a homomor-
phism ¢ : Hl ®g H — Endg H given by ¥ (a ® b)(c) = acb which one easily
verifies is an isomorphism.

For the second consider C < H in the usual way, and consider H as vector space
over C by right multiplication. We have a homomorphism ¢ : H g C — End¢ H
given by ¢ (a ® b)(c) := ach which one easily verifies is an isomorphism. O

We deduce the following list for C(n), n =0,1,2...,8:
R, C, H, HeH, Mx(H), Ms(C), Ms(R), Ms(R) & Ms(R), M16(R)
and periodicity 8: C(n) = Mi6(C(n — 8)).%
The list of the same algebras but over the complex numbers
C(n) ®r C:= Cc(n) = Cc(m) = C'(m) ®r C
is deduced by tensoring with C as
C, CaC, My C), My(C) ® M2(C), Ma(T)

and periodicity 2: Cc(n) = M(Cc(n — 2)). Of course over the complex num-
bers the form is hyperbolic, so we get back the result we already knew by the spin
formalism.

4.4 Even Clifford Algebra

It is also important to study the degree O part of the Clifford algebra, i.e., CIE(U ),
since it will appear in the definition of the spin groups. This is the subalgebra of
Cly(U) spanned by products ujus . ..uy of an even number of vectors in U. Let
dim U = s + 1, and fix an orthogonal basis which we write u, ey, .. ., ¢ to stress the
decomposition U = Fu & U’. Let Q’ be the restriction of O to U’. Define f; := ue;.
The f; are elements of CI,(U). Let 8 := u® = Q(u).

We have from the commutation relations:

i #j, fif; =ueue; = —ueeju = ueje;u = —uejue; = —f; fi,
f,-2 = uejue; = —uzeiz.

It follows then that the elements f; satisfy the commutation relations for the Clifford
algebra of the space U’ equipped with the form —§ Q’. Thus we have a homomor-
phismi : CLs0:(U’) = CIL(U).

38 This is related to the Bott periodicity theorem for homotopy groups and K -theory.
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Proposition 1. The map i is an isomorphism.

Proof. Since the dimensions of the two algebras are the same it is enough to show
that the map is surjective, i.e., that the elements f; generate CE(U ).Leta = u® #0.
We have that ¢; = a~'uf;. Moreover fiu = ue;u = —uf;. Take an even monomial
in the elements u, ey, ..., e, such that u appears 4 times and the ¢; appear 2k — h
times. Substitute ¢; = o~ 'uf;. Up to a nonzero scalar, we obtain a monomial in u, f;
in which u appears 2k times. Using the commutation relations we can bring u? in
front and then use the fact that this is a scalar to conclude. O

If we apply the previous result to C(n), we obtain C*(n) = C(n — 1).

As preparation for the theory of the spin group let us make an important remark.

Let us take a space V with a nondegenerate symmetric form (a, ) and let C(V)
be the Clifford algebra for 1/2(a, b).>® Consider the space L := {abla,b € V} C
C*(V)andthe mapa : A\>V — CT(V), a(v A w) = [v, w]/2. Fixing an orthog-
onal basis e; for V we have a(e; A ej) = e;ej, i < j. From Lemma 1, 4.1 it then
follows that a is injective, so we identify /\2 V C CH(V).

Proposition 2. L = F & A’V is a Lie subalgebra of C*(V), [L,L] = N V.
Under the adjoint action, V is an L-submodule for which /\2 V is isomorphic to the
Lie algebra of SO(V).

Proof. ab+ ba = (a, b) means that ab = [iéﬂ +(a,b)/2s0ab=anb+(a,b)/2,
Va,be V.Itfollowsthat L = F & /\2 V is the span of the products ab,a,b € V.
Next, given a, b, ¢, d € V we have (applying the relations):

cdab = abcd + [(b, d)ac + (a, d)cb — (a, ¢c)db — (b, ¢)ad].
Hence [cd, ab] = [(b, d)ac + (a, d)cb — (a, c)db — (b, ¢c)ad]
= 1/2{(b, d){a, c] + (a, d){c, b] — (a, ¢c)[d, b] — (b, c){a, d1}.

So L is a Lie algebra and [L, L] C A’ V. Furthermore
(44.1) [cAnd,anbl= b, d)arc+ (@ dcrb—(a,c)dAb—(bcand.
(4.4.2) lab,cl = (b,c)a — (a,c)b, [aAb,cl= (b, c)a—(a,c)b.
Then

(la Ab,cl,d) = (b, c)(a.d) — (a, )b, d)

is skew-symmetric as a function of ¢, d. This shows that L acts as so(V). An element
of L is in the kernel of the action if and only if it is a scalar. Of course we get F from
the elements a2.

Since /\2 V and so(V) have the same dimension we must have the isomor-
phism. O

39 The normalization 1/2 is important to eliminate a lot of factors of 2 and also reappears in
the spin formalism.
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4.5 Principal Involution

The Clifford algebra has an involution (cf. 3.4.3).

Consider the embedding of V in Clyp(V)°. This embedding still satisfies the
property i(v)? = Q(v), and hence it extends to a homomorphism * : Clp(V) —
Clo(V)?. In other words there is an antihomomorphism * : Clg(V) — Clg(V)
such that v* = v, Yv € V. The homomorphism r — (r*)* is the identity on V and
therefore, by the universal property, it must be the identity of Clyp(V). This proves
the existence of an involution, called the principal involution on Cly(V), such that
vP=v,YveV.

Remark. The subalgebra CIZ(V) is stable under the principal involution.

In fact, for the elements defined in 4.4, we have f* = (ue;)* = efu* = eju =
—f.

This formula could of course be defined in general; one could have defined an
involution setting v* := —v. For C(1) = C this last involution is just complex
conjugation. For C(2) = H it is the standard quaternion involution g = a + bi +
c¢j+dkv>q:=a—bi—cj—dk

5 The Spin Group

5.1 Spin Groups

The last of the groups we want to introduce is the spin group. Consider again the
Clifford algebra of a quadratic form Q on a vector space V over a field F. Write

v = Q(v), (v, w) = 3(Q + w) — Q(v) — Q(w)).

Definition 1. The Clifford group I'(V, Q) is the subgroup of invertible elements
x € Clp(V)* with xVx~! = V. The Clifford group I'T(V, Q) is the intersection
THV, Q) :=T(V, Q) NCLy(V).

Letx € T(V, Q) and u € V. We have (xux~1)? = xu?x~! = Q(u). Therefore
the map u +> xux~! is an orthogonal transformation of V. We have thus a homo-
morphism 7 : T'(V, Q) — O(V).If v,w € V and Q(v) # 0, we have that v is
invertible and

1 20,w)
vw 4+ wv = 2(v, w), vwyv " = v—w

v
IOX Q)

The map w — w — —2&2‘;—)1} is the orthogonal reflection r, relative to the hyper-

plane orthogonal to v. Thus conjugation by v induces —r,. If dim V is even, it is an
improper orthogonal transformation.

We have that v € T'(V, Q) and that a product vv; ... vy of an even number of
such v induces an even product of reflections, hence a special orthogonal transforma-
tion in V. By the Cartan-Dieudonné theorem, any special orthogonal transformation
can be so induced. Similarly, a non-special (or improper) orthogonal transformation
is the product of an odd number of reflections. We obtain:

-1
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Proposition 1. The image of the homomorphism n : T(V, Q) — O(V) contains
SO(V). If dim V is even, 1 is surjective. If dim V is odd, the image of 7 is SO(V).

Proof. Only the last statement has not been checked. If in the odd case = were sur-
jective, there is an element x € I'(V, Q) with xux~! = —v, Vv € V. It follows that
xcx~! = —c which is absurd, since ¢ is in the center. o
The kernel of 7 is composed of elements which commute with the elements of
V. Since these elements generate the Clifford algebra, we deduce that Ker 7 is the set
Z* of invertible elements of the center of Cly (V). We have thus the exact sequence:

(5.1.1) 1> Z* > T(V, Q) = O(V).

If n = dimV is even the center is the field F, otherwise it is the set @ + Bc,
a,B € Fandc :=uju, ... uy4 for any given orthogonal basis uy, u,, . .., a4 of
U (cf. 4.2). Let us consider now I'*(V, Q), its intersection with the center is clearly
F*. Since every element of O(V) is a product of reflections, we deduce that every
element y of I'(V, Q) is a product ¢v,v; - - - vy, of an element &« € Z* and elements
v; € V.If dim V is odd, by Proposition 1 we can assume that this last product is even
(k =2h).Ify € ' (V, Q) we deduce @ € F*. If dim V is even we have Z* = F*
and so again, if y € '™ (V, Q) we deduce that k = 24 is even. The image of y in
O(V) is contained in SO(V), and we have an exact sequence:

(5.1.2) 1> F* > THV,0) -5 SOV) - 1.

Let us compute N(r) := rr* when r = vjvp---v; € I'(V, Q). We have r* =
v;jv;_1 ... v and by easy induction we obtain

(5.1.3) rr* = Q)Qy) ... Q) € F*.

Lemma. The map r — N(r) = rr* restricted to T (V, Q) is a homomorphism
to F*.

Proof. Fortwoelementsr = vjvs...v;, 5 = ujuz...up wehave N(r) = Hi QWw;),

N(s) =[], Qu) and N(rs) = [T Q(vi) [1, Q(ux). Every element of I'*(V, Q) is
of the form avv2 ... v25, @ € F* and the claim follows from 5.1.3. O

Proposition 2. (a) The Lie algebra of 't (V, Q) is the Lie algebra L of 4.4.
(b) Given ab € L we have N (exp(ab)) = exp(2(a, b)).

Proof. (a) First, taking ab € L we claim that exp(t ab) € [T (V, Q), Vr.

Clearly exp(t ab) € CI*(V), on the other hand, by Proposition 4.4, we have
[ab, V] C V. Hence exp(t ab)V exp(—tab) C V, and exp(t ab) is by definition
in the Clifford group. To prove that L is the entire Lie algebra L’ of [T (V, Q), we
remark that L and L’ induce the same Lie algebra so(V) by acting on V. In both
cases the kernel of the Lie algebra action is the scalars.

(b) explab)* = exp(ba) = exp(—ab + 2(a, b)) = exp(—ab) exp(2(a, b)). m]
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Example. For V = R? with the negative definite quadratic form, we have seen that
C(3) = He®H and that C*(3) = H. From the preceding analysis, we may explicitly
identify C*(2) = H by setting i := eje, j := eje3 and k := ejezeje3 = eze3. Let
us consider ¢ = ejese3 which generates the center of C(3). The map v — cv is a
linear map which embeds V into the subspace H® of C*(2) = H of quaternions ¢
withg = —g.

We claim that I'H(R3, Q) = H*, the group of all invertible quaternions.

In fact we have the elements cv with v # O which are the nonzero quaternions in
H°, and we leave to the reader the easy verification that these elements generate the
group H*.

Definition 2. The spin group is the subgroup:
(5.1.4) Spin(V) := {r e TT(V, Q)| N(r) = 1}.

We assume now that F is the field of real numbers and Q is definite, or F is the
complex numbers.

Theorem. (a) The spin group is a double cover of the special orthogonal group. We
have an exact sequence 1 — +1 — Spin(V) N SO(V) — 1.
(b) The Lie algebra of Spin(V) is /\2 V = [L, L] (notations of 4.4).

Proof. (a) Consider r := vjv;...vy;, and compute N(r) = H,zil Qv;). If we are
in the case of complex numbers we can fix an f € C so that f2N(r) = 1 and
N(fr) = 1. Similarly, if F = R and Q is definite, we have that N(r) > 0 and we
can fix an f € Rsothat f2N(r) = 1. In both cases we see that Spin(V) = SO(V)
is surjective. As for the kernel, if f € F* we have N(f) = f2. So f € Spin(V) if
and only if f = +£1.

(b) Since the spin group is a double cover of SO(V) it has the same Lie algebra,
which is [L, L] = so(V) by Proposition 4.4. a

When V = F”" with form — Z?:l )ci2 we denote Spin(V) = Spin(n, F).
Example. For V = R? with the negative definite quadratic form, we have seen that
I't(R3, Q) = H*, the group of all invertible quaternions, hence:

Spin3,R) ={q e H|gqg =1}, q=a+bi+cj+dk,
N(g) =qq =a* + b* + * + d>.

Therefore, topologically Spin(3, R) = S, the 3-dimensional sphere.

As groups, H* = R* x SU(2, (), Spin(3, R) = SU(2,C) = Sp(1). This can
be seen using the formalism of 5.2 for H.

g=a+jB, N(@=ad+pB. (a+jp)j=-B+ja

Formula 5.2.1 expresses g as the matrix
a —p
B @

The previous statements follow immediately from this matrix representation.

q =

,  N(g) =det(q) = a@ + BB.
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If we take F = C, the spin group is an algebraic group (see next chapter) so
we have the algebraic form Spin(n, C). If we take F = R and the negative definite
quadratic form we have the compact form Spin(n, R) of the spin group.

The main point is that the extension 1 — +1 — Spin(n, R) I SOn, Ry —» 1
(n > 2) is not split, or in better words, that Spin(n, R) is a connected and simply
connected group.

Let us sketch the proof using some elementary algebraic topology. First, the map
Spin(n, R) I SO(n, R) is a locally trivial fibration (as for all surjective homomor-
phisms of Lie groups, cf. Chapter 4, 3.7). Since SO(n, R) is connected it is enough
to exhibit a curve connecting +1 € Spin(n, R). Since Spin(n — 1, R) C Spin(n, R)
it is enough to look at Spin(2, R).

In this case the Clifford algebra C(2) is the quaternion algebra. The space V is
spanned by i, j and C*(2) = C=R+ Rk (k= ij).

Spin(2, R) = U(1) = {& € C|la| = 1} = {cos ¢ + sin ¢ k = **}

and we have, fromki = —ik,kj = — jk

ePie = ki ot jetk = ()

from which the double covering and the connectedness is clear.

For the simple connectedness of Spin(r, R), we need some computations in ho-
motopy theory. Basically we need to compute the fundamental group of the special
orthogonal group and prove that

T SO(n,R) =2Z/(2), Vn=>3.

This can be seen by considering the transitive action of SO(n, R) on the n — 1-
dimensional sphere $"~! by rotations. The stabilizer of a given point is SO(n — 1, R),
and thus "' = SO(n, R)/ SO(n — 1, R). We thus have that SO(n, R) fibers over
§"~1 with fiber SO(n — 1, R). We have therefore an exact sequence of homotopy
groups:

(8" = 7 (S0 — 1, R)) - 7,(SO(n, R)) = m1(S"71).

Ifn > 3, m(S" 1) = m(8"Y) = 0. Hence m;(SO(n — 1, R)) = m(SO(n, R))
and we have 71(SO(n, R)) = m1(SO@3, R)), Vn > 3. For n = 3 we have seen that
we have a double covering 1 — Z/(2) —» SUR,C) — SO3,R) — 1. Since
SU(2,C) = §3, it is simply connected. The exact sequence of the fibration gives the
isomorphism

71(S*) =0 = m(SOB3, R) — Z/(2) = mo(Z/(2)) — 0 = m(S?).

For further details we refer to standard texts in algebraic topology (cf. [Sp], [Hat]).
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6 Basic Constructions on Representations

6.1 Tensor Product of Representations

Having the formalism of tensor algebra we can go back to representation theory.
Here representations are assumed to be finite dimensional.

The distinctive feature of the theory of representations of a group, versus the
general theory of modules, lies in the fact that we have several ways to compose
representations to construct new ones. This is a feature that groups share with Lie
algebras and which, once it is axiomatized, leads to the idea of Hopf algebra (cf.
Chapter 8, §7).

Suppose we are given two representations V, W of a group, or of a Lie algebra.

Theorem. There are canonical actions on V*, V ® W and hom(V, W), such that
the natural mapping V* @ W — hom(V, W) is equivariant.

First we consider the case of a group. We already have (cf. Chapter 1, 2.4.2)
general definitions for the actions of a group on hom(V, W): recall that we set
(gf)(v) := g(f(g™")). This definition applies in particular when W = F with
the trivial action and so defines the action on the dual (the contragredient action).

The action on V ® W is suggested by the existence of the tensor product of
operators. We set g(v ® w) := gv ® gw. In other words, if we denote by g1, 02, 0
the representation maps of G into: GL(V), GL(W), GL(V @ W) we have ¢(g) =
01(8) ® 02(g). Summarizing

for hom(V, W), (gf)(v) := g(f(g~ ")),
for V*, (g0lv) := (plg™ "),
forV@Ww, gv@w) =gV gw.

We can now verify:
Proposition 1. The natural mapping i : W ® V* — hom(V, W) is equivariant.

Proof. Given g € G,a = w® ¢ € W ® V*, we have ga = gw ® g¢ where

(gplv) = (plg~'v). Thus, (ga)(v) = (gplv)gw = (plg~'v)gw = gla(g 'v)),
which is the required equivariance by definition of the action of G on hom(V,W). O

Let us now consider the action at the level of Lie algebras.

First, let us assume that G is a Lie group with Lie algebra Lie(G), and let us
consider a one-parameter subgroup exp(t A) generated by an element A € Lie(G).

Given a representation ¢ of G we have the induced representation dg of Lie(G)
such that o(exp(tA)) = exp(tdg(A)). In order to understand the mapping dp it is
enough to expand p(exp(rA)) in a power series up to the first term.

We do this for the representations V*, V ® W and hom(V, W). We denote the
actions on V, W simply as gv or Aw both for the group or Lie algebra.

Since (exp(t A)g|v) = (¢| exp(—t A)v) the Lie algebra action on V* is given by
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(Aglv) = (p| — Av).

In matrix notation the contragredient action of a Lie algebra is given by minus the
transpose of a given matrix.
Similarly we have the formulas:

(6.1.1) AvQ@uw)=AvQw+uv® Aw, (Af)(v) = A(f(v)) — f(A(v)).
for the action on tensor product or on homomorphisms. As a consequence we have:

Proposition 2. If G is a connected Lie group
homg(V, W) = {f € hom(V, W)|Af =0, A € Lie(G)}.
Proof. Same as Chapter 4, Remark 1.4 on fixed points. O

One final remark, which is part of the requirements when axiomatizing Hopf
algebras, is that both a group G and a Lie algebra L have a trivial 1-dimensional
representation, which behaves as unit element under tensor product.

On the various algebras T(U), S(U), /\ U the group GL(U) acts as automor-
phisms. Hence the Lie algebra g/(U) acts as derivations induced by the linear action
on the space U of generators. For example,

Alr ANug ... Aup) =Aur Ay .. AN +uy ANAus .. A+ -+
6.1.2) +ui Auy... A Auyg.

On the Clifford algebra we have an action as derivations only of the Lie algebra
of the orthogonal group of the quadratic form, since only this group preserves the
defining ideal. We have seen in 4.4 that these derivations are inner (Chapter 4, §1.1)
and induced by the elements of A\* V.

6.2 One-dimensional Representations

We complete this part with some properties of 1-dimensional representations.

A 1-dimensional representation is just a homomorphism of G into the multiplica-
tive group F* of the base field. Such a homomorphism is also called a multiplicative
character.

The tensor product of two 1-dimensional spaces is 1-dimensional and so is the
dual.

Moreover a linear operator on a 1-dimensional space is just a scalar, the tensor
product of two scalars is their product and the inverse transpose is the inverse. Thus:

Theorem. The product of two multiplicative characters is a multiplicative character,
and so is the inverse. The multiplicative characters of a group G form a group, called
the character group of G (usually denoted by G ).
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Notice in particular that if V is one-dimensional, V ® V* is canonically isomor-
phic to the trivial representation by the map v ® ¢ — {(¢|v) (the trace). Sometimes
for a 1-dimensional representation it is convenient to use the notation V! instead
of V*.

Let us show a typical application of this discussion:

Proposition. [f L and U are representations of a group G such that dim L = 1, then
U is irreducible if and only if L ® U is irreducible.

Proof. If W C U is a proper submodule then also L ® W C L ® U is a proper
submodule, so we have the implication in one direction. But now

U=L"'"®9L)eU=L"Q(LeU),

and we have also the reverse implication. il

7 Universal Enveloping Algebras

7.1 Universal Enveloping Algebras

There is one further construction we want to briefly discuss since it is the natural
development of the theory of Capelli of Chapter 3. Given a Lie algebra L we consider
in the tensor algebra 7' (L) the ideal I; generated by the quadratic relations a @ b —
b®a—|a,b]

Definition. The associative algebra U(L) := T(L)/1, is called the universal en-
veloping algebra of the Lie algebra L.

The meaning of these relations is that the commutator of the elementsa, b € L C
T (L) performed in the associative algebra U (L) must coincide with the commutator
defined in L by the Lie algebra law. In other words we impose the minimal relations
which imply that the morphism L — T (L)/I; is a Lie homomorphism (where on
the associative algebra T (L)/I; the Lie algebra structure is induced by the usual
commutator).

As for other universal constructions this algebra satisfies the universal property
of mapping into associative algebras. In fact we have that:

Proposition 1. A Lie homomorphism i : L — A where A is an associative alge-
bra with induced Lie structure, extends uniquely to a homomorphism of algebras
U(L) - A

Proof. By the universal property of tensor algebra the linear map i extends to a
homomorphism i : T(L) — A. Since i is a Lie homomorphism we have

ia®@b—»bQa—I[a,b])=i(@ik)y—ib)ia)—i(a,b) =0

so i factors through 7, to the required homomorphism. O



140 5 Tensor Algebra

The first important result on universal enveloping algebras is the Poincaré-
Birkhoff—Witt theorem, which states that:

PBW Theorem. (1) If uy,uy,...,u;... form a linear basis of L, the ordered
monomials u'l”u'z’2 ... u ... give a linear basis of U (L).

(2) In characteristic O we have a direct sum decomposition T(L) =
I; ® Z?io S; (L) (where S;(L) denotes the space of symmetric tensors of degree i ).
Proof. 1t is almost immediate by induction that the monomials uil” ugz e uZ* ... are
linear generators. In fact if we have in a product a pair u;u; in the wrong order, j < i
we replace it be uju; —[u;, u;]. Expanding [u;, u;] in the given basis we obtain lower
degree monomials and proceed by induction. The independence requires a nontrivial
argument.

Consider thus the tensors M = u;, ® - - - ® u;, which as the indices i; and k vary,
give a basis of the tensor algebra.

We look at the sequence of indices iy, i3, ..., ik, for a tensor M, and count the
number of descents, i.e., the positions j for which i; > i;;: we call this number the
index, i(M) of M. When i(M) = 0, i.e., when i; < iy < --- < i; we say that M is
standard. Let us define T}, to be the span of all tensors of degree < nandby T, C T,
the span of the standard tensors. We need a basic lemma.

Lemma. For each n, there is a unique linear map o : T, — T, such that:

(1) o istheidentityon T).
(2) GivenatensorAQa®b® B, a,be L, A, B € T(L), we have

0(ARa®bR®B)=0(AQbR®a®B)+0(AQ[a,b]® B).

Proof. We define o on the tensors M = u;, ® - - - ® u;, by induction on the degree
k and on the index i(M). When i (M) = 0 by definition we must set (M) = M.
When i(M) > 0 we have an expression A ® u; ® u; ® B with i > j and hence
{A®u; Qu; ® BY =i(M) — 1. Thus we may set recursively:

c(AQu;Qui®B)=0(AQu; Qu; ® B) +0(A®[u;, u;]® B).

If i(M) = 1 this definition is well posed; otherwise, when we have at least two
descents we have to prove that the definition of o (M) is independent of the descent
we choose. We have two cases: (1) The descents arein AQ P ®a @B RQd®c®C.
(2) We have consecutive descents AQc @b @ a ® B.

In the first case we have by induction, starting from the descent in b ® a:

0(AQa®b®BR®A®c®C)+0(AQ[b,a]l®B®d®c®C)
=0(ARa®bRBRc®I®C)+0(ARa®P®BR®I[d, c]®C)
+0(A®[b,al]®BRcR®dR®C)+0(A®[b,al®B®Id,c]® ().

Clearly when we start from the other descent we obtain the same result.
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For the other case, write for convenience 7(X) := 0 (A ® X ® B). We need to
compare:

T1h®c®a+[c,h]®a), (cRaQ®b+cQ[b,al)
We iterate the formulas by induction, the two terms are:

I: 1 ®a®@c+bQ[c,al +[c, bl ® a),
2: T(@a®c®b+[c,al®b+[b,a] ® ¢+ [c, [b, all)

Applying again the same rules (notice that either the index or the degree is dimin-
ished so we can apply induction) we have:

1: 1(a®bQc+[b,al®@c+[c,al®b+[b,[c,all + [c,h] ® a)
2: t(a®bQ@c+1[bh,al®c+[c,al®b+[c,b] ®a+ |[a, [c, b]] + [c, [b, al]).

From the Jacobi identity [b, [c, a]] = [a, [c, b]} + [c, [P, a]] so the claim follows. O

‘We can now conclude the proof of the PBW theorem.

The linear map o by definition vanishes on the ideal I, defining U (L), thus it
defines a linear map U (L) — T° which, by the previous remarks, maps the images
of the standard tensors which span U (L) into themselves, thus it is a linear isomor-
phism.

The second part follows easily since a basis of symmetric tensors is given by
symmetrization of standard tensors. The image under o of the symmetrization of a
standard tensor M is M. O

There is a simple but important corollary. Let us filter U (L) by setting U (L), to
be the span of all monomials in elements of L of degree < i. Then we have:

Proposition 2. (i) The graded algebra ®U (L); /U (L);_, is isomorphic to the sym-
metric algebra S(L).

(ii) If the characteristic is O, for every i we have U;11(L) = Si(L) ® Ui(L),
where S;(L) is the image in U, (L) of the symmetric tensors.

The importance of the second statement is this. The Lie algebra L acts on T (L)
by derivations and, over C, on its associated group G by automorphisms. Both I
and S;(L) are stable subspaces. Thus the actions factor to actions on U(L). The
subspaces U; (L) are subrepresentations and in characteristic 0, we have that U; (L)
has the invariant complement S; (L) in U1 (L).

Exercise. If L. C M are Lie algebras, the PBW theorem for M implies the same
theorem for L; we also can prove it for linear Lie algebras from Capelli’s theory.*®

40 The PBW theorem holds for any Lie algebra, not necessarily finite dimensional. For
finite-dimensional algebras there is a deep theorem stating that these algebras are indeed
linear (Ado’s theorem, Chapter 10). Usually this theorem is proved after proving the PBW
theorem.
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7.2 Theorem of Capelli

We want to use the previous analysis to study the center of U (L), in particular to
give the full details of the Theorem of Capelli, sketched in Chapter 3, §5.3 on the
center of the algebra of polarizations.

From Proposition 2 of the preceding section, if G is a group of automorphisms of
the Lie algebra L, G acts as automorphisms of the tensor algebra 7'(L) and preserves
the ideal /. Thus G extends to a group of automorphisms of U(L). Moreover it
clearly preserves the spaces S;(L). In particular we can consider as in Chapter 4,
84.1 the adjoint group G° generated by the one-parameter groups e’ 2. Notice that
ad(a) extends to the inner derivation: r — ar —ra of U (L), preserving all the terms
U (L); of the filtration. We have:

Proposition. The center of U(L) coincides with the invariants under G°.

Proof. By definition an element of U (L) is fixed under G° if and only if it is fixed
by all the one-parameter subgroups e’ @ An element is fixed by a one-parameter
subgroup if and only if it is in the kernel of the generator, in our case ad(a), i.e., if it
commutes with a. Since U(L) is generated by L it is clear that its center is the set of
elements which commute with L. o

Let us apply the theory to gi(n, C), the Lie algebra of n x n matrices. In this case
gl(n, C) is also an associative algebra. Its group G of automorphisms is induced by
conjugation by invertible matrices. Given a matrix A, we have that the group of linear
transformations B — e'4Be™'4 has as infinitesimal generator B +> AB — BA =
ad(A)(B).

The Lie algebra gi(n, C) is isomorphic to the Lie algebra of polarizations of
Chapter 3. The elementary matrix ¢;; with 1 in the i, j position and 0 otherwise
corresponds to the operator A;;. The universal enveloping algebra of gi(n, C) is
isomorphic to the algebra I, generated by polarizations. Formulas 5.3.3 and 5.3.6 of
Chapter 3, give elements K; in the center of U, K; is a polynomial of degree i in the
generators.

Let us analyze the development of the determinant 5.3.3 and, in particular,
the terms which contribute to K;p™'. In such a term the contribution of a factor
A;i +m —i can be split into the part involving A;; and the one involving m —i. This
last one produces terms of strictly lower degree. Therefore in the associated grading
the images of the K; can be computed by dropping the constants on the diagonal and
thus are, up to sign, the coefficients g; of the characteristic polynomial of a matrix
with entries the classes x;; of the ¢;; = A;;. By Chapter 2, Theorem 5.1 we have that
these coefficients generate the invariants under conjugation. We then get:

Theorem. The elements K; generate the center of U, which is the polynomial ring
in these generators.

Proof. Let f be in the center, say f € (U,);. Its symbol is an invariant in the graded
algebra. Hence it is a polynomial in the coefficients o;. We have thus a polynomial g
in the K; which lies also (i4,); and has the same symbol. Therefore f — g € (,)i—-1,
and we can finish by induction. O
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This theorem has of course a natural generalization to semisimple Lie alge-
bras. One has to replace the argument of Capelli with more general arguments of
Chevalley and Harish-Chandra but the final result is quite similar. The center of the
universal enveloping algebra of a semisimple Lie algebra is a ring of polynomials
in generators which correspond to symmetric functions under the appropriate group,
the Weyl group.

7.3 Free Lie Algebras
As usual, given a Lie algebra L and a set X C L we say:

Definition. L is free over X if, given any Lie algebra M and anymap f : X — M,
f extends to a unique homomorphism f : L — M of Lie algebras.

The PBW Theorem immediately tells us how to construct free Lie algebras. Let
F(X) be the free associative noncommutative polynomial algebra over X (the ten-
sor algebra on a vector space with basis X). Let L be the Lie subalgebra of F(X)
generated by X.

Proposition. L is free over X.

Proof. Let M and f : X — M be given. Consider the universal enveloping algebra
Uy of M. By PBW we have M C Uy. Since F{X) is the free associative algebra,
[ extends to a homomorphism f : F(X) — Up. Since L is generated by the
elements X as Lie algebra, f restricted to L maps L to M extending the map f on the
generators X. The extended map is also uniquely determined since L by construction
is generated by X. O

The free Lie algebra is a very interesting object. It has been extensively studied
([Reu]).





