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We present the classical Wagner construction from 1935 of the curvature tensor for the completely nonholonomic man-
ifolds in both invariant and coordinate way. The starting point is the Shouten curvature tensor for the nonholonomic
connection introduced by Vranceanu and Shouten. We illustrate the construction by two mechanical examples: the case
of a homogeneous disc rolling without sliding on a horizontal plane and the case of a homogeneous ball rolling without
sliding on a fixed sphere. In the second case we study the conditions imposed on the ratio of diameters of the ball and
the sphere to obtain a flat space — with the Wagner curvature tensor equal to zero.

1. Introduction

1.1. Historical overview

It is well known that the full difference between the nonholonomic variational problems and non-
holonomic mechanics was understood after Hertz [5]. The geometrization of nonholonomic mechan-
ics started in the late 20’th of the XX century with the works of Vranceanu, Synge and Shouten.
Vranceanu defined the notion of the nonholonomic structure on a manifold (see [11]). Synge and
Shouten made the first steps toward the definition of the curvature in the nonholonomic case (see
[9, 8]). It was Shouten who introduced the notion of partial, or nonholonomic connection. However,
the highlights of that pioneers period of development of mechanically motivated nonholonomic geom-
etry was the work of V. V. Wagner, published in several papers from 1935 till 1941 (see [13, 14, 15]).
Wagner constructed the curvature tensor as an extension of the Shouten tensor. This construction is
performed in several steps, following the flag of the distribution. In that sence, the structure of non-
holonomicity of a given distribution is reflected in the Wagner construction. For those achievements,
Wagner was awarded in 1937 by Kazan University (see [16]).

The main aim of this paper is to present Wagner’s construction, both in invariant and coordinate
way. The existence of Gorbatenko’s recent, review [17] is very helpful in understanding THE original
Wagner’s works. Since we want to follow the original Wagner ideas, there are some differences from
the Gorbatenko’s presentation.

We also give two mechanical examples. The first one is the problem of a homogeneous disc
rolling without sliding on a horizontal plane and the second is the problem of a homogeneous ball
rolling without sliding on a fixed sphere. In both cases we produced the complete computations
of the construction of the Wagner curvature tensor. Although the first problem is of degree 2 of
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nonholonomicity, and the second one is of degree 1, the computations in the second case are much
more complicated.

The problem of a homogeneous ball rolling without sliding on a fixed sphere is interesting because
it gives a family of (3,5)-problems depending on a parameter k, which is the ratio between the
diameters of the ball and the sphere. We investigate the Wagner flatness in these cases, in terms of
this parameter k.

Geometry of the nonholonomic variational problems is deing intensively developed nowadays, (see
[6, 7, 1]) motivated by the Control Theory. As an important example, we mention the Agrachev cur-
vature tensor and related invariants of Sub-Riemannian Geometry (see [1]). These natural geometric
constructions were developed further in [2, 3], and Agrachev and Zelenko implied their theory to the
situation of a homogeneous ball rolling without sliding on a fixed sphere. It appears that there exist k
for which their invariants are zero, exactly in the same cases when the Cartan tensor is zero (see [4, 7]).

So, summarizing, we can make a conclusion that the Wagner construction of the curvature tensor
is natural, and essentially different from other natural constructions, such as the Cartan and the
Agrachev curvatures.

1.2. Basic notions from the nonholonomic geometry
Let us fix some basic notions from the theory of distributions [16].

Definition 1. Let TM = U T, M, be the tangent bundle of a smooth n-dimensional mani-
zeM
fold M. The sub-bundle V = U Vy, where V,, is the vector subspace of T, M, smoothly dependent

xeM
on points x € M, is the distribution. If the manifold M is connected with dimV, it is called the
dimension of the distribution.

A vector field X on M belongs to the distribution V' if X (z) C V.. A curve v is admissible
relatively to V, if the vector field 4 belongs to V.

A differential system is the linear space of vector fields having a structure of C'°°(M)-module.
Vector fields which belong to the distribution V' form a differential system N (V).

The k-dimensional distribution V' is integrable if the manifold M is foliated into k-dimensional
sub-manifolds, having V, as the tangent space at the point x. According to the Frobenius theorem,
V is integrable if and only if the corresponding differential system N (V) is involutive, i.e. if it is a Lie
sub-algebra of Lie algebra of the vector fields on M.

Definition 2. The flag of a differential system N is a sequence of differential systems: Ny =
=N, Ny =[N,N]|, ..., Ny=[N;_1,N|, ....

The differential systems IV; are not always differential systems of some distributions V;, but if for
every i, there exists V;, such that N; = N(V;), then there exists a flag of the distribution V: V =
= Vo C V1 .... Such distributions, which have flags, will be called regular. It is clear that the sequence
N(V;) is going to stabilize, and there exists a number r such that N(V,_1) C N(V;) = N(V,41).

Definition 3. If there exists a number r such that V, = T'M, the distribution V is called
completely nonholonomic, and the minimal such r is the degree of nonholonomicity of the distribution

V.

We are going to consider only regular and completely nonholonomic distributions.

1.3. The equations of motion of mechanical nonholonomic systems

One of the basic references on nonholonomic mechanics is [18], see also [12]. Let us consider a
nonholonomic mechanical system corresponding to a Riemannian manifold (M, g), where g is a metric
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defined by the kinetic energy. It is well-known that to every Riemannian metric g on M corresponds
the connection V with the properties:

i) Vxg(Y,Z) = X(g(Y,2)) —g(VxY,Z) —g(Y,VxZ) = 0,
ii) T(X,)Y)=VxY -VyX -[X,Y]|=0,
where X, Y, Z are the smooth vector fields on M. This symmetric, metric connection is usually called
the Levi-Chivita connection.
We assume that the distribution V' is defined by (n —m) 1-forms w,; in the local coordinates
q=(¢",...,q") on M
wo(9)(d) = an(q)i" =0, p=m+1,....n ; i=1,...,n. (1)
Definition 4. The virtual displacement is the vector field X on M, such that w,(X) = 0, i.e.
X belongs to the differential system N (V).

The differential equations of motion of a given mechanical system follow from the D’Alambert-
Lagrange principle: the trajectory v of a given system is a solution of the equation

(V37— @, X) =0, (2)

where X is an arbitrary virtual displacement, Q) is the vector field of the internal forces, and V is the
metric connection for the metric g.

The vector field R(z) on M, such that R(z) € V-, V;t @V, = T, M, is called a reaction of the
ideal nonholonomic connections. Equation (2) can be written in the form:

Vi¥—Q =R,
wa(’w = 0. (3)

If the system is potential, by introducing L =T — U, where U is the potential energy of the system
(Q = —grad U), then in the local coordinates ¢ on M, equations (3) become:

doL 0L _ p

dtdqg 0q (4)
wa(q) = 0.
Now R is a 1-form in (VJ-), and it can be represented as a linear combination of 1-forms w™*!, ... w"
. n
which define the distribution: R = > Aywa.
a=m+1

Suppose eq, . .., e, are the vector fields on M, such that e;(x), ..., e, (z) form a base of the vector
space T, M at every point x € M, and ey, ..., ey, generate the differential system N (V). Express them

through the coordinate vector fields:

e; :Ag(q)aiqj, ,j=1,...,n.

Denote by p a projection p : T'M — V orthogonal to the metric g. The corresponding homomor-
phism of C*°-modules of the sections of TM and V will also be denoted by p:

p<i> =pieq, a=1,...,m, i=1...,n

Projecting by p the equations (3), we get p(R) = 0, from R(x) € V1 (z), and denoting p(Q) = Q we
get ~ ~
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where V is the projected connection. A relationship between the coefficients fgb of the connection %,
defined by the formula

Ve,€6 = fgbec
and the Christoffel symbols Ffj of the connection V follows from

veaeb = fgbec =p (veaeb) =

—plv a9 =

p A?%a%i baqj
OA) o

—p| a0y aialv , D) =
dq" O¢’ 8—qi8q3

_Az‘a{)c AiAijc
- “aqi‘Pj€c+ apl §jPkCe-

?

Thus we get
Tc k A1 AJ.C i aA{) c
ab = Ui AgAypy + A“—aqi Pj- (6)

If the motion is taking place under the inertia (Q = @ = 0), the trajectories of the nonholonomic
mechanical problem are going to be geodesics for the projected connection V. Equations (5) were
derived by Vrancheanu and Shouten.

Note. The projected connection V is not a connection on the vector bundle V over M , be-
cause the parallel transport is defined only along the admissible curves. So, it is called partial or
nonholonomic connection. (The exact definition is in Section 2.2.)

2. The Shouten tensor

Let V' be the distribution on M. Denote C*° (M )-module of sections on V' by I'(V).
Definition 1. Definition 1. A nonholonomic connection on the sub-bundle V' of TM is a
map V : I'(V) x I'(V) — I'(V) with the properties:
i) Vx(Y+2)=VxY +VxZ,
i) Vx(f-Y)=X()Y +fVxY,
ZZZ) fo+gyZ = fVxZ + gVyZ,
XY, Z eT(V); f,g€C®(M).

Having a morphism of vector bundles pg : TM — V, formed by the projection on V', denote by
qo = 17pr — po the projection on W, Ve W =TM.

Definition 2. The tensor field Ty : I'(V) x I'(V)) — I'(V') defined in the following way:
To(X,Y) = VxY — Vy X — poX,Y]; X,Y e D(V)

is called the tensor of torsion for the connection V.

Suppose there is a positively defined metric tensor g on V:

g:T(V)xI'(V) - C®(M), ¢g(X,Y)=g(,X).
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Theorem 1.  Given the distribution V, with py and g, there exists a unique nonholonomic
connection V with the properties:

i) Vxg(Y,Z)=X(g(Y,2)) —9(VxY,Z) - g(Y,VxZ) =0,

i) Ty = 0. (1)

The Theorem 1 is the generalization of a well-known theorem from differential geometry. The
proof can be found in [17].
The conditions (1) can be rewritten in the form:

i) VxY =VyX +po[X,Y],
i) Z(g(X,Y)) =g(VzX,Y)+g(X,VzY).

By cyclic permutation of X,Y, Z in (2 4i)) and by summation we get:
9(VxY, Z) = 3{X(g(Y, 2)) + Y(9(Z, X)) = Z(g(X,Y))+

(3)

Let ¢*, (i =1, ...,n) be the local coordinates on M, such that the first m coordinate vector fields %
q
are projected by projection pg into the vector fields e,, (a = 1, m), generating the distribution

V: po( 8_) = p?(q)eq. Vector fields e, can be expressed in the basis i as e, = B! 3(?1 with Bip? =

aqz aqz
= 62, Now we give the coordinate expressions for the coefficients of the connection I'¢,, defined as
Ve.e6 =T e.. From (3) we get:

T8 = {5} + 9aeg™ Qg + 9oeg™ Qg — Uy, (4)
where Q is obtained from pgleq, ep] = =262, e, as:

200, = piea(By) — pies(By),

and {Cb} = %gce(ea(gbe) + ey(Gae) — €e(gan))-

It was shown in Section 1.3. that the equations of the nonholonomic mechanical problem, without
external forces, are the geodesic equations for the connection V. The connection V is obtained by
projection on the sub-bundle V' of the Levi-Civita connection V for the metric g. The question is:
what is the relationship between the connection V and the metric g, induced from g on V.

Proposition 1. The connection %, obtained by projecting the metric torsion-less connection V
for the metric g, is the metric torsion-less connection for the induced metric g if the projector pgy is
orthogonal.

Proof.
Let po : TM — V be the orthogonal projector.
a) We need to prove Vg = 0. For the arbitrary X,Y,Z € I'(V) we have:

Vxg(Y.Z) = X(g(Y. 2)) — §(VxY, Z) — §(Y,Vx Z). (5)

Since g is induced by g, it follows that g(Y, Z) = g(Y, Z). In the same way, VxY =pVxY =VxY —
— U, where U € T'(V1) is a vector field projected with po into 0. From the orthogonality condition,
U is orthogonal on X,Y and Z relatively to the metric g, so we get: g(VXY Z) = g(VXY Z) =
= g(VxY —U,Z) = g(VxY, Z). Similarly, §(Y,VxZ) = g(Y,VxZ). Plugging into (5), we get:
6Xg(Y;Z):ng(YEZ) X7Y7Z€F(V)7

and from the assumption Vg = 0 we get 65 =0.

REGULAR AND CHAOTIC DYNAMICS, V.8, N1, 2003 109



V.DRAGOVIC, B. GAJIG

b) We need to show that the connection V is torsion-less.

=poVxY —poVy X —po[X, Y] =po(VxY — Vy X — [X,Y]),

and since V is free of torsion, the same is valid for V. [

Note. Both the Wagner and the Shouten tensor, as we will see later, depend on the choice of
the projector. Wagner defined curvature tensor for a metric which is defined on the distribution V. If
we start from some mechanical problem, then there is a metric on the whole T'M, which is afterwards
induced on V. According to the last Proposition, in order to get the projected connection which is
metric for the induced metric, one must choose the orthogonal projector. That means, that for the
mechanical systems there is a unique choice of the projector.

The problem of definition of the curvature tensor for the nonholonomic connections was considered
for the first time by Shouten. He defined the curvature tensor in the following way:

Definition 3. The Shouten tensor is a mapping K : I'(V) x I'(V) x I'(V)) — I'(V') defined by:
K(X,Y)Z =Vx(VyZ) —=Vy(VxZ) = Vpx,v1Z — pole[X, Y], Z], (6)

where XY, Z € T'(V).

To check that the Definition 3 is correct, one has to verify that K is of tensor nature, i.e. that
it is linear on X, Y, Z relatively to multiplication by the smooth functions on M. Really, by direct
check [17] we get:

K(fX,Y)Z = [K(X,Y)Z,
KX, Y)(fZ2) = fK(X,Y)Z,
K(X,)Y)Z=-K(Y,X)Z.

In comparison to the curvature tensor for the connections on M, we see that the Shouten tensor (6)
has one term more, the last one in (6), and that in the third term pg appears. The last term gives a
correction in order that K be a tensor. Note that without that last term linearity for Z relatively to
multiplication by the smooth functions would not be satisfied.

A mapping K(X,Y) : Z — K(X,Y)Z is a morphism of C*°(M)- module I'(V'). Since K is
anti-symmetric relatively to X,Y, a C°°(M)-linear mapping I'(K) : [(A?V) — T'(End(V,V)) can be
associated with the Shouten tensor by the condition:

I(K)XAY)Z=K(X,Y)Z, X,Y,ZeT(V),

where A2V is the space of bivectors.

3. The Wagner tensor

3.1. The Wagner construction

Wagner constructed a curvature tensor starting from the integrability condition for the tensor equa-
tion VX = U where U € End(V,V), X € I'(V). If the curvature tensor is zero, then absolute
parallelism should take place, i.e. a covariantly constant vector field in any direction should exist,
which is equivalent to the integrability of the equations VX = 0. Wagner noticed that if the degree
of nonholonomicity is greater then 1, then the Shouten tensor does not satisfy the condition of the
absolute parallelism, and he suggested a correction. The idea is the following. One starts with a
some metric g on V. The metric g is going to be extended to each sub-bundle V; of the flag V =
=VWWcCcV C ... CVy=TM. The next step, the connection on V; and the curvature tensor
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analogous to the Shouten tensor are going to be defined. In this way, in the N-th step, the curvature
tensor which satisfies the absolute parallelism condition is constructed. The basic Wagner’s paper
where this was performed is [13].

Let the metric g be defined on the k-dimensional vector space W. Then the metric ¢" on A2W
is defined by the expression:

g(ml,xg) 9(961,?/2) (1)

A
T /\ 71. /\ = °
9" (x1 Ayr,z2 A y2) gy, z2)  g(y1,y2)

(The isomorphism ¢ : A2W* — (A2W)*
p(f A9z Ay) =w(@,y) = f(2)g(y) — f(y)g(z)

is used here.)

Lemma 1. If g is a positively definite form on W, then g" is also a positively defined form on
AW

Consider a mapping

AN T(V) — D(TM)/T(V),
defined by
AXAY)=[X,Y]modI'(V), X, Y eI(V).

The mapping A is C°°(M) - linear:

A(FXAY) =[fX,Y]mod (V) = {-Y ()X + f[X,Y]} mod T'(V) =
= fIX,Y] mod T(V) = fA(X AY).

Observe that Im(A) is not always equal to I'(T'M)/T'(V'), but it is its C°°(M )-submodule, and denote
(Vi) ={X eT(TM)|X mod T'(V) € Im(A)}.
So, we get a sequence of the C*° submodules I'(Vp) C ... C I'(Vy) = T'(T'M), defined by:

[(Vi) ={X e I(TM)|X mod I'(Vi—1) € Im(A;—1)},

Ai(XAY)=[X,Y]mod [(V;), i=1,...,N, (2)

where V = Vi, A = Ag. Note that the sequence of sub-bundles V;, c V; € ... C Vy =TM is a
flag of the distribution V', and N is the degree of nonholonomicity, since we reduced our attention
to the case of regular distributions. The mapping A; : A%2V; — TM/V; is called the i-th tensor of
nonholonomicity of the distribution V.

For every point « € M, there is the factor space Vij1,/V;, with the projection m; : Vi1, —
Vit1,2/Viz. Suppose the mappings 0; ,, : Viy1,2/Viz — Riy are defined, where R; , are some sub-spaces,
chosen transversely to V. ;, so that V;, ® R;, = Vi11,. Mappings ¢; = 0; - m and p; = 1y, — ¢
are the projectors onto R; and V; respectively. Now we are going to extend the metric from V to the
whole T'M.

Theorem 1. Let the distribution V' with the metric g and the mappings 0g, ...0n_1 are given.
Then there exists the unique metric tensor G on T'M , which satisfies the conditions:

1. G‘V =4d.
2. In the direct sum TM = Vo ® Ry ® ... & Ry_1 the components are mutually orthogonal.
3. (Glr,) ™! =0i- As- (Glv)M) - (6:- D))"
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Proof.

For an arbitrary point z on M we have T,M = Vy , ® Ry, ®...® Rn_14. Define G|, » = gi+1.2
by the condition 3 of this Theorem. By the previous Lemma, 96\, . is a positively defined form on A2Vj,
so we have (gé\ygc)*1 on (A2Vp)*. The operation of conjugation preserves positive definitness, so gy , is
also a positively definite form. By iterations we get that g,y , are positively definite. [

The coordinate expressions for the metric enlarged from V;_; to V; = V;_1 @ R;_1 are obtained
in the following way. Let the vectors e,, , span V;_;. Corresponding dual base we denote by e*~1. If
Xq,e" is a given 1-form on R;_;, then:

i) g(Xaieai) :_i) gaibiXaiebi =
= (Bt D) (O (i - D) (K ™) =

= (01 - A1) (G, )T (X, — 1 — M

a;—1 bi—1y _
ai—1b;—1€ Ae )

= (B2 - D) (g e (21— M

Qi —1 bi*

1Xaiecz>1 Aed, ) =

_ (g/\)ai_lbi—lci—ldi—l (Xai . 1 — M%

7
b;
ag_1bi_1 11— Mcifldiflebi)’

( )
where g/\%-1bi-1¢i-1di-1 ig the inverse metric tensor for ¢” defined by (1), and —1 — Mcb;_l 4,_, are the

coordinate expressions for the (i — 1)-th tensor of nonholonomicity A;_1. It is obvious that

1

Nai—1bi—1ci—1di—1 _ (=1 — ghi—1ci-1 . 1 — gbi—ldi—l _ il N gai—ldi—l . 1 — gbi—lci—l)

g

)

1
2
so, finally we get

Logtibi = 1 - M®

‘ 1 a;—1Ci—1 : 1 bi—1di—1
_ N 1—1Ci— _ N i—1di—1
a;—1bi_1 ci—1di—1 g g

Let us define morphism of the vector bundles p; : Vi1 — A2V, by:
pi=(BY) - (0 A" - Gyl - 05+ i (3)

So, if X € T'(V;), then p;(X) = 0.
Now we get the coordinate expressions for p;:

* a;—1b;—1
Ni—l(eai) =— My, €a;_y N €h_,
7

i 1 Ci1Gi—1 il d;—1b
— YGa;b; — L —4 —1—=g

i—1
ci—1di—1 €a; 1 A €b;_1-

The coordinate expressions for p; and those for the metrics are in the agreement with the original
Wagner’s paper [13].

We are ready to expose the Wagner’s construction for the curvature tensor for the nonholonomic
systems.

Denote by 9 ¥ the connection for the metric go on Vp, and by 5 K the Shouten tensor. Define
= 0:T(Vh) x D(Vp) = (Vo) by:

1 0 0
— DXU = vpoXU+ i KD(,U'O(X))(U) +p0[qu7 U]v
and 5 Ko A2V — End(Vy) by the condition:
D(+ Ko)(X AY)(U) = Ox - OyU— 5 Oy - OxU— = O, xvU — polar[X, Y], U],

where X,Y e I'(V;), U € T'(W).
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Similarly, by induction: - O : T'(V;) x T'(Vy) — I'(Vp)

= OxU == Oy, xU+ = Ko(ui1(X)(U) + polgi 1 X, U),
L Kot A%V — End(Vo)  X,Y €T(V;), U € T(V),
I(5 Ko)(X AY)U =5 0Ox 5 OyU— 5 Oy 5 OxU— -5 O,,x 01U — polasl X, Y], U]

Finally for ¢ = N we get:

2 O:T(Wy) xT(Vy) = T(V),
N N—-1 N—-1
= UxU =— VPNAXU"*— - KD(MN—l(X))(U) +p0[QN—1X7 U]v

X Ko A2V — End(Vy), X,Y € T(Vy), U € T(Vp),
r& koyx aviv=2ox Loyv-Loy Logw-L Ux U,
because py = id, and gy = 0.

Theorem 2. The mappings 4 U, satisfy the following conditions:

1. 5 OpxagyU=f50xU+g-50yU, f,geC®(M)
2. LOx(fU)=X(f)U+ f->0xU, X,Y eT(V)

3. EAA O  is a linear connection on the vector bundle V.

The proof follows from the direct calculations.
Since 2% [ is the connection on the vector bundle, according to the Theorem 2, we get that N K, 0

is the curvature tensor of the vector bundle V over M, relative to the connection N [, and it is called
the Wagner tensor of a nonholonomic manifold.

Note. In [17], the Wagner tensor is defined in a slightly different manner, as the mapping
Ko : A’T(Vy) — T(End(Vy_1)). The way presented here is in agreement with the original Wagner
paper [13], as it is going to be clear from the coordinate expressions given below.

3.2. Coordinate expressions for the Wagner tensor

Now we are going to derive the coordinate expressions for the Shouten tensor and the Wagner tensor.
The Latin indices a; run in the intervals 1,...,n;, where n; = dimV;, and Greek indices « in the
interval 1, ..., n. Let e, be the vector fields spanning the distribution V', and py and qg the projectors

to V and V= respectively. The components of the Shouten tensor Kgbc are derived from:

K(eq, e)(ee) = K& eq.
Plugging into (2.6) and using the properties of the connection V we get:

d d d d d d d
Kabc = ea(rbc) - 6b(]‘—‘ac) + Faergc - Fbercetc + 2Q(ezbrec - MgbApc' (6)
The coefficients Agc are defined by polep, e.] = Agced, p=m+1,...,n and M? are the components
of the tensor of nonholonomicity A defined by M? e, = qoleq, e;]. Expressing e, in the basis of the

coordinate vector fields % as e, = Bé% and plugging into (6), we get the coordinate expressions
q q

for the Shouten tensor, which coincide with those obtained in [13].
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Denote by LR H;ib the components of the connection for %, O defined by LR Deaieb SLN Hgibec,
where the vector fields e,, span the distribution V;. So, we get:

=1

RA A e A== | LRI e g ot gl A, (7)

a;—1b;—1
In the same way we get the coordinate expressions for — Kpi:

ioped /i yrd trrd v, Spd fgre  tprd tyre Lo t.oc bypd _ Loasp Ad
- Ka-b-c = €q, (_>Hb-c)_ebi(_>Ha¢c)+_>Haie_>Hb-c__>Hb-e_>Haic+2_>Qa-b-_>Hcic__>Ma-biA c* (8)

1

S and % q are the correspondlng projectors to V; and Vl and — ch b is defined by 2 = Q ¢ b e =

=-35 pléa, €p,;], while R Mp b, are the components of the i-th tensor of nonholonomicity, deﬁned

by (2).
Finally, for ¢ = N, we get the coordinate expressions for the Wagner tensor

N N N
_> aNch 6afN (—)HgNC)_ebN (%HZNC)—*——)HE%N@ IC;NC_—)HgNe—)HZNC QSLN by HgNC (9)
The vector fields e, are now spanning the whole T'M.
3.3. Absolute parallelism and the Wagner tensor
We start from the equation
VW =U, Uel(EndV)), WeI(V). (10)

The question is if for a given endomorphism U and for every X € I'(V'), the equation:
VxW =Ux
has a solution. From (10) we get:
VxVyW = VyVxW =V, ix viW —polgo[X, Y], W] =

= VxUy — VyUx — Upyx,v] — Polgo[X, Y], W].
So, there exists X € I'(V7) such that:

= K (po(X)(W) + polgo X, W] = U¥ (o (X)),
where UV (uo(X)) = VxUy — VyUx — Upo[x,y]- Then:

Vpox W+ 2 K (uo(X) (W) + polao X, W) = Ux = U (p(X)) + Upox.

The integrability conditions for the equation (10) are reduced to:

Low=Lu (11)
In the same way, iteratively, we reduce the integrability condition for the equation (10) to the condition:
Low=LuU.
Finally, for ¢ = N we get:
Now =2

So:
Erxavyw) =Soy 2oyw- 2oy Yocw- S ox g w = )
Loy Bo-Yo, Yux-& Uix,y1-
This equation is the integrability condition for the equation (10). Therefore, in the case U = 0, the
necessary and sufficient condition for the existence of the vector fields parallel along any direction is

that the Wagner tensor is equal to zero.

114 REGULAR AND CHAOTIC DYNAMICS, V.8, N1, 2003



THE WAGNER CURVATURE TENSOR IN NONHOLONOMIC MECHANICS

4. The rolling disc

Now, we are going to illustrate the theory exposed before by calculating the Wagner tensors in two
mechanical problems. In this section, we deal with a homogeneous disc of the unit mass and the
radius R rolling without sliding on a horizontal plane.

Note that we are going to present only basic steps of the calculations. As it is well known, the
configuration space is M = R? x SO(3). For the local coordinates we chose x and y as coordinates of
the mass center of the disc, and the Euler angles ¢,,0. The nonholonomic constraints follow from
the condition that the velocity of the contact point of the disc and the plane should be equal to zero.
The two nonholonomic constraints are:

@ + Rcos pih + Rcos 0 cos pp — Rsinfsinpf = 0,

§ + Rsin o) + Rcos 0 sin pp + Rsin 6 cos pf = 0.
Corresponding 1-forms which define the three-dimensional distribution V are:
wi = dx + Rcos ody + R cos 6 cos pdp — Rsin 0 sin ¢df,
wg = dy + Rsin pdy + R cos 0 sin pdp + R sin 0 cos ¢df.

The vector fields which span the differential system N (V) are:

el = Rcosgp% —I—Rsingo(% — %,
—cospd O
62—C0808¢ 95

0 , 0

€3 = Rsin&singp% — Rsin&cosgoa—y + %

First, let us calculate the degree of nonholonomicity of this mechanical system:

— _Rsined 0 _
le1, ea] = Rsmgpax +Rcosgpay =T,
[61563] :Oa
[e2,e3] = —sinfe;.

So, the distribution V is nonintegrable, and the whole T'M is not generated in the first step. From:

le1,e2] =T, [e1,e3] =0, [e2,e3] = —sinbey,

0 . 0
TI=0 T =R —+R —=U.

le1, T , le2, T Co8 P + Sm(p@y ,
since eq, eq,e3,T,U span the tangent space in the every point of M, the degree of nonholonomicity
is 2.

It is well known that the kinetic energy of the system is:

T = 3% + ¢ + (Asin? 0 + C cos? 0)¢? + 2C cos Opip + C? + (A + R cos? 0)6?

where A and C are the principle central moments of inertia of the disc in the moving frame. This
gives the metric on M:

1 0 0 0 0

0 1 0 0 0
(9;5) =10 0 Asin®?60+ Ccos?0 Ccosb 0

00 C cos C 0

0 0 0 0 A+ R?cos?0
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As it was pointed out below the Proposition 2.1, in mechanical problems we chose the orthogonal
projector pg from TM onto V. The vector fields annulated by pg are:

ey = —sin p(A + R? cos? 0)% + cos (A + R? cos? 0)(% + Rsin 0%,
es = C’cosgpa% + Csingp(% + R%.
The vector fields e, are expressed in the basis % by e, = B! ai. So we get:
‘ Rcosy Rsing 0 -1 0
(Bg) = 0 0 —1 cos® 0

Rsinfsinp —Rsinfcosp 0 0 1

From pq (%) = pfeq, we get the coordinates of the projector:
€z

Rcosyp 0 Rsinfsing
C + R? A+ R?
Rsing 0 — Rsinfcosp
C+R? A+ R?
a — Ccosf
) = | ————=~ -1 0
(pi) e
e G 0
C + R?
0 0 A+ R%cos?0
A+ R?

Similarly, for qo we get:
—singp Cos ¢
A+R* C+R?

cos sin ¢
A+R?* C+R?

D R cos b
Py — 0 Lrcost
() C + R?
0 R
C + R?
Rsin6 0
A+ R?

The induced metric g, on V, is derived from g;;:

R?+C 0 0
(gap) = 0 Asin? 6 0
0 0 A+ R?
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Now we calculate the components of the connection I';, for the metric connection using the coordinate
expressions (2.4). We start with determining {¢,}. The only nonzero coefficients are:

2121 _ cosf g3y _ —Asinfcosf
(o} = (o) = <28, (3} = —Adnfoost
The coefficients 2 we derive from —2Q¢, = poleq,ep]. Having the expressions for the commutators
of e, it can easily be seen that the nonzero elements are:

Rsinf in ¢
POy M T

From (2.4) we get the following nonzero components of the connection:

—_(2 2 : .
I%g: (2R —|—Cgsm(9’ Fgl«;z: Csm02 ’ Fgngz _ cosf
2(C + R?) 2(C + R?)
-C 3 (Csinf

2 2 _
Pa=ta =g o 2(A+R?)’

3 _ (2R%* + C)sinf s _ — Asinfcosf

2 204+ Ry % A+R?

In order to get the components of the Shouten tensor (see (3.6)), we are calculating the coeffi-
cients A. From:

_ _ 2 2mn 0 2 200 o2y 0
[es,e1] =0, [eq,e2] = —cos p(A + R” cos 9)856 sin p(A + R” cos 9)8y Rsin 98¢’

ey 0D R 10D Peosnd _
leq, €3] = Rsmapcos@sm@ax—i—R cosgocos@sm@ay RCOSH(‘?H’ les,e1] =0,

les, ea] = —Csinap% + C'cos @6%/, les, e3] =0,

we get:
— R(A+ R%cos®6 — C'sin? 0) — RC'sin 6
AéllQ = C n R2 s A§13 = —RCOSH, A§2 = W
Similarly, for the components of the tensor of nonholonomicity we get:
0 a4 R Lo A+ R?
- My=— =M, =—"
2 A+ R # O+ R

where the projectors p; and ¢; to Vi and Vﬁ are used. Here Vj is generated by the vector fields
€1, €2,€3,¢€4:

R Rsin G si — si
cos cg 0 sin 51;1 ® sin f cos o
C+R A+R A+R CI1 R
Rsing 0 — Rsinfcos ¢ cos sin
2 2 2 L
C+R A+R A+ R CT+R?
v = | =5 1 0 0 | (@)= | Reost
C+ER C + R?
=< 0 0 R
0 A+ R?cos? 6 Rsinf 0

A+ R? A+ R?
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Expansion of the metric from Vj to Vi is obtained from the coordinate expression: — ¢ =
= M} Mcbc}gac " as:
g = 2R?
(A+ R*)?(C + R*)Asin?6’

g44 = L
g4
Similarly, we get the coordinate expressions for the metric expanded on Vo = T'M by:

g = 4R?
A%(C + R?)%sin* @’

gs5 = L
955

From the expanded metric, as it was mentioned before, we get the components for the morphisms pg
and pu1:

2 2
M2 = (D M2t g2 = AR s e 72&1};2).

2R

Everything is prepared for the calculation of the Wagner tensor. In the coordinate expressions for
the Wagner tensor, the first two indices take values from 1 to 5, and the second two from 1 to 3.
From the antisymmetry for the first two indexes, there are 90 independent components of the Wagner
tensor. We are going to calculate three components. All calculations are performed in three steps:

the first step is the Shouten tensor, then the tensor L K on Vi, and finally the Wagner tensor. We
are calculating only the necessary components.
We calculate the component K7, of the Wagner tensor.

2 _ 2 2 2 2 2 2 2 e 2 2 2 ye
Kis1 = ea(= ;) — es (= 1y )+ —= 1, = 15, — = 15, = 115,
2 e * 24 1 c 2 2 * 24 1 2
=I5 =— Mg" — Koy, — 15, =— Mg" — Kjy,,
2 c 1 c * 12 0 c
= Il =— Il =— My~ — Kiyy,
2 2 1 2 * 12 0 2
= I, =— i, =— M, — K,
SRSy = eo( 5 TI§ (T%;) + Ty - T, — L 115,13
- 241—62(—> 41)—64 21 2d 41 431 215
1 2 1 2 2 2 1 3 1 2 nd 1 ~1 12
— K3y = ea(— i) — ea(I'7,) + T3 — Ij.— — T35, + 2 — QT
1 ¢ * 12 0 c c 1 3 * 12 0 3
— s =— M;” — Kiys + Ajs, — I}, =— My~ — K.

So, for the component K35, we need first the coordinate expressions for the components K . of
the Shouten tensor. From (3.6) we get:

’ 0 — C(4R*+C)
= K =00 = K = o e
- 0 AR?A + 4R" cos? § + C?sin 0
= Kiy =0, = Kiyp = . - |
4(A+ R*)(C+ R?)
0, 72 R%cosf® 0 .3
— K =, — K _ 0’
127 A4 p2? 122
2
P Kl =0, 5 Kiy=0, = Kiy= if)}s%g
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Similarly, we get:

—CUAR*>+C
i>H},leov i>Hil:Ov Lnilz%v

1 1
— I3, = Rcosf, — II}, =0,

Therefore:
=S K34, =0, 4 K345 =0, =X Ky =0,
N K2.— S8R Asin2 0—10R2C? sin? 6—C3 sin? 0+8R2AC sin? 0+4R2AC—8R*C sin? §+4R*C cos? 6
24 8ARsin (C+R?) ’
So

2 * 1 2 * 1 2 % 1
- H%l = M524 - K2141 =0, — Hgl = M5?4 - K2241 =0, — H%Q = M524 - K2242 =0.

Finally, we get

In the same way, we can calculate the other components of the Wagner tensor. For example, we
are calculating also Ky, and K3y;.
From

2 2 2 2 2 2 2 2
K1221 = el(—> H%l) —ea(=> H%)‘f’ - H%c — 5 — = H%c =10 +2 = Q% =117

a1
we get:
K3y =T1.I%, +2 2 Q1 2 Higp
and finally:
K1221 = 0.
2

Similarly Kly, = — &~

YR8 T AR 1 0)

5. Ball rolling on a fixed sphere

Now we will give a construction of the Wagner tensor for the system of a homogeneous ball of unit mass
rolling on a fixed sphere S2. Denote the diameters of the ball and the sphere by ro, 7 respectively.
This system has five degrees of freedom. Let us introduce the following coordinates: the spherical
coordinates o, 3 on S? and the Euler angles 1, p, 0 which determine the position of the ball. The
nonholonomic constraints are derived from the condition that the velocity of the contact point is
equal to zero. There are two independent nonholonomic constraints:

(14 k)3 +sin(¢) — )b — sinf cos(y) — a)p = 0,
(1 + k)é + tan B cos(¢) — @)@ + [tan §sin O sin(¢ — a) — cos O] — b = 0,

where k = r1/ry. So, we assume 1o = 1. Corresponding 1-forms that define the three-dimensional
distribution V are:

w1 = (14 k)dpB + sin(¢) — a)df — sin 0 cos(yp — a)dep,
wo = (1 + k)do + tan 5 cos(¢p — a)df + [tan [ sin O sin(y) — ) — cos 8]de — dyp = 0.
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The vector fields:

X1:6@+(1+k)aaw

X5 = tan Fsin 0-L — (14 k) sinfcos(y — a)- & — (1+ k) sin(y - a)%—l—
+(1+k)cos€sin(w—a)%,

X; :smaa% (14 k) sinsin(e — a) & = (1+ k) cos(v - )%_
— (1 + k) cos 0 cos(¢h — a)%

span the differential system N (V). Since

(X1, X2] = (0,0, k cosf cos(¢p — ) (1 + k), —k cos(vp — ) (1 + k), ksinfsin(¢ — a) (1 + k)),
[ X1, X3] = (0,0, k cosfsin(¢p — ) (1 + k), —ksin(y — a) (1 + k), —k sinf cos(¢p — ) (1 + k)),

_ (1 — i
Xy, Xs] = ( sin? @ + (1 + k)sinf sin(y) — o) cosf sin3 cosﬁ7 _ sinf cos( — a)cosB(1 + k),

cos? 3

(1+ k)%(2cos?f cosp — cos) — (1 + k)sindsin(y) — a) sin3 cos)

cosf3 ’

0+ k)2 cosf cos B — (1 + k)sinBsinf sin(z) — )
cos 3 ’

sinfcos(v) — a) sin? @ (1 + k)

cosf3 )

the degree of nonholonomicity is equal to one.
From the kinetic energy of the system:

2T = (14 k)2(3? + cos? Bd2) + A(W? + ¢ + 0% + 2cos ),

where A is the inertia momentum of the ball, the formula for the metric is derived

(14 k)2 cos? 3 0 0 0 0

0 (1+k)? 0 0 0

(9i5) = 0 0 A Acosf 0
0 0 Acosd A 0

0 0 0 0 A

We choose the orthogonal projector py. The vector fields orthogonal to the distribution V' are:

Xy = Acos(p — a)a% + Atan [ cos? Bsin(p — a)%—

— (1 + k) cos? Bcos(¢p — a)% + (1 + k) tan 3 cos ﬁ%

ASIDH@ﬂ (1 + k) cosBcos(vp — a)%—

— (1 + k) cos(yp — a)% + (1 + k) sin@sin(y) — «) o

%.
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So the induced metric on the distribution V is

A+ cos? 3 sin 3 cos Bsin 0
(gap) = | sin Bcos Bsin® sin? (A + sin? 3) 0
0 0 sin? §(1 + A)

Using formula (2.4) we get:

3 sin/3 cos3 3 _lAk:—A—2+QCos2ﬁ

U sing(1+4)7 2 2 1+ A ’
o _ (I +Fk)sinfsinfcosf 1 Ak — A+ cos’Bk — 2+ cos?
13 — (1+A) ) 13_2 1+A )
1 A+ Ak+2—2cos?p
I3, = 5 T4 , T2, = —(1+ k)cosfcos(i) — a),
3 _ (A + sin? 3) sinf sin3
2 cosf (1 + A) ’
rlo_ k+1 —Asin2¢9+0052ﬁ—1+cos250052¢9—|—00529
287 1+ A ’
2 (2A — (1 + k)cos?B + 2) sinf sin3
23 — )

2cosf (1 + A)

1 (=1 + k) cos3sinf3 sinf
I3 = —(1+ k)cosfcos(y) — a), T3 = 3 T A ,
2 __1 A+ Ak + cos? Bk — cos?B+ 2
372 1+ A ’
. 1@ +k)(—Asin?60 — 1) + (1 — k)(cos? B cos? O + cos? § — cos? 3)
P2 =3 1+A ’
5 1 —2(14+k)(1+ A)sin(¢p — a)cosf + (1 — k) sinfsin Fcos 0
I =3 1+A ’

I3, = —(1 4+ k)sin(y) — a) cosb.
Other I' are equal to zero. Some components of the Shouten tensor different from zero are:

((k—1)2A +4k?) sin 3 cos 3 sin

0 0
—>K1121:——>K1222: A(1 + A)? )
0, g2 _ (1+ k?)(A% + A cos? B) + 4Ak(1 + k) + 2k(A? — A cos? B+ 2k cos? 3)
— Ry = (1+ A)2 )
0 0 (-5 A+2Ak+3Ak%>—4) cos 3 sin 3 sinf
- K1232 = K§31 = 11+ A)? )

(=1 + k?) sin @ sin 3 cos 3

0
—>K1233:— 1+A

The following components of the Shouten tensor are zero:
0O .3 0 3 0 41 _ 0,2 0,3 0,1 _ 0 ;2 0 ;.1
— Ky == Kigy = Kip3 == Kip3 = Kiy3 = Kj33 =— Kj33 == Kj3, =

0O 2 0 .3 0 41 0 2 0 1 0 2 0 ;3
— K3y == Kiz3 =— Koz =— Kij31 == Kjzp =— Kijzp =— K533 = 0.
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Expansion of the metric is given by the following formulae:

g = 2k
A(A +1)3 cos? Beos? (¢ — a)’
4 = — 2k?sin Bsin(y) — )

A(A 4 1) sin 6 cos fcos(ip — a)’
55 _ k%(1 — cos? Bsin?(¢y — a))
A1+ A3 sin? Ocos (1) — )

One of the components of the Wagner tensor is:

sin? @ cos? B(k?(A + 4sin? B) + 2Ak + A + 4 cos? j3)
41+ A)

1
K133 -

From the last formula we get

Theorem 1. For any k the Wagner curvature tensor is different from zero.

6. Conclusion

From the Theorem 5.1, it follows that the Wagner tensor is essentially different from the tensors
constructed by Cartan [4] and Agrachev’s school [1, 2, 3], since it doesn’t recognize the nilpotent case.
A natural question is to find the theory of Jacobi fields which corresponds to the Wagner curvature.

At the end let us note that the paper [10] the appeared very recently, dealing with geometrization
of nonholonomic mechanics, based on some later Cartan’s work. The connections studied in [10] are
generally not torsionless.
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